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Abstract

We develop an optimal design of a Financial Stability Fund that coexists with the
international debt market. The sovereign can borrow long-term defaultable bonds on
the private international market, while having with the Fund a long-term contingent
contract subject to limited enforcement constraints. There is a contract that minimizes
the debt absorbed by the Fund, guaranteeing full debt stabilisation. In equilibrium,
the seniority of the Fund contract, with respect to the privately held debt, is irrelevant.
We calibrate our model to the Italian economy and show it would have had a more
efficient path of debt accumulation with the Fund.
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1 Introduction

In the last few years, the public debt-to-GDP ratio has reached historic levels in the world.

For instance, in the European Union (EU), the average indebtedness of Member States
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amounted to 90% of GDP in 2021, whereas it was 66% in 2000. Some countries such as Italy,
Portugal and Spain have already reached a debt ratio above 115%, while Greece records a
figure above 190%.! This is the result of three consecutive crises — the global financial crisis
of 2007-2009, the European sovereign debt crisis of 2010-2012 and the COVID-19 crisis. In
response to these crises, important institutional and policy changes took place, making the
euro area and the EU more resilient but, for the time being, more indebted.? As a result of
these changes, at the end of 2021, euro area institutions were playing a leading role in their
sovereign debt market, holding more than 30% of the sovereign debt of all EA countries.”?
Nevertheless, the question of how to efficiently stabilise the sovereign debt — for example,
with complementary Official Lending programmes — remains open.

To address this question, we design a Financial Stability Fund (Fund) as a constrained-
efficient mechanism, in line with Abraham et al. (2021).* While the latter assumes that the
Fund absorbs all the sovereign debt of a country and focuses on the borrower’s perspective,
we emphasise the lender’s side of the contract and derive the optimal relationship between
the private competitive lenders and the Fund. More precisely, we assume that sovereign
countries can raise debt in the private international market and in the Fund.” While private
international lenders solely offer credit (i.e. long-term non-contingent defaultable bonds),
the Fund provides both credit and insurance (i.e. Arrow-type securities) in the form of long-
term state-contingent securities. The Fund’s intervention is constrained to prevent default
and to satisfy a strict debt sustainability analysis (DSA). The Fund takes into account the
country’s indebtedness (i.e. commitments) with private lenders, which brings the issue of

whether the Fund possesses seniority. We consider two regimes: pari passu (i.e. no seniority)

! According to AMECO, General Government Gross Debt in 2021: Euro area 97%, Italy 150%, Portugal
127%, Spain 118% and Greece 193%.

2In particular, starting the European Banking Union, founding the European Stability Mechanism, imple-
menting asset purchasing programmes by the ECB, some including purchases of EA sovereign debt, and the
COVID-19 Next Generation EU (NGEU) programme of the EU making, de-facto, the European Commission
DC Budg the world’s largest Official Lender, with unprecedented emissions of EU debt.

3Estonia being the only exception and these sovereign debt holdings by EA institutions, representing for
Cyprus, Italy, Portugal and Spain more than 40% of their GDP and for Greece more than 120%.

4The main difference with respect to Abrahdm et al. (2021) is threefold. First, we use growth shocks
to better analysze the interest rate-growth differential (i.e. 7 — g). Second, we do not consider an exclusive
contract between the Fund and the contracting countries. Third, we abstract from moral hazard as we focus
on the lending side of the contract.

5The adjective ‘private’ is used to distinguish lenders on the international market relative to the Fund.



and seniority of Fund’s liabilities over private liabilities.

The Fund can be seen as an Official Lender with the capacity to play a leading role in the
sovereign debt market. Contracts with sovereign countries are the main policy instrument
of the Fund. They start with a detailed risk-assessment of the country and a calibration of
the economy which allow the Fund to compute the optimal borrowing policy the sovereign
should adopt. This policy defines the total debt holdings and insurance necessary to reach the
constrained efficient allocation. As part of this policy design, the Fund assesses the maximum
sustainable debt — given the optimal labour and consumption policies — at any state. This
state-contingent DSA is an evaluation of the present value of the sovereign’s future surpluses
(net savings) from any contingency onwards when the country has access to the Fund credit
line. In any period and history, the sovereign debt must be sustainable according to this DSA
for the country to continue having access to the Fund credit line and corresponding risk-
sharing transfers, contingent on the ‘growth state’ of the economy, and on the ‘binding states’
(i.e. provides preventive insurance against default and non-sustainability). This enables risk
sharing to the extent possible. Private lenders are aware of the Fund’s announced policies.
The fact that the Fund holds part of the sovereign debt bring us closer to the existing official
lending practices (e.g. of the IMF or ESM), although they miss the insurance component,
key in the Fund’s design. In sum, the Fund is an Official Lender which provides financial
information and surveillance — i.e. lending policy and DSA — as well as financial resources
— i.e. credit and insurance — to sovereign market participants.

What can be achieved with a constrained-efficient Fund? First, without directly inter-
vening in the private international market, the Fund stabilizes the entire indebtedness of
the sovereign. In other words, the entire sovereign debt becomes safe, without default risk.
Second, the Fund only needs to absorb a minimal fraction of the country’s debt to stabilise
it all. Nevertheless, the Fund’s holding of sovereign debt is not nil meaning that it does not
only provide insurance. In fact, the Fund always stands ready to absorb all the country’s
sovereign debt allowed by its optimal state-contingent credit line. Third, the equilibrium al-
location is independent of the seniority structure of the Fund. To the best of our knowledge,
we are the first to present such result. Fourth, the Fund’s DSA internalizes a pecuniary
externality that competitive private lenders usually do not: the fact that marginal lending
can result in debt becoming unsustainable. Instead, the DSA monitors whether additional
borrowings entails expected losses. The DSA being binding results in a negative spread for

the Fund-provided assets. For the private lenders this can trigger a run on the debt, un-



less aware of the DSA of the Fund they also stop lending. Since the DSA accounts for the
Fund’s programme with the country, sustainability also means deterrence to default triggered
by the borrower and preventing lender’s transfers becoming undesired permanent transfers.
The literature on sovereign debt has mostly focused on the borrower’s default decision, we
contribute by characterising the lender’s optimal policy and its effect on the sovereign debt
market.

The intuition of our ‘seniority irrelevance’ result can be explained in a few words. In
the case of a pari passu contract, the Fund has to ensure that the private lenders do not
over-lend as the sovereign’s total indebtedness might become unsustainable otherwise. To
this end, it threatens the private lenders with market withdrawal in case of a deviation from
the DSA. Given that, in equilibrium, the private lenders never offer debt contracts that
deviate from the Fund’s DSA. A negative spread arises in the security market since it is the
price-signal that the Fund is restricting the provision of its insurance to the sovereign. In
contrast, under seniority, in principle partial default (i.e. only default to private lenders) is
possible. However, it is here that the Arrow-insurance component of the Fund contract plays
an essential role: the Fund provides insurance against ‘non-sustainable debt states’ at the
expense of states where the DSA is not binding. As a result, when debt is not sustainable
— say, in one state next period — it is not sustainable in all states and, therefore, private
lenders deter from further lending; and the price-signal is, in this case, a positive spread.
Nevertheless, the outcome of the contract remains the same as neither the sovereign nor the
private lenders have an incentive to deviate from the Fund’s DSA.

As we said, our analysis enables a comparison with existing lending institutions such
as the ESM and the IMF. We show that the seniority structure of the Fund is irrelevant
in our environment, while the ESM and the IMF usually require seniority in their lending
programs.® Moreover, while it is true that official lending institutions conduct DSAs as a
necessary condition to guarantee credits, it is not the case that their resulting debt contracts
provide insurance against future DSAs, as the Fund does. In other words, international
lending institutions base their lending policy on one of several scenarios — e.g. the ‘most

likely,” the ‘politically preferred,” or the ‘worst case’ scenario. In contrast, the Fund contract

6The IMF together with the World Bank have a de facto seniority, but it is not a formal contractual
feature (see Schlegl et al., 2019). In opposition, the ESM has a de jure seniority with respect to the market.
The only exception to this is Spain. The Spanish program was initially agreed with the EFSF with a standard

pari-passu clause and managed to extend this feature into the ESM loan.
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risk-shares among these different scenarios or paths. That is, it provides additional transfers
in the worst scenario in exchange for higher payments in the best scenario.”

We conduct a quantitative analysis in which we calibrate the outside option of the Fund
— an incomplete market economy with defaults — to Italy for the period 1992Q1-2019Q4.
Unlike Greece, Portugal and Spain, Italy did not participate to an ESM programme of any
sort. It therefore offers the possibility of a counterfactual analyses. Second, it faces a public
indebtedness above 100% of GDP and one of the largest spreads in the Euro Area. The
specificity of Italy and its debt management has already been recently studied by Bocola
and Dovis (2019). Our contribution is here twofold. On the one hand, we study the impact
of the introduction of a Fund, with a contract with Italy, on Italy’s debt sustainability and
welfare. On the other hand, we introduce stochastic growth and gauge the relationship
between r and g.

The main results of our quantitative inquiry are also twofold. First, with the Fund,
the Italian debt would have been free of default risk; i.e. its entire debt position would
have been safe.This is achieved with a ‘minimal intervention’ in which the Fund holdings of
Italian debt. This is due to the Fund state-contingent credit line being designed to support
a countercyclical fiscal policy with respect to exogenous shocks, but also contingent to the
states that endogenous enforcement constraints become binding: reassessing the value of
primary surpluses to avoid default, and risk-sharing across states when the DSA would be
binding in some state. Providing this ‘binding states’ insurance is at the source of important
welfare gains. We show that the sovereign benefits from a greater debt absorption capacity
compared to the standard incomplete market economy with defaults. Particularly, receiving
state-contingent transfers from the Fund, the sovereign can accumulate debt in states in
which defaults would usually happen. Quantitatively, we find in the steady-growth economy
with the Fund, the total debt-to-GDP ratio is 204.8%, while with the ‘minimal intervention’
the Fund’s Italian debt holdings are only 2.03% of GDP.®

"Recently, the IMF DSA analysis takes the form of a Stochastic Debts Sustainability Analysis, (SDSA),
where risk paths are ‘statistically calibrated.” There are two differences with our analysis. First, we calibrate
the parameters of a stochastic dynamic model to the macro-history of the country, in order to generate
an exogenous stochastic structure, which provides a risk assessment without the Fund’s contract. Second,
we compute the constrained-efficient contract design, given our calibration. Third, as it is also done with
standard DSA or SDSA, we obtain our ‘counterfactual’ DSA accounting for the Fund contract.

8This is in line with current ESM practice where, for example, a country’s ‘Pandemic Crisis Support’

credit line cannot be more than 2% of its GDP.



Second, we argue that by accessing the Fund, Italy would have had a more stable evo-
lution of its indebtedness. Using the decomposition of Cochrane (2020, 2022), we show
that, in the last two decades, Italy largely increased its public indebtedness despite large
primary surpluses. This is due to a strongly positive interest rate-growth differential (r — g)
dominating the debt accumulation process. The positive differential is a combination of a
relatively low, and unstable, growth of the Italian economy with an important risk premium
on the Italian sovereign debt. We show that, by accessing the Fund, the Italian government
would have reduced these perverse effects and therefore would have ended up with a lower
indebtedness. The model predicts that the Italian indebtedness by the end of 2019 would
have been around 86% of GDP rather than 135% if Italy could have joined the Fund in
2000. The Italian government’s perseverance in maintaining positive primary surpluses, in
spite of growth reversals, can be seen as a commitment to debt sustainability, in line with
the European Union’s fiscal policy (i.e. the Fiscal Compact). Indeed, the accumulation of
large primary surpluses dampened the increase in Italian indebtedness, but this was a highly
inefficient path to have followed compared with the path that could have followed with the
Fund.

Relation to the literature Our work is related to the ‘sovereign debt’ literature pioneered
by Eaton and Gersovitz (1981) and subsequently extended by Aguiar and Gopinath (2006)
and Arellano (2008) (see also Aguiar and Amador (2014) and Aguiar et al. (2016)). As in
Abrahdm et al. (2021), our benchmark economy with defaultable debt builds on Chatterjee
and Eyigungor (2012) who introduce long-term bonds. Within this literature, our work is
closely related to Hatchondo et al. (2017), who consider the case of adding a non-defaultable
bond into the otherwise standard defaultable bond economy, and show that there are welfare
gains by swapping defaultable bonds into non-defaultable bonds. It is also related to the
literature on optimal contracts with limited enforcement constraints such as Kehoe and
Levine (2001), Kocherlakota (1996) and, in particular, Kehoe and Perri (2002) who already
applied the Lagrangian-recursive approach developed by Marcet and Marimon (2019). Unlike
Aguiar et al. (2019), our Planner’s problem accounts for all creditors in both the objective
function and the constraint set. Our decentralization relies on the approach of Alvarez and
Jermann (2000), while our focus is close to Thomas and Worrall (1994) who already studied
international lending contracts, with one-sided limited commitment.

A more recent literature merges these last two strands of literature and it is the most

closely related one to our work. In particular, Dovis (2019) decentralises optimal contracts



through partial default and an active debt maturity management, and Miiller et al. (2019)
through ez-post state-conditionality given by default and renegotiation procedures. Our
approach is not to ‘rationalise’ ez-post observed behaviour, but to account for existing con-
straints and, without restricting the form of the lending contracts, characterise constraint-
efficient equilibria — between a sovereign debtor, private international lenders and a Fund
— which are ex ante and ex post efficient, and assess them quantitatively in relation to
a calibrated version of the benchmark defaultable debt economy. Within this approach,
and in contrast to most of the literature, our specific focus is on the role of lender’s Debt
Sustainability Analysis (DSA), as a lender’s limited-enforcement constraint.

Finally, as a theoretical foundation for the design of a — effectively running — fiscal fund,
able to stabilise sovereign debt and expand the supply of safe assets, our work is related to
a large literature regarding the IMF and other international institutions lending practices,
and to the debate on the need to develop the Fiscal Union within the European Economic
and Monetary Union (EMU) and expand its supply of eurobonds (as it has been done with
the Next Generation EU (NGEU) program) as safe assets.”

Organisation of the paper We lay down the economic environment and present the Fund
contract in Section 2. We expose the decentralized economy in Section 3, which includes the
sovereign’s, the private lender’s and the Fund’s problems. Section 4 contains our ‘seniority
irrelevance’ result. After this, we calibrate our model to Italy in Section 5 and present the

underlying results in Section 6. Finally, we conclude in Section 7.

2 The Financial Stability Fund

2.1 Environment

We assume an infinite-horizon small open economy with a single homogenous consumption
good in discrete time. The sovereign acts as a representative agent and takes the decision on
behalf of the small open economy. Preference over consumption and leisure is represented
by Eo > oy S'U(ct,ne), where 5 € (0,1) is the discount factor, n, is the labor, 1 — n; the
leisure and ¢; the consumption at time . The sovereign is relatively impatient such that
B < 1/(1+47r), where r is the risk-free world interest rate. We adopt a specific form of utility
function so as to obtain a (stochastic) balanced growth path and to simplify the expression of
1—n)1—¢

utility in terms detrended consumption: U(c,n) = u(c) + h(1 —n) = log(c) + f(T. The

9See Marimon and Wicht (2021) for a discussion on how our Fund proposal relates to this literature and

it can be implemented within EMU.



sovereign has access to a labor technology y = 6 f(n) subject to decreasing returns to scale,
where f'(n) > 0, f”(n) < 0. Moreover, 6 represents a growth shock to the productivity. It
is the only source of uncertainty in the economy. The law of motion of the shock is given by
0; = v:0;_1, where =, represents the growth rate at time t. We denote the history of 6 up to
time t by #'. The exact form of the growth shocks follows Aguiar and Gopinath (2006) and
is detailed in Section 5.

The sovereign country has a long-term state-contingent contract with the Fund (a credit-
insurance line that we specify below) and debt contracts with competitive private lenders.
These contracts specify that at time ¢ and state 6° the country must transfer 7¢(6") for
its state-contingent liabilities with the Fund and 7,(6") to private lenders for their non-
state contingent debt liabilities. We denote 7(6") = 74(0") + 7,(6") as the total transfer the
country pays. The expected present value of future transfers discounted with the risk free

rate r should cover the outstanding amount of debt.

o0 1\ ‘ o0 1\ ‘
6 (1) w@)zh wd €3 (1) B zan O

J=t j=t

where b;; and a;; represent the value of the debt lent at time ¢ by the private lenders and
the Fund, respectively. We later directly relate the level of debt with the transfers when we
decentralize the Fund contract.

The sovereign can default on its liabilities. In the first part of our analysis, we assume
that the sovereign’s liabilities with the Fund — i.e. —a; — have no seniority with respect
to the sovereign debt in the hands of other agents. That is, if the government decides to
default, it does so on its entire debt position. In other words, every default is a full default
as in Eaton and Gersovitz (1981). We later relax this assumption and consider the case
in which the Fund possesses seniority with respect to the private bond market. There, we
introduce the possibility of partial default in which the sovereign can solely default on its
private liabilities while maintaining access to the Fund.

Under full default, the sovereign receives a penalty in the form of a reduced output, 67 <
0, and loses access to both the private bond market and the Fund. Later, it can reintegrate
the private bond market with some probability, A, but cannot obtain the assistance of the
Fund anymore. Under partial default, the sovereign receives the same penalty as above and

is similarly excluded from the private bond market but maintains its access to the Fund.

10We present in the main text the model with the stochastic trend and keep track of  in the state space.

The detrended version is presented in Appendix A. There we only keep track of v in the state space.



The Fund contract between the Fund and the borrowing country has the following fea-
tures: i) there is a risk-assessment of the country and, based on this, the fund designs a
specific long-term contract for the contract, under the constraint that there are no expected
losses for the Fund, and i) there is two-sided limited enforcement since the borrower is
sovereign and can default on its debt, while the Fund has a free access to the international
financial market and can withdraw whenever additional lending entails expected losses. The
timing of actions is the following. After the realization of the growth shock #, the Fund
announces its lending policy and the sovereign decides whether to default or not. In the
latter case, the sovereign then determines its prospective borrowing, first in the private bond

market.
2.2 The Fund Contract Problem

This section presents the design of the Financial Stability Fund. We first consider the Fund
as the outcome of a contracting problem with three types of agents: the two risk-neutral
lenders, whose discount rate is the risk-free rate in the bond market, and the risk-averse and
more impatient sovereign. Particularly, the Fund takes as given the sovereign’s borrowing
and lending in the private international market, as well as the possibility that the sovereign
country can default on the private lenders and from the Fund. Furthermore, the Fund having
access to, and commitment with, the bond market can borrow and lend at the risk-free rate
(i.e. will not lend to the sovereign if the sovereign’s liabilities are not sustainable). Being

competitive, the Fund makes zero expected profits with the Fund contract.

The Fund contract in sequential form We say that {c(0"), n(6")}2, is a solution to the
Fund’s contacting problem in sequential form, given by, if there exist sequences of transfers

{7p(0"), 75 (0"11) } 22, with associate {by};2, satisfying (1), such that:

{C(Qt)r,rrlz%}t()}?iou; :Mb,o Zio /BtU(C(Qt)’ n(et)) + Mo Zio (ﬁ)tT(et) 80] (2)
st E| 52, 80U (e(0),n(89)) 6] > Vel (6), (3)
E :Z;it (ﬁ)j_tT(m) gt] > 01 Z + b (4)
7(0") = 74(0") + 7(0") = 0(6") f (n(0)) — <(0"), (5)
where 7;(0") = Z (0", with fuo, puo, given.

gt+1|ot

The sovereign consumes ¢(6") and provides labor n(0"), and 7(6") = 74(0") + 7,(0") is the

sum of the sovereign’s net savings in the private bond market and in the Fund. Whenever



7(6") < 0 the sovereign is a net borrower with respect to the rest of the world. Note that,
in contrast with private lenders who only issue debt contracts, the Fund defines contingent
transfers for (¢+1,0"") at (¢,0"); i.e. TH(0"1) = 7p(0") +7H(0"F), With D gea e 77(0771) = 0.

Equation (3) represents the limited enforcement constraints of the borrower. The bor-
rower’s outside option is to default and is given by V% (,), which only depends on the
current state #;. The underlying assumption is that if the sovereign defaults from the Fund,
it also defaults on its sovereign debt liabilities and then is never allowed to return to the
Fund in the future. Alternatively, whenever the sovereign defaults on its sovereign debt in
the private international market it also defaults from the Fund, since Fund’s liabilities are
not senior to privately held debt.

Equation (4) represents the limited enforcement constraints of the lenders which depends
on two objects: Z < 0 and ;. The former indicates the level of redistribution of the Fund.
In order to prevent that the Fund provides permanent transfers to a sovereign — e.g. in
order to prevent debt mutualisation — we will assume that Z = 0, i.e. that in no state the
Fund contract has expected losses''. Conversely, b; indicates the level of outstanding private
debt the sovereign needs to repay. Larger b; tightens the constraint which in turn reduces
the amount of risk sharing. Thus, (4) shows the second aspect that makes the Fund contract
different from an uncontingent defaultable debt contract: in states where the sovereign’s
indebtedness becomes financially unsustainable — say, when (4) is binding at 6 — both
lenders stop lending to avoid losses that would go beyond the contract’s terms. In other
words, the Fund contract anticipates these states and limits the amount of lending, while
with defaultable debt these states are anticipated by positive spreads.

Our present formulation is close to the current rules of international lending institutions
— such as the IMF or the ESM. The Fund takes into account all the sovereign’s debt
liabilities — within and outside the Fund — that satisfy the Debt Sustainability Analysis
(DSA) in every possible state. The difference with current practices is that the DSA is usually
only conducted at the beginning of the contract, or at certain time intervals, while in our
characterisation of the Fund contract, DSA, i.e. our (4), is contingent to all states that the
contract specifies, including those where limited enforcement constraints are binding. This
means that our DSA has a different definition of ‘sustainability’ than existing multilateral

lending institutions. Particularly, sovereign liabilities have to remain sustainable ex ante and

' Note that a special programme, accounting for solidarity transfers in a specific state — say, 8* — can be
designed with Z(6*) > 0 and Z(9) =0, if 6 # 6*.
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ex post in all considered paths.

Another difference is that in this framework, the Fund has no seniority over privately
owned debt. This is in general not the case when multilateral lending institutions intervene
(cf. Footnote 6). In Section 4, we consider an alternative formulation where Fund liabilities
has seniority over privately held sovereign debt. However, it is a case that relies on a
strong non bailout commitment from the Fund: the Fund does not act as a crisis resolution
mechanism, when privately held sovereign debt is at risk of default. Nevertheless, we show
that the seniority structure of the Fund does not impact the equilibrium allocation.

Unlike Aguiar et al. (2019), our contract accounts for both the private international
lenders and the Fund on equal footing. In other words, there is no dilution of legacy creditors
as the entire debt is taken into consideration. While the Fund directly specifies contingent
transfers 77(6"*") taking as given 7,(6"), effectively the contract accounts for the total surplus,
7(0"), since only in this way it is capable of consistently stabilising the borrower’s entire
debt position. An equivalent interpretation is that the Fund stands ready to absorb the debt
position of the borrower in the form of private bonds, and effectively there is complete credit
(risk) transfer from the private bond investors to the Fund, up to certain limits implied by
the participation constraints both from the Fund and the borrower.

To have a better idea of the link between the private lender’s and the Fund’s value,

observe that, conditional on ¢,

VIO =E| S, (75) 7(0°+)

o] = [ 5 () (09 + 7049

et} . (6)

Using the valuation formula in (1), equation (6) simplifies into

V) = E| X5 () m(07)

Qt} > [E[Z;io (1) 7s(0")

0ﬂ+mww

The present value constraint on Fund’s lending is E| > im0 (I—}H,)jrf(Qt“ )|0'] > 6,7, thus the

overall participation constraint of the Fund is given by

VIO =E| S5, () 7(0+)

m}z@42+mww

Following Marcet and Marimon (2019), solutions to the Fund’s problem are homogenous of
degree one in p = (up, 117) and the initial relative Pareto weight xy = ﬁ is pinned down by
the initial break-even condition for the Fund E[ 7%, (1—}ﬂ,)t7(9t) |60] = 0_1Z +byp, given the
initial debt position in the private international market b;o. As said, we will assume that

Z =0, which is a (expected) zero profit condition for the Fund; given this, zo depends on
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(Ao, bio) and the present value of all the expected net savings. If without private debt there
is an interior solution to the Fund’s contracting problem, then an optimal solution exists
and there are feasible paths of private debt, starting at b;, subject to an upper bound on

how large the initial debt b,y can be. We come back to this later.

The Fund contract in recursive form Using the approach of Marcet and Marimon
(2019), defining s = {0~, v}, we say that c¢(0,z,b;), n(0,z,b;), vp(0, z,b;) and v, (0, x,b;) are a
solution to the Fund’s contacting problem in recursive form, given b, if there exist a Fund’s
value function F'V (s, z, by), transfer policies 7,(0, z, b;) and 74(6', x, b)), with associate private

lending policy b = By(0, z, ) satisfying (1), such that:

FV(s,x,b;) = SP {min} r{na}}c z[(1+ v)U(c,n) — v,V (0)] (7)
Uy, c,n
+ [(1 +u)T -0~ Z+ bl)] + %E[FV(SI,ZL", b;)‘@}

_ 14y
s.t. 7=0f(n) — ¢, and o’ = 2z,

with xy given.

where 2’ corresponds to the prospective Pareto weight of the sovereign relative to the two
lenders with n = B(1 +r) < 1, and v}, and v, as the normalized multipliers attached to
12

the sovereign’s and the lenders’ limited enforcement constraints, respectively.” The value

function of the contracting problem satisfies

FV(s,z,b) = 2V®0,2,b) + V'(s,z,b), with
Ve(0,x,b) = Ule,n) + BE[VE(O,2/,0))|0] and Vi(s,x,b) =7+ L E[VY(s, 2, b))10].

1+4+r

The contracting problem in recursive form takes into account the existence a private lending
policy, b) = By(#,x,b)."” Given equation (1), the sequence of private transfers {7,(6")}:2,
directly relates to a sequence of private debt {b,(6")}:2,. Hence, for a given b, by picking
1, the private lenders directly choose a certain level of transfer 7,. The exact relationship
between 7, and b is detailed in Section 3.

We obtain the optimal consumption and leisure policies, ¢(0, z, b;) and n(6, x, b;) by taking

the first-order conditions of problem (7), u'(c) = ij:fi 1 and 6f'(n) = %.14 This results

12The normalization of the Pareto weights is the same as the one in Abraham et al. (2021).
13In this (Nash) specification of the Fund contract the effect of 7; on B(6, z,b) is not taken into account.
1The first-order condition with respect to consumption tells us that the sovereign can infer z; from

u(ci—1) given (zg, by o).

12



in a transfer policy 7(0, x, b;) which corresponds to the lending policy the Fund computes and
announces every period. The lending policy enables the economy to reach the constrained
efficient allocation. It indicates the total level of transfer, 7, but remains silent about the
split between 7, and 7;. We later address this indetermination with the effective intervention
of the Fund. That is, we minimize 7, consistent with (7).

The relative Pareto weight, z, evolves according to the binding limited enforcement
constraints (Marcet and Marimon, 2019). Particularly, it increases when the sovereign’s
constraint binds (i.e. 1, > 0) and decreases when the lender’s constraint binds (i.e. v; > 0).
In the former case, the sovereign’s consumption increases not to generate default incentives,
while in the latter case, the sovereign’s consumption decreases to avoid expected losses from

the lenders’ perspective.

The sovereign’s outside option The autarky value of the standard incomplete market
model with default represents the sovereign’s outside option (Eaton and Gersovitz, 1981;
Aguiar and Gopinath, 2006; Arellano, 2008)."® Since the Fund has no seniority with respect
to the privately held sovereign debt, the sovereign reneges its entire debt position if it decides
to default. In other words, every default is a full default. In this situation, the sovereign
is excluded from the private bond market and the Fund. Once it has defaulted, it can
reintegrate the former with probability A but cannot obtain the assistance of the latter

anymore. The Bellman equation for the outside option reads
V¥ (0) = max {U(6” f(n),n)} + BE[(1 — )V () + AJ(¢',0)|6], (8)

where 67 < 0 contains the penalty for defaulting. Furthermore, V% corresponds to the value
under financial autarky and J to the value of reintegrating the private bond market without
the Fund.'® More precisely, J(6,b) = max{V°(0,b), Ve ()}, with

V(0,b) = {rﬁ%(}U(c, n) + BE[J(6',V)|6] (9)

5Note that, following this literature, we assume that the borrowing country can commit to servicing
its maturing bonds prior to auctioning new bonds (i.e. there is no within-the-period risk) and, as a result,
the competitive equilibrium in the incomplete market is unique. Alternatively, we could have followed Cole
and Kehoe (2000) and Aguiar et al. (2020) not assuming such commitment, allowing for default within-
the-period, which can result in belief-driven Self-Fulfilling Equilibria. However, this would not change our
solution and characterization of the Fund contract, as long as the default value does not change — as it is the
case when the borrower is indifferent between defaulting when the auction price is zero and not defaulting
when the auction price is positive, possibly the ‘Eaton-Gersovitz price’ with within-the-period commitment.

16We use the superscript f for the value function V¢f to refer to a full default.
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s.t. e+ 1,(V) < Of(n).

As already highlighted, given equation (1), for a given b, by picking ¥/, the borrower directly
chooses a certain level of transfer 7,. We therefore slightly abuse notation and write 7, as a

function of b’. Market clearing implies that in any state, b+ b, = 0.
2.3 The Properties of the Fund Contract

This subsection demonstrates the main properties of the Fund contract. Other properties of
the contract such as the inverse Euler Equation, as well as the welfare theorems associated
with its competitive implementation, are presented in Appendix B.

We start with the existence of the Fund contract and for this, we need the following

technical assumption (Marcet and Marimon, 2019).

Assumption 1 (Interiority). There is an € > 0, such that, for all 6 € O, there is a sequence
{¢(0Y),n(6")} satisfying equations (3) and (4) in which each outside option is replaced by
Va(0,) + € and Z + €, respectively.

This assumption ensures the uniform boundedness of the Lagrange multipliers. For equa-
tions (3) and (4), it requires that, in spite of the enforcement constraints, there are strictly
positive rents to be shared among the contracting parties. Otherwise there may not exist a

constrained-efficient risk-sharing agreement. Given this,

Proposition 1 (Existence of Fund Contract). For every 6 there is a b,(6) > 0 such that if
bio(8) < b(0), then there exist a Fund contract with initial condition (0,b,0(9)). Furthermore,
there is a t(6,0,(0)) such that fort > t(0,b,(0)) the Fund contract is at steady state.

Proposition 1 is made of two parts. First, a Fund contract exists if — among other
requirements — the initial level of private indebtedness is not too high.!'” Thus, if an
economy is in an initial state (6,b0(0)) but by(f#) < b(f) then the private debt will need
to be restructured — i.e. to a by(h) > b(f) — for a Fund contract to exist. In other words,
there is a strict risk-assessment of the sovereign and, provided that the existing level of private
liabilities is sustainable if there is a Fund contract, then no other ex-ante conditionality is
needed. Second, the Fund contract is characterised by an ergodic distribution which we

detail in the next definition and lemma.

1"Note that b(f) = miny{b:0=Z —b > V’(0,z,b)}.
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The long-run property of the Fund contract is related to the definition of an ergodic set of
relative Pareto weights, . The term ergodic refers to the fact that the relative Pareto weights
in this set are aperiodic and recurrent with non-zero probability. In other words, the economy
will move around the same set of relative Pareto weights over time and over histories. The

following definition relies on the model in detrended form presented in Appendix A.

Definition 1 (Steady State). Given a Markov chain of v with a unique ergodic set in I, a
Steady State Equilibrium is defined by an ergodic set in X with a lower bound x = min,ep{z :
Vo(y,2,b) = VI (y)} and an upper bound T = max,er{z : V(y,z,b) = VoI (5)}, satisfying

x < T, for the relative Pareto weights.'®

The lower bound of the ergodic set is determined by the lowest achievable relative Pareto
weight in the contract. It represents the lowest value that the sovereign accepts in the
contract, which keeps it away from immiseration. The upper bound represents the highest
relative Pareto weight that makes the sovereign’s constraint bind; therefore it is the highest
weight that the lender may need to accept.'” We can further characterise the bounds of the

ergodic set with the following lemma, validating their independence on b.%

Lemma 1 (Bounds of the Ergodic set). The bounds of the ergodic set solely depend on the
current growth state, 0, thus for the detrended form, solely depend on ~.?!

This lemma states that the bounds of the ergodic set are independent of b. In other
words, the sovereign’s participation constraint is solely determined by the realised growth
state. This is because, in the Fund, the sovereign’s participation constraint is always satisfied
meaning that the sovereign is guaranteed to receive a minimal level of utility irrespective of
its indebtedness, since there is full default — i.e. with default debt is zeroed independently

of its level.
Proposition 2 (No Default). In a Fund contract, the sovereign does not default.

This proposition directly follows from (3). The Fund always provides state-contingent

transfers to the sovereign. This sustains the chosen sequence of private liabilities, {7,(0")}:2,

18The value functions marked with V are the detrended value functions presented in Appendix A.

9Note that if 2 = Z there would be a steady state with perfect risk-sharing, but this is a knife-edge case
which can only exists with strong restrictions on the structure of the model.

20Tt should be noted that if the sovereign and the Fund are equally patient (i.e. = 1), then the upper
bound would be determined by min,er{z : Vi(y,x,b) = Z — b}, which depends on the endogenous b.

21See Appendix C for the proofs of lemmas and propositions.
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and ensures that the sovereign obtains at least the value of its outside option in any sate.
Hence, given the transfer, the sovereign is at most indifferent between reneging the contract
or not and finds it optimal not to default at all.

This shows the importance of the state contingency of the Fund’s transfer. Without this
feature, the Fund would not be capable of accounting for the possibility of default and its

intervention would be ineffective. The next section elaborates more on that.

3 The Decentralized Economy

3.1 Market Structure and Private Sector

The previous section derived the Fund contract from the perspective of a centralized economy.
We now consider the decentralized version of the economy in which the Fund and the private

lenders trade securities with the sovereign taking the market price as given.

Market structure As before, the financial market is composed of private lenders and
the Fund. The sovereign has therefore two funding opportunities. On the one hand, it
can borrow long-term defaultable bonds, ¢, on the private bond market at a unit price of
qp(0,w').*? On the other hand, it can trade © state contingent securities a'(#’) at a unit price
of q¢(¢',w'(0)|0). At the start of a period, the sovereign holds a in the Fund and b in the
private bond market which together sum to an entire debt position of w = a + b. A fraction
1 — 0 of each financial asset matures today and the remaining fraction ¢ is rolled-over and
pays a coupon £ (Chatterjee and Eyigungor, 2012). Given this, the transfer to the Fund and

the private lenders are, respectively:

p(0) = D ap(0,(0)|0)((¢) — 5a(6)) — (1 — &+ dr)a(d)

oo
and 7,(0) = ¢,(0,w)(1'(0) — 0b(0)) — (1 — 0 + dK)b(H).

Both ¢; and ¢, depend on the entire debt position and not separately on b’ or a’(#’). This
is due to the fact that the Fund’s assets are not senior with respect to the private bonds.
Thus, in the case of default, the sovereign reneges its entire debt position. This implies that
the risk of default is properly measured with respect to the debt held both in the Fund and
in the private bond market.

Moreover, the assets provided by the Fund are state contingent, while private bonds

are not. More precisely, the portfolio a'(¢’) can be decomposed into a common bond @

22Following the literature, b’ > 0 represents an asset, while &’ < 0 represents a debt.
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that is independent of the next period state, traded at the implicit bond price ¢;(6,w’) =

> 4r (0, w'(6")]0), and an insurance portfolio of © Arrow-type securities a'(6"). Thus we
P e 2019 45 (6", (67)]6)a’ (67) -

have that /(') = @’+a(¢') with @ = =+ qu(97w’) and Y, qr (6, W' (0')]0)a' (0') =

0, which represents the market clearing condition of the Arrow-type securities.??

The sovereign’s problem The economy is decentralised as a competitive equilibrium
with endogenous borrowing and lending constraints following Alvarez and Jermann (2000).%*
Under the above market structure, the sovereign’s problem reads

W, a,b) = max U(e,n) + BE[W (0, d'(6),V)|6] (10)
{C’n’b/’{a/(el)}G’EG}

s.b. ¢+ Z qr(0',W'(0")0)(a'(0") — da) + g,(0,w") (b — db)

0|6
<O0f(n)+ (1 —9+k)(a+1D)
GO =d(0)+V > A(0). (11)

Equation (11) is the equivalent of the participation constraint (3) whose purpose is to prevent

the occurrence of defaults. The endogenous borrowing limit 4,(0") is therefore such that
WP, a(0),b) = Vol (@) for all a(8') + b = Ay, (12)

In words, the Fund limits the sovereign’s indebtedness such that the sovereign’s expected
lifetime utility from repaying its debts is at least as high as that of defaulting. In other
words, the sovereign is never able to accumulate a level of debt for which a default would be
optimal. The borrowing limit is therefore a no-default borrowing constraint (Zhang, 1997).
Particularly, it is tight enough in the sense of Alvarez and Jermann (2000) to prevent default

but allows as much risk sharing as possible. The combination of the first-order conditions of

23Note that TJQ(G’) = 717(0) +77(6'), where 74(0) = q;(0,w’)(a'(8) — 6a(f)) — (1 —d + 0k)a(P) and 7;(0") =
a7 (0, (0))|0)a (6):

24Note, first, that, as it is common in representative agent models, we implicitly assume that the gov-
ernment has enough policy instruments as to implement feasible labour and consumption allocations as the
outcome of a competitive equilibrium. Second, that other decentralisations are possible. For example, Dovis
(2019) obtains state-contingent contracts by means of an active debt structure management and partial
defaults. Conversely, Miiller et al. (2019) propose a decentralisation using preemptive sovereign debt re-
structurings, GDP-linked and defaultable bonds. However, in as much as partial defaults or restructurings
are costly, decentralizations that rely on them will not implement the constrained-efficient allocation that

we charcterize.

17



the sovereign’s problem with respect to ¢ and a/(6’) gives the sovereign’s Euler equation for
the Fund’s securities
qr(0',W'10)u' (¢) — vp(0") = B (0']0)u/ () {(1 —0+0K)+0 Z qr (0", w”(@”)|9’)] . (13)
9//|0/
where v, is the multiplier attached to the sovereign’s endogenous borrowing limit in (11).
Conversely, the first-order conditions with respect to ¢ and b’ gives the sovereign’s Euler
equation for the private bonds
= " wy(0) =B w(@10)u' () [(1 = 5+ 0k) + dg, (0, w")]. (14)
0’10 0’10
The private lender’s problem Private lenders are competitive and risk neutral financial
intermediaries. Each period they solve a static problem. However, we express it in recursive
form to later formulate the Debt Sustainability Analysis (DSA) of the Fund. We have
_ 1 _
WP(0,a;,a,,b) = {cﬁ?gp}cp + ?[E[Wp(e aj,a,,b;)|0] (15)
s.t. ¢y + qp(0, W) (b — 0by) + q(0,w')(a,(0') — da,) < (1 =0 4 k) (by + ap).

An important object which emanates from this problem is the private lending policy, b =
Bi(0,a;,b;). As highlighted in Section 2, in equilibrium, this lending policy has to be consis-
tent with the sovereign’s optimality in (10).

The private lenders also have access to the bonds issued by the Fund. This enables
that the bond price in the Fund and in the private bond market coincide through arbitrage.

Besides this, trade of private bonds satisfies the following transversality condition:

lim,,_, [E{ [H?:o Qp (9t+j 7w(9t+j+1))} b; (0t+j+1) et} =0, with (16)
a0 <0t+j’ w (9t+j+1))
1—0+0dk+ 5qp(0t+ﬂ'+1,w(9t+ﬂ'+2)) '

Qp<9t+j,w(0t+j+1)) — (17)

The implicit interest rate in the private bond market is r,(6,w’) = — 1. As we will

= g0m)

see, it is possible that r,(,w’) < r generating a wedge between the lenders’ discount factor

and the pricing kernel. That is why the valuation equation (1) holds with inequality. Taking

the first-order conditions of the private lenders’ problem with respect to b,

S0 TO10)(L = 6+ 5 + 3, (8, "))
147

which corresponds to the price without default and without binding constraint of the Fund.

q:D(g?w,) = ) (18)

In equilibrium, it will be the case that a;, = 0 always.
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3.2 The Decentralised Fund Contract

Following the work of Alvarez and Jermann (2000) and Krueger et al. (2008), we can further
decentralise the Fund contract. The main aim of the decentralisation is to obtain the asset
positions and the price schedule relating to the Fund’s transfers 7y. We show that, given
the realization of the state, the Fund formulates a DSA recommendation stating the level
of indebtedness that remains sustainable in all future states. Deviations from this recom-
mendation have direct repercussions provided that the Fund does not possess seniority over
private debt. Nevertheless, moving after the private lenders, the Fund can credibly enforce its
recommendation by the threat of exiting the market. As a result, the private lenders always
follow the Fund’s prescriptions and the entire debt position remains safe. The maximization

problem of the Fund is given by

Wisanb) = max e+ LE[WI(ai(#). )]0 (19
{erdai(@)}orcot
S.b. cp + D g1e r (07, 0(0')]0)(a)(0) — dar) < (1= 6+ 6k)a,
ay(0) + b = A (0, ), (20)

with b) = By(6,a;,b;) given,

where a; the amount of assets provided by the Fund, b; is the amount of assets provided by
the private lenders, By(f,a,b) is the lending policy of the private lenders and s = {6~,~}.

The variable A;(6, b;) represents an endogenous limit defined as
WI(s', A (0',5) — b, b)) = 07, 1)

This condition restricts the extent of losses. Particularly, it ensures that the present dis-
counted value of the Fund’s assets are at least equal to 67 < 0. Specifically, when Z = 0,
A (0',b)) ensures that the total level of the sovereign’s liabilities can be absorbed by the
Fund without incurring permanent losses. Adding equations (21) to the value of the lender

(15) and applying the transversality condition (16), we obtain
W (s, Ap(0',6) — by, b)) + WP(0',a)(6), @, b;) = 02 + b},
This gives the decentralised counterpart of the lenders’ participation constraint in (4),
W' a)(0"),b) = WI(s',a)(0), b)) + WP(0',a}(0),a,,b) > 0Z + 1y, (22)

We interpret condition (22) as a proper DSA since it links the value of the current lending

with its prospective stream of cashflow. This DSA takes into account the sovereign’s entire
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debt position — within and outside the Fund — in every possible state. Moreover, owing
to the trade of Arrow-type securities, it is contingent in all the states that the contract
specifies, including those states where limited enforcement constraints are binding. We later
show that the Fund is capable of credibly punishing the private lenders which ensures no
deviations from the DSA recommendation.

Note that the market clearing condition in the Fund is given by a(#) + a,(#) + a;(6) =0
for all 6. In addition, the initial asset holdings of the sovereign in the Fund, a(f) + a,(6y) =
—a;(0y) = 0, are given.

Taking the first-order conditions of the decentralised Fund’s problem with respect to ¢

and a;(0') gives the Fund’s Euler equation

a7 (0", W' (0)10) — (0') = 7w (O10) [(1 = 0 + k) + 0 X ogujg qs (07,0 (0M)101)], (23
where ¢ is the multipliers attached to the Fund’s endogenous limit.

Given value functions for the outside value options of the sovereign, V% (¢'), and of the
lenders, 67 — b, where —b is the debt of the sovereign with the private lenders, a recursive
competitive equilibrium (RCE) consists of: prices g(6',w'(6")|0) and ¢,(0,w’); value func-
tions W°(0, a,b), W'(s,a;,b;), and WP(0, a;, a,, b;); endogenous limits, A,(0') and A (0, b)),
and policy functions ¢(6,a,b), cs(6,a;,b;), c,(0,a;,b;), n(0,a,b), a'(0') = A#',0,a,b), a; =
Ay(0,0,a1, ), V' = B(0,a,b), a, = Ap(0,a;,ap,,b) and by = Bi(0,a;,b;), with '(¢) =
a'(0') + b, which are solutions to the problems of the sovereign, private lenders and the
Fund, and all markets clear.?

We now characterize the price dynamic and the optimal holdings of assets in the decen-
tralised environment. Using the fact that the borrowing constraints of the borrower and the
lenders do not bind at the same time, the price is determined by the agent whose constraint

is not binding (Krueger et al., 2008).?° It then follows that

as(0/,0(0)]6) = ZH2 [ (1=046K)+6 S 4y (0, (607)]0)] max { LELLCUD 14 (2)

Given the above price schedule, the intertemporal discount factor is defined by
g5 (0/,0'(0')10)
1—0+0k+96 Zs”|9’ qr (0”, w”(@”)|6”) '

Qs (0, (8)]0) =

25 Appendix B, provides a more detailed definition and determines the correspondence between the Fund
contract and the decentralised Fund contract (i.e. Second Welfare Theorem). We also show that the First
Welfare Theorem holds.

261f both constraints would bind at the same time, no agreement could be reached between the sovereign

and the lenders. In other words, no contract would exist.
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The implicit interest rate in the Fund is then defined by r¢(f,w') = m — 1 with
Qr(0,w') = 329 Qs (¢',w'(0")|0). Given the definition of the price in (24), if the lenders’
constraint is binding in at least one future state ¢, the price of one unit of Arrow-type secu-

rity in that state is g¢ (6, w'(6")|0) > =7 (60/|0) [(1—6+06k) +6 > ome 450", w”(0")0")], while
the price of a bond reads ¢;(¢,w’) > ﬁ 2o m(0']0) [(1—6+6k)+0qs (0, w")], or equivalently
Qr0,w') > l—ir implying that r¢(6,w’) < r. In words, when the lenders’ constraint bind, a
negative spread appears. The lenders’ binding constraint has therefore two opposite effects.
On the one hand, accumulating debt, a’ < 0, is cheaper for the sovereign owing to the fact
that ¢f(6,w’) is above the risk-free price. On the other hand, buying insurance, a'(¢") > 0,
for the state in question becomes more expensive. This effect is even stronger provided that
the trade of Arrow-type securities has to be such that 3, , q7(6",w'(6")|6)a’(6") = 0.

In view of equations (11) and (20), the Fund’s lending policy corresponds to w’(6") for all
0'. The Fund computes and announces this figure every period in order for the economy to
reach the constrained efficient allocation. As w’(#') is state contingent, Arrow-type securities
play a crucial role. They complement the issuance of debt especially in the states in which
the sovereign could not sustain its liabilities otherwise. In view of this, the Fund never allows
the sovereign to accumulate some level of debt for which it cannot insure.

Being unable to obtain more debt from the Fund when the lenders’ constraint bind, can
the sovereign accumulate more debt in the private bond market instead? The answer is
negative. As we already explained, the sovereign has to determine its prospective borrowing
in the private bond market before going to the Fund. Hence, the Fund can always react to
deviations from its DSA recommendation. Most notably, if the private lenders lend more
than what the Fund prescribes, the latter withdraws from the market. The rationale behind
this is that, having no seniority, the Fund would be as penalised as the private lenders if
the risk of default realises. The Fund has therefore the ability to make credible threats to
private lenders.

Given that the private lenders have access to the Fund’s securities, no arbitrage is possible
between the Fund and the private bond market for the borrower. Hence, the bond prices in

the Fund and the private bond market are alike.

Proposition 3 (Bond Price). In a RCE, for all (6,w').

> ar (0/,0(0)]0) = g,(6,).

0’16

Moreover, whenever, (22) binds, 3 4 45 (0',w(0')|0) > 11:5:“_5;.
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When the lenders’ constraint given in (22) is binding, the sovereign would like to borrow
more today with the promise that it would pay back tomorrow, but this is a non credible
promise, from the perspective of the Fund. If the sovereign borrows more today, there is a
chance that the lenders incur losses tomorrow as its level of insurance is limited, as indicated
by the negative spread.?” The Fund therefore provides just enough resources such that the
sovereigns indebtedness remains sustainable in all future states. The negative spread also
causes private lenders to stop lending to the sovereign as the rate of return settles below 7.
Indeed, the private lenders are willing to borrow from the Fund in terms of a portfolio of
securities which constitutes risk free asset a,, and investing the funds to earn a risk free rate
r. Nevertheless, the binding constraint of the Fund also prevents such trading activities. As
a result, a binding constraint (22) not only restricts the provision of the Fund’s insurance to

the sovereign, it also sustains a no-trade equilibrium in the private bond market.

Proposition 4 (Effective Private Lending). In a RCE, in the states in which (22) binds
b > 4b.

However, when the lenders’ constraint in (22) does not bind, the sovereign can equally
access the private bond market and the Fund. As a matter of fact, in this case, debt is as
expensive in the Fund as in the private bond market and the sovereign can accumulate debt
in both locations. Therefore, the sovereign is indifferent between holding debt in the private

bond market or in the Fund. This results into an indetermination.

Proposition 5 (Debt Indetermination). In all states 6" in which (22) does not bind, the

division of w' between b’ and @’ is indeterminate.

One way to address this indetermination is to minimize the Fund’s intervention. Hence,
in opposition to Abraham et al. (2021), the amount of debt held in the Fund shall be here

as small as possible. This is what we call the effective intervention of the Fund.

Corollary 1 (Effective Intervention of the Fund). If there is a RCE then, in any state
(0,0) with b < 0, there exists a(0,b) € [0b,0] such that @' = a(0,b) is the Fund’s minimal

ntervention.

2"We say that the sovereign’s debt might become unsustainable as the lenders’ constraint does not nec-
essarily bind for all possible #’. Hence, if the sovereign is lucky enough, it could end up in a state tomorrow

where lenders could sustain its indebtedness even if it borrowed more today.
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Under Corollary 1, the Fund’s credit line is set to its minimal level when (22) ceases to
bind. This does not necessarily imply that the Fund solely provides Arrow-type securities.?®
As the level of private debt appears on the right-hand side of (22), one cannot always set
@’ = 0. In every state, it must hold that WP (¢’ a], b)) > b} and W/ (€', a), b)) > 0Z separately.
In other words, there is not mutualization between the Fund and the private lenders. Hence,
in light of equation (1), if the private lenders would absorb today the entire debt position of

the sovereign, there is the danger of violating the one of the above constraints tomorrow.

4 The Seniority Structure of the Fund

So far, we assume that the Fund had no seniority with respect to the privately held sovereign
debt. We therefore consider that a default always implicates the sovereign’s entire debt
position. We now relax this assumption allowing for partial default in which the sovereign
defaults only on its private liabilities while remaining in the Fund.

We show that the seniority structure of the Fund does not impact the outcome of the
model. The mechanism underlying the result might be different, though. Notably, under
seniority, positive spreads substitute negative spreads. That is, the private lenders charge
a risk premium for all borrowing that exceeds Fund’s lending policy. This prevents the
sovereign to deviate from the Fund’s lending policy. In light of this, the public announcement

of the Fund’s policy at the beginning of each period becomes crucial.

The Sovereign and the Private Lenders under Seniority Compared to the case
without seniority, the sovereign possesses two outside options. On the one hand, it can default
on its entire debt position. This represents the case of full default considered previously.
Having seniority, the Fund will only seek to prevent this type of default. On the other hand,
the sovereign can repudiate its private debt while remaining in the Fund. We refer to this
situation as a partial default because the sovereign solely defaults on the private lenders.

The value in this case is given by

V%0, a) = om X Ue,n) + BE[(1 = \V*(¢,d'(0) + AW (0, d'(¢'),0)]|6]
st e+ Z qr (0,0 (0)]0)(d' (') — da) < OPf(n) + (1 — § + 0k)a,

0’10

W(0) = d' () = A7(6),

28This is a major difference compared to the case of one-period bonds. With short-term debt, when the
lenders’ participation constraint does not bind, the entire debt position of the sovereign is located in the

private market (see Proposition 4). The Fund solely trades Arrow-type securities.
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where the endogenous borrowing limit is defined as
Ve, Ay (@) = vere).

The default penalty and the expected market exclusion are the same in partial and full
defaults. Despite this, the value under partial default can be greater than the value under
full default. In the former situation, the sovereign continues to receive the support from the
Fund, whereas, in the latter situation, it cannot obtain assistance from the Fund anymore.
This implies, as we will see, that the sovereign’s participation constraint alone is not sufficient
to prevent for the occurrence of partial defaults on equilibrium path.

From the perspective of the lenders, the Fund’s seniority implies that the private lenders
are not anymore accounted for by the Fund. Thus, the private lender’s problem becomes a
static problem without endogenous limit as in Arellano (2008). As a result, the private bond

price reads

E{(1— D'(6,d",1)))[1 — 6 + Ok + Oqy (', ")) |0}

qp(97w,) = 1 + r

where D(0,a,b) = D,(6,a,b) + Ds(6,a,b), and

(25)

1, ifV*®(0,a) > W6, a,b) and V®(0,a) > VI (H),
D, (6. a.b) = (0, a) (6,a,b) (6,a) > V(6)

0, else;

1, if VY (0) > W0, a,b) and V¥ (0) > VP(0,a),
D f(H, a, b) =
0, else.
The value under full default might coincide with the value under partial default due to the
continuous access to the Fund in the latter case. Hence, if the sovereign is indifferent between
the two types of default, on considers it selects the partial default.
The price still depends on the total level of debt despite the relaxation of the seniority
assumption. This is because the Fund continues to announces its optimal lending policy

in terms of total indebtedness. The sovereign’s entire debt position therefore remains the

relevant statistic for the private lenders to measure the appropriate risk premium.

The Fund Contract under Seniority The timing of actions remains unchanged. More-
over, the Fund still aims at making the sovereign’s debt safe and sustainable for the future.
Thus, even though it possesses now seniority, its lending policy continues to relate to the

sovereign’s entire indebtedness as in the case without seniority.?’ For expositional purpose,

29Note that in the case of a partial default, the entire debt position is held in the Fund.
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we only consider here the credit part of the Fund’s lending policy, @' = ' +a@’. As the Fund
moves after the private lenders, it defines its credit line as the residual of &’ after the private
borrowing b'. That is, if the sovereign chooses O/ > @', the Fund is willing to provide some
a =& — b < 0. However, if the sovereign selects b’ < &', the Fund does not offer any
additional credit as the sovereign exceeded the limit set by the Fund. Moreover, it does not
further react to the over-accumulation of debt and only insures @’. As we will see, it is the
private lenders that have to properly react here.

Given this environment, the sovereign’s participation constraint in the Fund’s contracting
problem, remains the same as in the case without seniority. In the contract with seniority,
the sovereign defaults on the Fund only in the case of a full default. Thus, the Fund does not
need to insure against partial defaults as it is sheltered against repudiations of private debts.
This means that if the value under partial default is greater than the value of full default in
some states, partial defaults can arise on equilibrium path. On the contrary, in the contract
without seniority, the Fund also aimed at insuring against full default but the paradigm was
different. The sovereign could not select on which creditor it desired to default. This is
because the contract was pari passu meaning that neither the Fund nor the private lenders
enjoyed a (implicit or explicit) preferred creditor status.

The Funds’s participation constraint changes in the case with seniority. Most notably, the
Fund does not need to extensively account for the private lenders as it did without seniority.

The Fund’s participation constraint therefore becomes
1 \J—t i
[E[Z]O'it (i) /()

while in decentralised Fund contract, the Fund’s endogenous limit now reads

0! =012,

W/ (s', Ap(0,b], D)) — by, b}, D) = 6Z.

The state space contains the sovereign’s partial default policy defined above. Indeed, the
Fund needs to keep track of the occurrence of partial default to properly define its transfer
policy, due to the default penalty on output. Hence, despite its seniority, the Fund indirectly
accounts for the sovereign’s decisions in the private bond market as this impacts the level of

resource it provides. Moreover, as

Tpt = @0, Tog1, bigp1)bprr — (1 — 0 + 0K + 9¢, (61, Tes1, b)) be(1 — Dy).

using the definition of 7/ = 7 — 77 and the transversality condition (16), we obtain
oo j—t i
[E|:Zj:t (1_Jlrr)J 7(67)
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Depending on whether there are partial defaults, b; might not be the same as in the Fund’s
participation constraint with seniority (4). The difference comes from the output penalty
and the haircut following a default. Hence, only without default does the participation

constraint with and without seniority coincide.

The Irrelevance of the Seniority Structure To demonstrate the irrelevance of the
seniority assumption, we need to check whether the sovereign is willing to follow the Fund’s
prescription in terms of borrowing when we impose seniority. We show this in three steps.
First, the sovereign never enters in partial default for some level of private debt it can
accumulate in the Fund. In other words, the sovereign defaults on its private liabilities only
if it borrows more than the Fund’s lending policy. Second, if the sovereign desires to enter
in partial default in a particular state ¢', it does so for all ¢ for which 7(6'|) > 0. Finally,
following the two previous points, the price of private debt goes to zero for all level of debt
above the Fund’s lending policy. As a result, the sovereign cannot profitably deviate from

the Fund’s lending policy. We establish the first point in the following proposition.

Proposition 6 (Fund’s Lending Policy and Partial Default). In equilibrium, the sovereign

never enters in partial default for some level of private debt it can accumulate in the Fund.

The sovereign gets insured for all level of debt it accumulates within the Fund’s lending
policy. In this regard, the split of the debt between the Fund and the private bond market
is irrelevant. Hence, the value under partial default can never be greater than the value of
staying in the contract and repaying both the Fund and the private lenders.

Having established that the sovereign does not want to partially default when it holds
debt that it can accumulate in the Fund, a partial default might be optimal only if the
sovereign overborrows (from the perspective of the Fund). In what follows we show that
if the sovereign desires to default in a state 6, then it does so in all € ©. That is the
default decision is not state contingent. Thus we establish the second point in the following

proposition.

Proposition 7 (Overborrowing and Partial Default). In equilibrium, if the sovereign desires

to enter in partial default in a particular state ¢, it does so for all @' for which w(0'|6) > 0.

The rationale behind this result is the following. The sovereign does not get insured
by the Fund for the part of debt it accumulated in excess of &’'. Hence, irrespective of the

realization of the state in the next period, the sovereign will be overindebted. That is it will
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not be able to reach the level of consumption the Fund aimed at providing initially. The
sovereign will therefore find it optimal to renege its private liabilities as this enables a greater
consumption, with the advantage of remaining in the Fund. Thus, the insurance provided
by the Fund makes it beneficial for the sovereign to repudiate any amount of debt it holds
in excess of &'.

We have established two points so far. On the one hand, the sovereign does not enter
in partial default as long as it accumulates a level of private debt within the Fund’s lending
policy @’. This means that partially defaulting is only desirable when the sovereign borrows
more than what the Fund prescribed. On the other hand, as soon as the sovereign overbor-
rows, it defaults with probability one in the next period. Those two elements taken together

have a direct impact on the price charged by private lenders.

Corollary 2 (Private Lenders and Partial Default). In equilibrium, for a given Fund’s

lending policy &', the private lenders set q,(6,w’) =0 for all W' < &'.

The private lenders anticipate that as soon as the sovereign overborrows, it defaults on
its private liabilities with probability one in the next period. In contrast with the regime
without seniority (Proposition 3), private lenders are not trying to borrow from the Fund
but to escape from a partial default. Accordingly, given the private bond pricing equation,
they set ¢,(6,&") = 0 for all @ < @'. As a result, the sovereign cannot deviate from the
Fund’s policy. That is why it is crucial that the Fund properly announces its lending policy
to stabilise sovereign debt. A consequence of this constrained-efficient policy is that Fund’s

seniority is irrelevant.*

5 Calibration

We calibrate the parameters of the model economy by fitting the sovereign debt model (8)—
(9), i.e. the one without the Fund, to quarterly data of Italy over the period 1992Q1 to
2019Q4.%! Table 1 summarizes the value of each parameters.

We calibrate the productivity growth rate shock ~; with a Markov regime switching AR(1)

process to the sample productivity series of Italy. We choose a specification of 2 regimes,

30In that logic, Wicht (2021) shows that in an environment without state-contingent claims, seniority
matters for multilateral lending institutions such as the IMF.

31The calibration starts in 1992 due to data availability and ends in 2019 owing to the pandemic. Appendix
D contains detailed explanations on data sources, measurement, and additonal information on shock process

estimation.
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Table 1: Parameter Values

Parameter Value Definition Targeted Moment

A. Direct measures from data

o 0.5295 labor share labor share

A 0.032 return probability average exclusion period
r 0.0132 risk-free rate annual real short-term rate
1) 0.9297 bond maturity bond maturity

K 0.0543 bond coupon rate bond coupon rate

B. Based on model solution

B 0.956 discount factor V' [Yannual
P 0.73  productivity penalty  p(spread,y) and max(spread)
¢ 0.34 labor elasticity

n b, 1 )
£ 1.734  labor utility weight ™, pln,y) and o(n)/o(y)

C. By assumption
Z 0 Fund’s outside option

with the worst regime capturing the crisis period (i.e the Great Financial crisis) observed in
the data. Specifically, we estimate the following model for the (net) growth rate v, — 1 with
the expectation maximization (EM) algorithm of Hamilton (1990):

Ve — 1= (1= ps) () + plse) (-1 — 1) + o()er, (26)

where ¢; denotes the regime at ¢, and p(<;), p(s;), and o(s;) denote regime specific parameters.
As shown in Appendix D, such a regime switching process can capture the sudden drop in
productivity dynamics around crisis periods. In the computation, we further discretize the
shock process using the method of Liu (2017) with 15 grid points for each regime. Aguiar
and Gopinath (2006) show that given a CRRA utility in consumption Cll%;, one requires that
limy o EgB4 (0,7 — 1)/(1 — o) = 0, so that the discount utility can be well defined with
stochastic trend. For the case of log utility, this amounts to lim,_,, Eo/3*log0,_; = 0, which
holds automatically in our setup. We subsequently detrend an ‘allocation’ variable x; by
012 Ty = xt/et—l'

The preference parameters for labor supply are set to ( = 0.34 and & = 1.734. These are
used to match the average fraction of working hours, together with the volatility of labor
relative to GDP. The risk free interest rate is set to r = 1.32%, the average real short-term
interest rates of the Euro area. We further set 6 = 0.9297 and « = 0.0543 to match the

average Italian bond maturity and coupon rate (coupon payment to debt ratio), respectively.

28



Finally, we fix 8 = 0.956 to match the average indebtedness relative to annual output. The
production function is Cobb-Douglas f(n) = n®, and we set a = 0.5295 to match the average
labor share in Italy.

The default penalty is assymetric as in Arellano (2008). To ensure that we can properly

detrend the penalty, we consider
Qf = Qt_lle’yt if Qt Z 9t_1zZ)[E’yt and Qf = 91: if 975 < Qt_1¢E7t.

One sets 1 = 0.73 to match the maximum spread and the correlation of spread with respect
to output. Furthermore, we fix A = 0.032 which corresponds to an exclusion between 7 and 8
years. This is consistent with the average exclusion period Italy recorded during its defaults

on external debt in the 1930s and the 1940s (Reinhart and Rogoff, 2011).

6 Quantitative Analysis

6.1 Model Fit and Comparison

The fit of the model with respect to the data is depicted in Table 2. As we calibrate the
model to Italy, the relevant benchmark is the economy without the Fund. To compute the
moments we run 10,000 simulations of the model with 400 periods each, and we discard the
first 100. For the volatilities and correlation statistics, we filter the simulated data through
the HP filter with a smoothness parameter of 1600.

As one can see, the model replicates well the average indebtedness of Italy owing to the
long-term debt structure (Chatterjee and Eyigungor, 2012). We are also matching the share
of hours worked given the specification of the shocks. The same holds true for the volatility
of hours worked and its correlation with output. In addition, the model replicates well the
correlation of the spread with output and the maximal spread.*> However, it cannot match
the average spread observed in the data.*® In terms of other non-targeted moments, the
model is capable of capturing the business cycle dynamic of consumption and the primary

surplus observed in the data.

32As the spread during default is not clearly determined in the model, we compute the spread at the
default’s start as the spread related to a borrowing at the peak of the borrowing Laffer curve.

33Models of sovereign defaults in the spirit of Aguiar and Gopinath (2006) and Arellano (2008) have
difficulty to match the average spreads. Chatterjee and Eyigungor (2012) manage to match an average
spread of 8% by means of long-term debt and quadratic output penalty but do not use growth shocks.
Bocola and Dovis (2019) also match the average spread using multiple maturities but target an average
spread of 0.61%.
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Table 2: Data and Models

Targeted Moments Non-Targeted Moments

Variable Data w/o Fund w/ Fund Variable Data w/o Fund w/ Fund

A. First Moments

W /yama% 11764 11650  204.80 ps/y% 200  6.68 8.83
n% 38.64 38.62 40.21 spread% 2.50 0.40 -0.04
max(spread)%  6.76 8.13 0.00

B. Second Moments

o(n)/o(y) 0.75 0.75 0.64 o(spread) 0.96 0.05 0.00
p(n,y) 0.68 0.57 0.99 a(e)/o(y) 1.27 0.78 0.25
p(spread, y) -0.16 -0.07 -0.81 ple,y) 0.53 0.41 0.96
o(ps/y)/o(y) 1.09 1.13 0.77

p(ps/y,v) 0.29 0.67 0.99

Table 2 also compares the economy with and without the Fund. The difference between
the two is important. First, the Fund enables a greater accumulation of debt in total.
Particularly, the Fund almost doubles the debt capacity of the economy. Second, we observe
low volatility and negative spreads with the Fund. The highest level of spread is zero with
the Fund while it attains 8% without. Hence, the Fund achieves the goal of making sovereign
debt safe — i.e. without default risk. Third, consumption is much less volatile in the presence
of the Fund. This means that there is a greater risk sharing across states. This comes from
the highly pro-cyclical surplus. In other words, in periods of distress, the Fund provides
resources to sustain consumption. Such mechanism is less marked in the economy without

the Fund owing to the risk-premium attached on the debt and the lack of state contingency.
6.2 Policy Functions and Financial Variables

To gain better understanding of the working of the Fund, we first present the numerical
solutions of the policy functions of the Fund under our calibration. Figure 1 depicts the the
different policy functions for zero private debt as a function of (v, z), while Figures 2 depicts
the main financial variables.>* All figures relate to the detrended version of the model. We
focus on three main values of the growth rate: the smallest one, v,,;,, the median one, V¢4,

and the highest one, V.40

34Tn appendix G, Figure G.3 and G.6 present the main policy functions and financial variables as a

function of (y,w) and (v, b), respectively.
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Figure 1: Optimal Policies with Zero Private Debt as Function of (v, )

Figure 1 presents the optimal policies with respect to the future relative Pareto weights,
consumption and labor as function of (v, z). With a logarithmic utility, one has that ¢ = 7’ %
Both ¢ and 7’ are increasing, while n is decreasing in the current relative Pareto weight . In
each panel, the horizontal line on the left hand side is determined by the sovereign’s binding
participation constraint, while the horizontal line on the right hand side is determined by
the lenders’ binding participation constraint. The line rejoining both horizontal lines is
determined by the first best allocation and has a slope of n < 1. Consistent with Lemma
1 the borrower’s binding constraint does not depend on the level of private debt. However,
the lenders’ binding constraint does.

We now turn to the financial variables depicted in Figure 2.%> The first row of the figure
represents the prospective debt holdings of the sovereign. Consistent with the definition of
effective intervention in Corollary 1, when the lenders’ constraint does not bind, the credit
line of the Fund is minimal. This does not necessarily mean that the majority of the debt
is held in the private bond market, though. Conversely, when the lenders’ participation

constraint binds, private lenders do not roll-over the sovereign’s debt. With zero initial

35Tn appendix G, Figure G.5 presents the same financial variables but for different levels of private debt.
Also, Figures G.8 and G.9 present the holdings of Arrow-type securities and the transfers from the Fund,

respectively.
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Figure 2: Financial Variables with Zero Private Debt as Function of (v, Z)

private debt this translates into a complete stop of private lending activities. In this case,
the debt accumulation is largely reduced. As we will see this is because the sovereign has a
limited access to Arrow-type securities when the lenders’ participation constraint binds.

The second row of Figure 2 depicts the current asset holdings and the interest spreads.
One sees that when the lenders’ participation constraint is binding, w is very close to zero
because of Proposition 4 and the fact that Z = 0 and b = 0. It might not exactly be equal to
zero depending on the value of the total surplus and how large the negative spread is. This
nonetheless tells us that if the lenders’ participation constraint is binding today then the
value of the sovereign’s debt is in great part offset by the value of the realized Arrow-type
security. Hence, when the lenders’ participation constraint binds, the sovereign is limited
in the trade of Arrow-type securities and bonds. This limitation ensures that the sovereign
does not violate the constraint of the lenders.

Regarding interest rates, the Fund’s and private market’s spreads are nil when the lenders’
constraint is not binding consistent with Proposition 2.°° In contrast, spreads are negative
when the lenders’ constraint is binding. As one can see, the negative spread remains relatively
modest. Furthermore, it is larger the more constraints are binding in 4/ for which 7 (+/|y) > 0.

Hence, it relates to the extent of insurance required in each future state. A negative spread

36The default set of the economy with and without the Fund is presented in Figure (.7 in Appendix G.
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reduces the trade of Arrow-type securities in the binding states 7’. To see why, recall that the
holdings of Arrow-type securities are defined such that Zv’\ y qr(y, W \fy)é’ (v') = 0. Hence,
when Q¢(Y,w'ly) > ’T(%l‘:) for some 7/ with 7(9'|y) > 0, the sovereign has to reduce its
holdings of Arrow-type securities in the binding states to satisfy this condition. Thus, if the
lenders’ constraint binds in many future states, little hedge is offered by the Fund limiting

the accumulation of debt.
6.3 Steady State Analysis

The relative Pareto weight is the key to the dynamics of the model economy as it represents
a sufficient statistic of the contract’s binding constraints. Figure 3 displays its law of motion.
The dark grey region represents the ergodic set given in Definition 1. The light grey region
represents the basin of attraction of the ergodic set. As one can see, the convergence path
to the steady state depends on the level of privately held debt. Especially, the larger is the
level of private debt, the closer the economy gets to the ergodic set. This is different than

Abrahdm et al. (2021) where the converge path solely depends on  ad 7.
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Figure 3: Evolution of the Relative Pareto Weight in Steady State as a Function of (, b, T)

We simulate the economy within the ergodic set of relative Pareto weights. For this
purpose, we generate one history of shocks for 400 periods in steady state starting with the
lowest Pareto weight in the ergodic set. To avoid that the initial conditions blur the results,
the first 250 periods are discarded. To gauge the impact of the Fund’s intervention in this

exercise, we simulate both the economy with and without the Fund in parallel.
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Figure 4: Simulation of a Typical Path

Figure 4 depicts the simulation result, with the grey region represents the periods in which
the economy without the Fund is in default. With the Fund’s intervention, the economy has a
more stable consumption path over time. Hence, the sovereign avoids the major fluctuations
of consumption that characterises the standard incomplete market economy with defaults.
Moreover, the sovereign is able to accumulate private debt at the risk-free rate in regions
where it would normally default without the Fund. This is entirely due to the fact that debt
positions are hedged by Arrow-type securities. To get a sense of the insurance component,
we display the Arrow-type securities purchased today for the highest and the lowest states
tomorrow. Two points deserve to be noted. First, the portfolio of Arrow-type securities is
procyclical as it closely follows the shock process. Second, the positions taken in Arrow-type
securities are substantial. If one focuses on @'(v'|y) for 7' = Ymin, we see that it amounts on
average 50% of annual GDP. Instead of looking at the Arrow-type securities one can observe
the Fund’s primary surplus, 7, which also moves procyclically and largely oscillates around
zero since Z = (.

Figure 5 depicts the impulse response functions resulting from a stark negative growth
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Figure 5: Impulse Response Functions to a Negative v Shock

shock on selected key variables.®” The responses are computed as the mean of 10,000 inde-
pendent shock histories starting with the lowest growth shock as well as initial debt holdings
and relative Pareto weights drawn from the ergodic set. In the very first periods following
the negative shock’s realization, the Fund transfers resources to the sovereign. Especially,
the Fund complements the provision of debt from the private bond market in the immediate
outbreak of the shock. This prevents a large decrease in consumption and a large increase
in labor supply. Hence, without the Fund’s intervention, the sovereign repudiates its debt
and is obliged to provide more labor to avoid a massive reduction in consumption. Thus,
the immediate impact of a sudden low growth shock is more severe in the absence of the
Fund. In the long run, the sovereign without the Fund is likely to repudiate debt again and
therefore reaches a lower level of steady state consumption and indebtedness. Besides this,
the economy with the Fund avoids the positive spread in the private bond market. It can

therefore reach more quickly a low level of r? — v easing debt management.
6.4 Welfare Analysis

Sharp difference in the dynamics of the economy with and without Fund translates into

superior welfare implications of the Fund. The first column of Table 3 represents the welfare

37Figures (.10 and G.11 in Appendix G present the impulse response functions to a negative and a to a

positive shock of all relevant variables in the model.
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gains of the Fund’s intervention in consumption equivalent terms at zero initial debt holdings.
Recall that the sovereign which has access to the Fund can hold debt in the Fund or in the
private bond market. Thus, to adequately compare the two economies, we compare them for
the same total debt holdings. That is, the welfare comparisons are computed at the points
where w = 0 for the economy in the Fund and at b = 0 for the economy outside the Fund.

The welfare computation is presented in Appendix E.

Table 3: Welfare Comparison at Zero Initial Debt

State  Welfare Gains (%) Maximal Debt Absoption (% of GDP)

With Fund Without Fund
Y = Vmaz 9.79 185 104

Average 9.94

Welfare gains are significant with the Fund’s intervention. With zero initial debt, the
consumption-equivalent welfare gains are on average 9.94%. Moreover, the largest welfare
gains are recorded in low growth states. Thus, the Fund’s intervention is mostly valued when
the sovereign is in a difficult economic situation. As mentioned above, welfare gains are the
consequence of two main features of the Fund’s intervention. First, the Fund provides state-
contingent transfers and therefore enhances consumption smoothing. Second, it enables a
greater accumulation of debt in general. In Appendix E we provide a decomposition of the
welfare gains showing that they are mostly due (circa 90%) to the greater debt capacity and
the insurance component; among these two factors ‘debt capacity’ represents the largest share
of total gains (circa 80%). Nevertheless, to a large extent, this is due to the state-contingent

transfers of the Fund.
6.5 Debt Dynamic Decomposition

We further decompose the evolution of the debt according to Cochrane (2020, 2022): sovereign
debt (with respect to GDP) at the end of the year, v,.1, is equal to its value at the begin-
ning of the year, v, plus the net cost of keeping debt, 77 —7;, and the years primary deficit

(excluding interest payment), —s;, so that v, = vy +rf — 9 — 84, assuming no discount-

ing for simplification. In our environment s; = % for the economy without Fund and
S; = wtg}l—(;)“’t for the economy with Fund.
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Figure 6: Cochrane Decomposition

Figure 6 depicts the decomposition for Italy as well as the model economy with and
without the Fund in logarithmic scale. We generate the two panels for the model economy
by feeding the growth path of Italy over 2000Q1-2019Q4 into the model and start with the
same level of debt of Italy in 2000Q1. We then obtain the path of debt and interest rate
through the optimal policy functions. The blue line represents the evolution of the value of
debt which is the combination of the green line (i.e. 7 — 7) and the red line (i.e. —s). In
view of this, had the accumulation of debt been costless (i.e. 7?7 — = 0), then the blue line
would coincide with the red line.

We observe that the evolution of Italys debt is the result of two conflicting forces: a
remarkable history of increasing accumulated primary surpluses and two decades of growth
decline resulting in accumulated costs r? — +. The model without the Fund replicates well
the dynamic of the Italian public indebtedness. It nonetheless minimises the positive impact
of primary surpluses and the negative impact of the interest rate-growth differential.

Turning to the economy with the Fund, we see that the evolution of debt is flatter than
in the economy without. This comes from two components. On the one hand, the rate at
which the sovereign issues debt is at most risk free. This therefore largely reduces the r? —~

cost compared to the economy without the Fund. On the other hand, the Fund provides
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insurance through Arrow securities. This eases debt management by making fiscal policy
countercyclical as shown previously. As a result, the debt path is more smooth. Particularly,
the model predicts that the Italian indebtedness by the end of 2019 would have been around
86% of GDP rather than 135% if Italy could have joined the Fund in 2000.%® This shows that
the path followed by the Italian economy in the last two decades was highly inefficient. Even
though the accumulation of large primary surpluses dampened the increase in the Italian
indebtedness, it prevented a proper countercyclical policy which could have corrected the

interest rate-growth differential.®”
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Figure 7: Fund vs. Private Debt

With the intervention of the Fund, debt can be located both in the private bond market
and the Fund itself. We can further decompose the value of the debt as v; = v + vf,
where v/ and v} are the value of the debt held in the private bond market and the Fund,
respectively. Figure 7 presents the above decomposition. We note two elements. On the one
hand, given that the Fund’s intervention is minimal, most of the value of the debt emanates
from the private bond market consistent with Corollary 1. On the other hand, the Fund
dampens the dynamic of debt over time. In other words, it counterbalances the large level

of indebtedness in the private bond market. Particularly, the spikes observed in the figure

38We obtain this figure by computing the model implied debt-to-GDP ratio at the end of the sample
period using the decomposition of Cochrane (2020, 2022). We then rescale this figure according to the true
debt-to-GDP ratio in the data and the one obtained in the decomposition for Italy.

39Given the importance of the 7P — component, we extend the baseline contract with a stochstic risk-free

rate. Results are presented in Appendix F.
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correspond to episodes in which growth suddenly drops. In such circumstances the level
of private debt per GDP increases but is counter-acted by the realization of Arrow-type

securities which insure the sovereign against such adverse shocks.*’

7 Conclusion

We design the optimal interaction between a Financial Stability Fund, private competitive
international lenders and a sovereign. The Fund’s long-term contract is shaped by two-sided
limited enforcement constraints. We interpret the borrower’s non-default constraint as a
sovereignty constraint and the lenders’ constraint as a DSA. The sovereign can borrow long-
term defaultable bonds on the private international market, while receiving state-contingent
transfers from the Fund. The Fund prevents the sovereign from defaulting on its entire debt
position, regardless of its seniority with respect to private lenders, increasing the supply of
safe assets.

As we show in our calibration to the Italian economy and subsequent simulations and
computations, important welfare gains can be achieved by improving existing official lend-
ing practices offering long-term state-contingent Fund contracts. Imbedded in these welfare
gains is the effect of the Fund in transforming (defaultable) sovereign debts into safe assets,
even they are mostly held by private investors, and inducing a (constrained) efficient coun-
tercyclical fiscal policy, even when there is debt accumulation or » — g uncertainty, as most
countries nowadays face. Furthermore, in line with current Official Lenders policies, we show
that these results — which also imply a massive increase of safe assets — can be achieved with
a ‘minimal intervention’ of the Fund, in terms its holdings of sovereign debt, much lower

than the current Euro area holdings of sovereign debt by EA institutions.
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Online Appendix
(Not For Publication)

A Detrended Model

As in Aguiar and Gopinath (2006), we consider a growth shock to the productivity of the
following form 6, = v,6,_1, where 7, represents the growth rate and 6; the trend at time t.
We detrend the variables for allocations (except for labor n where we normalise the time

endowment to 1) of the model by dividing them by 6, ;. We therefore denote by ¢& the

detrended form of ¢; such that ¢, = 931 represents the deviation from the trend. It follows
that U(cy, ny) = In(0;—1) + U(é,n¢), and clearly, In(6;_1) does not affect optimal choice. By

the homogeneity of the sovereign’s recursive problem, we have the detrended formulation as
Wh(y,a,b) = max  U(én) + BE[W'(Y, (7). ¥)]7] (A1)
{enp @ (}yer }

st &) a (Y, &) (@ () = 8a) + g7, ) (' — 6b)

¥y
<~f(n)+ (1 - 5—!—55)(&—1—5)
S() =)+ = A).

Similarly, the private lender’s problem in detrended form reads

. . . 1~ -
W2(y,d, by) =max(1 — 6 + 6k + dg,(0, &"))b + m[E[Wp(’y’, a (), b;)]6]. (A.2)

by

The sovereign’s outside option in detrended form takes the following form
VI (3) = max {U(1" f(n),n)} + BE[(1 = WV (') + AT (7/,0) ],

The detrended Fund’s problem in sequential form is given by

max  E |0 Z BU (), n(") + o Z (1 j_ r) (H %’) 7(7")

{e(v)m(v) 320

9_1] (A.3)

st E| > AUE() ()| 2 VY (), (A4)
: Z (141rr>]_ (ﬁ%)ﬂvj) V| = Z-b(y"), (A.5)

7(v) =nf(n(y)) —e(v'), Vo't =0,
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with g0, puo, {603}, {ap(7', 2(771), b(7 1)) }22 given.

And in recursive form

FV(y,%,0) = SP anin a7 [(1 + U (G n) — ybx”/afm} (A.6)
vy, } {én

1+y

+ [(1 +u)T —uy(Z — 5)] + ’y[E [FV(”y Z’ b’ }’y]

st. T=7f(n)—¢,
~/ 1+Vb77~

Z, AT

o 1+V17 (A7)

The value function takes the form of

FV(v,%b) = #V'(y, % b) + V'(y,2,b), with
Vb(y,2,0) = U(¢,n) + BE[V' (v, %, V)], and

~ 1
Vi(v,2,b) =7+ T —E[VI(, 7,8 ).

Taking the first-order conditions with respect to ¢ and n leads to
(1 —n)
u'(e)

1—|—I/11
_ d ! —
14y and yf(n)

u'(¢) =

The consumption is therefore equal to ¢ = &’ % = Z'v. From this, we see that whenever the
growth rate of the economy settles below one, the relative Pareto weight increases. However,
the consumption does not react to changes in . In fact, the consumption is affected only
when one of the limited enforcement constraints binds.

For completeness, the decentralised Fund problem in detrended form is given by

Wonanh) = omex o B[ (), )] (A8)
st &+ > (Y, (V) (y) = dar) < (1 -0+ dk)ay,
¥y
b, = Bi(v,a, b)
i () + b > Ap(7, b)) (A.9)

B Further Theory Development

In this section we present other properties of the Fund contract. We start with the inverse

Euler Equation which is a key concept determining the dynamic of consumption in the

contract.
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Proposition B.1 (Insurance). In the Fund contract, the inverse FEuler equation is given by

1

1 1+ (0,2, 0) B
~ (8, b))’

E
w(e(@, 2, 0) 1+ v (0,2, b)

and risk sharing is imperfect.
Proof. See Appendix C O

We obtain the inverse Euler equation by means of the first-order condition on consump-
tion and the law of motion of the relative Pareto weight. This equation gives the intertem-
poral dynamic of consumption. If none of the constraints are ever binding (i.e. v, = 1, = 0),

it becomes

el = wm

u'(c(0, 2, b)) u'(c(0,z,b))

with strict inequality if n < 1, in our case. We therefore obtain a positive martingale, which
by the supermartingale theorem, converges almost surely to —oo. This is what the literature
has called immiseration.

Thus, with 7 < 1, when none of the constraints are binding, consumption decreases.
However, this reduction cannot go on indefinitely given the sovereign’s limited enforcement
constraint. This constraint puts a lower bound to the supermartingale and therefore acts
as a stopper for immiseration. Conversely, the lender’s constraint puts an upper bound to
the supermartingale which prevents consumption to increase indefinitely. As a result, in a
contract with tow-sided limited enforcement constraints and impatient borrower, risk sharing
is only partial. The contract cannot converge to the first-best allocation characterised by
constant consumption over time.

Having determined the inverse Euler Equation, we can now determine the correspondence
between the Fund contract established in Section 2.2 and the decentralised Fund contract

presented in section 3.2.

Proposition B.2 (Second Welfare Theorem). Given initial conditions {0y, by, o}, a Fund’s

allocation can be decentralised as a competitive equilibrium with endogenous borrowing limits.
Proof. See Appendix C H

This proposition states that there is a direct correspondence between, on the one hand,

a and, on the other hand, x given by

, . 1+Vl<t9,$,b)1
w(elfa.0)) = 14+ wvp(0,2,b) x
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In words, for a given 6, if a and x satisfy the above correspondence, then B(0,x,b) =
B(0,a,b), c(0,a,b) = c(0,x,b), c,(0,a,b) = 7,(0,2,b), cf(0,a,b) = 74(6,2,b), c,(0,a,b) +
ct(0,a,b) = 7(0,z,b) and n(0,a,b) = n(6,z,b). In that same logic, we have that W°(0, a, b) =
V(0,2,b) and W,(0,a,b) + Wy(s,a,b) = VI(s,z,b). Thus, the endogenous limits (12) and
(22) are exactly and uniquely binding when they are binding in the Fund contract.
Properly speaking the correspondence relates to, on the one hand, x and b and, on the
other hand, w as only the entire sovereign’s debt matter in the Fund. The split of w between
a and b is irrelevant for the Fund as the sovereign defaults w and not selectively on a or b.
For completeness of the argument, we also show that the First Welfare Theorem holds.
That is, a recursive competitive equilibrium allocation with borrowing limits implements the

constrained efficient allocation of the Fund. For that purpose, we define

Definition 2 (High Implied Interest Rates). An allocation has high implied interest rates if
for all t and s

Eo Z Qy (s, w(s")]so) [ (s',a(s),b(s)) 4+ c (s a(s"),b(s"))] < oo,

The intertemporal discount factor, Q(s',w(s")|so), is defined below. This condition
ensures that the present value of the total transfer is finite. It rules out autarky as an

equilibrium.

Proposition B.3 (First Welfare Theorem). Given initial conditions {6y, by, ao}, under high-
implied interest rates, a competitive equilibrium with endogenous borrowing limits implements

the constrained efficient allocation of the Fund.

Proof. See Appendix C O]

We end this subsection with a result relating to the endogenous borrowing limits. Using
the intertemporal budget constraints, we can construct the asset holdings that make the
consumption allocations in the Fund contract satisfy the present value of the budget. This

leads to the following proposition.

Lemma B.1 (Borrowing and Net Present Value Constraints). At some period t and n with
t # n, if the participation constraint of one of the contracting parties is binding, the borrowing
limit for of the constrained agent in the decentralised economy is determined by

Ay(0") = By Qp(677,w(6)|0")[e(67, a(6"), b(6")) — Y (6", a(6"), b("H))],

J=0

(B.1)
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Ap(O") =B Y Q0" w(0")|0")en(6", a(6"H), b(6" 1)), (B.2)

J=0

with Y (6", x(6%),b(6")) = 0(6,) f (n(6", 2(6"),b(0"))) for all t and 6".
Proof. See Appendix C n

Given this, (20) truly represent a net present value (NPV) constraint in equilibrium. In
any state, the decentralised asset portfolio between the sovereign and the Fund is a whole
plan of contingent asset position to the indefinite future. The whole contingent plan of
asset holdings corresponds to the whole plan of transfers {7(0")}:2,, which is clearly not a
one period decision. The fact that the whole plan can be determined recursively does not
mean that the asset positions in #"! — that is w(6'™') — refer only to a set of contingent
payoffs at ¢ + 1. Rather, w(6'™) represents the NPV of all future Fund’s transfers starting
from 1. Therefore when (20) binds with strictly positive probability, the Fund refuses to
grant an alternative plan embedded in some other & (6*"!), which would render the NPV
negative. Equivalently, this means that the Fund should not lend too much at too low a
price or it would end up loosing money. Hence, the lender’s constraint is a present value —
or more lively, a no bailout — constraint, which is conceptually distinct from the borrower’s

borrowing constraint, (i.e. a sovereignty constraint).
C Proofs

Proof of Proposition B.1

The first order condition on consumption reads u'(c) = ii—;ﬁ% The law of motion of the
relative Pareto weight is given by z' = il‘i /2 Combining those two equations one obtains
o 14+ (6, x,b) . 1 1—1—14((9’,%’,[)’). (1)
1+ (0, 2,b) w(c(0,2',0) 1+ vp(0, 2, )
Moreover, observe that using the above first-order condition
1+ (0, 2,b) 1 1+ vp(0,2,0) 1+ 14(6,2,b) 1

nr =mn

1+ (0, 2,b) W (cl0,2,0) 1+ (0, 2,0) L+ 00, 2,0) | " (c(0,,b))

Hence, one can rewrite (C.1) as

1 1 1+ (0,2, 0)

T(c(0,2,0)) — w (0,2, b)) 1+ (0,2, V)

Taking expectations on both sides with respect to 6’ leads to

1 1 1+ p((0,2,0)

LI
T(e(0,2,0) — |w (@, 2, 0)) L+ (0,2, V)

o]
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This equation is the inverse Euler equation. It gives the dynamic of consumption over time
and therefore the extent of insurance. If none of the constraint ever binds and n = 1,
then the contract achieves full insurance. However, whenever one of those two point is
no true, consumption is not constant across states. Insurance is thus only partial in our

environment. O
Proof of Proposition 1

Consider the model in detrended form presented in Appendix A. If one has that {b(6")}22, =
0, we are back to the standard model of Abrahdm et al. (2021) without moral hazard.

To show existence, one needs to determine whether the assumptions to apply Theorem
3(i) in Marcet and Marimon (2019) are met: Al well defined Markovian process for =,
A2 continuity in {¢,n} and measurability in v, A3 non-empty feasible sets, A4 uniform
boundedness, A5 convex technologies, A6 concavity for the lender and strict concavity for
the sovereign, A7 interiority. Assumption A1, A2, A5 and A6 are trivially met as elicited in
Section 3. Since ¢ and n are bounded, payoffs functions are bounded as well. This combined
with the fact that the outside options are finite ensure that A4 is met. Assumption 1 ensures
AT.

One is left to show that A3 is met. If one assumes that the sequence of debt is different
than zero for some ¢t > 0 and especially for ¢ = 0, it is the initial by that is crucial for
existence. If by is such that the following break even condition holds:

[E[i <1ir)t%<9t)

t=0

22_507

0o

then a contract exists. The break even condition is a consequence of the homogeneity of
degree 1 of the problem’s solution (Marcet and Marimon, 2019, Lemma 1A). Whenever the
break even condition holds, one obtains for all ¢ and 6%, VI(y', #(~%),b(v')) > Z — b(6").
However, should it not be the case, the initial debt is too large to be absorbed by the Fund.
The debt has to be restructured until the above break even condition holds.

The homegeneity of degree one in pu = (up, ) allows us to redefine the contracting
problem using x as a co-state variable. This combined with Assumption 1 ensures that there
exists a C' > 0 such that for the Lagrange multiplier ¥, ||9|| < ||z||C. Accounting for the
lender’s participation constraint there is a C' such that |[9]| < C. We can therefore define
the set of of feasible Lagrange multipliers by L = {0 € R2 : ||9|| < C} and the set of feasible
consumption and labor by A = {(¢,n) € RZ : n < 1}.
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With this, one can use Theorem 3(i) in Marcet and Marimon (2019). That is the corre-
spondence SP : Ax L — Ax L mapping non-empty, convex, and compact sets to themselves,
is non-empty, convex-valued, and upper hemicontinuous. We can therefore apply Kakutanis
fixed point theorem and existence immediately follows.

Regarding the steady state, the lower bound of the ergodic set is determined by the
lowest achievable relative Pareto weight in the contract. It represents the lowest value that
the sovereign accepts in the contract. The upper bound represents the highest relative Pareto
weight that makes the sovereign’s constraint bind; therefore it is the highest weight that the
lender may need to accept. This means that every time the highest productivity shock hits
(i.e. Ymaz), the sovereign climbs to the top of the ergodic set. In opposition, for a sufficiently
long string of lowest productivity shock (i.e. Vi), the sovereign eventually hits the bottom
of the set — owing to immiseration.

To show the existence of a unique stationary equilibrium, one shows that the dynamic of
the contract satisfies the conditions given by Stokey et al. (1989, Theorem 12.12). Set & as

the midpoint of [Z,7] and define the transition function Q : [Z,7] x X([Z,7]) — R as

Q(z,G) => w(¢'|0){z' € G}
0|0
We want to show is that # is a mixing point such that for N > 1 and ¢ > 0 one has
that Q(z, [r,7])N > € and Q(7,[%,2])V > e. Starting at 7, for a sufficiently long but
finite series of 7., the relative Pareto weight transit to . Hence for some N < oo,
Q@, [z, 7)) > T(Ymin)¥ > 0 where 7(Ymin) is the stationary probability of drawing Yumin.
Moreover, starting at Z, after drawing N < 00 Ymae, the relative Pareto weight transit to =
meaning that Q(Z, [#, 7)Y > T(Vmaz)™ > 0. Setting € = min{m(Ymin )™, T(Ymaz) } makes &

a mixing point and the above theorem applies. O
Proof of Lemma 1

Recall that, in the detrended version of the model, the lower bound is defined by z =
min,epr{z : 171’(7,.%, b) = V“f(’y)}, while the upper bound corresponds to T = max,ep{z :
V(y,2,b) =V (7)}.

The key insight is to see that the sovereign’s outside option is independent of the level
of indebtedness, while the sovereign’s value increases with the relative Pareto weight by
definition. Assume now by contradiction that the lower bound z(v,b) is a function of v
and the level of debt b. That is for some b # b, z(y,b) # x(v,b). This implies that either
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‘71’(%@(7,1}), b) > ‘N/b(%g(%b),b) or vb(v,g(% b),b) < ‘71’(%@(7,1)), b) depending on which
of the two relative Pareto weight is the largest. The former case leads to the fact that
VP(v,z(y,b),b) > Vi (v), while the latter case leads to VO(v,z(v,b),b) < V(y). Both

cases contradict the fact that z(v,b) is the relative Pareto weight for which the sovereign’s

constraint binds. It must therefore be that for all b # b, z(v) = (7, b) = z(7,b). The same

reasoning applies to the upper bound. O
Proof of Proposition 2

We conduct a proof by contradiction. The present proof only considers the economy in
equilibrium. It might be that default occurs off equilibrium path. This situation is, however,
outside the scope of the proposition. The proof follows the argument of Thomas and Worrall
(1994) and Zhang (1997). The participation constraint of the borrower ensures that the
value of the borrower is at most equal to its outside option. Hence, the borrower is at most

indifferent between defaulting or not. O]
Proof of Proposition B.2

Following Alvarez and Jermann (2000) we prove the proposition by construction. First,

define the Fund’s asset price as

/ / / 7.‘-(6,|0) i 1 /! / u/(c(0/7 xl? bl))
Vg - ) LACALELIIMERY
qr(0',2',0'10) 1Ty {( 0+ 0K)+0 qf(G,x,b|9)}max{ul(c(e,x’b)) n,

0// |0/

Second, as shown in Lemma B.1, iterating over the budget constraint of the sovereign gives

a(6') + b(6") =

E, Z QO™ (0"7),b(0")|0")[c(0", 2(0"7),b(6"7)) — Y (0", 2(0"),b(6"7))], (C.2)

where, Y (0, 2(6"),b(6")) = 6(6,) f (n(0", 2(6"),b(6"))) for all ¢ and ¢*. Similarly, iterating over
the consolidated budget constraint of the two lenders leads to
a(0') + ay(0) + bi(0") = B Y Q6" w(6"7),b(0")[6") e (6", 2(6"7),6(6"))  (C.3)
=0

=[E Z Q(@t-i-j’ x(0t+j)7 b(0t+j) |0t> [Y(9t+j, $(0t+j)7 b(0t+j))

— (0", 2(0"7),b(687))]
= —a(6') — b(6").
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The market clearing conditions in the Fund and the private bond market implies that a;(6")+
a,(0") + a(f') = 0 and b(0") + b,(6") = 0, respectively, for all ¢ and 6.

We now need to establish the correspondence between the initial conditions, (xg,bo),
in the Fund contract and the initial conditions in the recursive competitive equilibrium,
(ag, arp, bo, bip). Given (C.2) and (C.3) evaluated at t = 0, one can determine a(6y, ag, bo)

using the budget constraint

C(‘gg, ap, bo) + Qf(eo, wl)((_l, — (5@0) + Z qf(Ql, w1(01)]00)d’(91) + qp(t%, wl)(b’ — (Sbo)
01|60

< Oof(n)+ (1 =08+ 0k)(ag + bo).

and the fact that 291‘90 qr(61,w1(61)]60)a’ (61) = 0. Once, a(by, ao, bp) is determined, one can
find the holdings of Arrow-type securities @' (€', 6y, ag, by) for all &’ € ©. We can then retrieve
the entire portfolio recursively for ¢t > 0.

Third, define the endogenous borrowing limits such that

Ay(0) = a(0, 2(0,b),b) + b(6, 2(6, ), b),
Ap(0,b) = a;(0,7(0,b),b) + by(0,T(6,b),b).

This definition implies that a'(¢',0,a,b) + 0 > Ay(#') and a)(0',6,a,b) + by > A0, V).
Hence, the constructed asset holdings satisfy the competitive equilibrium constraints for
both the lenders and the sovereign.

Fourth, defining (6, a,b) as the Lagrange multiplier attached to the sovereign’s budget
constraint, one ensures optimality of the policy functions by setting

1+ z/l(H,x,b) 1

RN e Orr

Hence, since ¢(6,x,b) and n(6,x,b) satisfy the optimality conditions in the Fund, ¢(0,a,b)
and n(0,a,b) are also optimally determined in the competitive equilibrium. For the lenders,

consumption is optimal if the asset portfolio is optimally determined. For this observe that

(0. 0010) = @) NI 1 5o + Tl 0)0)

1
1+7r

> 7T(9,|0) |:<1 _5_|_5/{)+§qu<0//’w//(9//)|9/)}

6// |0/

if d'(60,0,a,b) +V > A(0),
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(8 O10) = T 016) (1= 6) 5 Y as(6”,0")19)
0//|9/
1 / ul(c(6,7 a,<0/>7 b,)) /! i /! /
> @10 G (1= 5400+ 0 F 06”01

9// Ie/

it a)(¢,0,a,b) + b, > A6/, 0)

Hence the portfolio is optimally determined. It then directly follows that W°(0,a,b) =
V0, 2z,b) and W,(0,a,b) + Wy(s,a,b) = Vi(s,x,b).

We therefore obtain a one-to-one map between (z,b) and w = a + b for a given 6. More
precisely, B(6,z,b) = B(0,a,b), c(6,a,b) = c(0,z,b), ¢,(0,a,b) = 7,(0,2,b), cs(0,a,b) =
7¢(0,2,0), c,(6,a,b) + cf(0,a,b) = 7(0,2,b) and n(f,a,b) = n(f,x,b). Moreover the en-
dogenous limits of the sovereign and the lenders bind uniquely and exclusively when the

participation constraints of the sovereign and the lenders bind, respectively. O
Proof of Proposition B.3

Following Alvarez and Jermann (2000) we prove the proposition by construction. As for the
proof of Proposition B.2; one establishes a one-to-one mapping from (x, b) to w = a+b. The
key equation linking those two objects is

1+y(0,z,b) 1
I1(0,a,b) = u'(c(0,a,b)) = u'(c(0,z,b)) = %5,
where 1(6, a, b) is the Lagrange multiplier attached to the sovereign’s budget constraint in the
competitive problem. Given the initial bond holdings (ag, a;0, b, bio), the above condition
enables to identify z(6) if none of the enforcement constraint binds. We can subsequently
determine consumption and labor.

For the participations constraints (3) and (4), one lets v4,(6, z,b) = 0 if a/(¢', 6, a,b) + V' >
Ap(0', V) and v(0,2,b) = 0 if a)(¢,0,a,b) + b, > Ag(#',b). Furthermore, given that the
sovereign’s and lenders’ intertemporal budget constraints are satisfied, the resource feasibility
constraints are also satisfied.

Note that autarky is ruled out as an equilibrium under high-implied interest rates. In

other words. the high implied interest rate assumption ensures interiority of the solution. [J
Proof of Proposition 3

We conduct a proof by construction. From Proposition 2, we have that

~ E[(1=040k+0dg(0',0"))|0
qp(g’w): [ 1+TP ‘}
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This gives, for all (6,w’),
(0. = 1—-90+0k
W) = s

Regarding the Fund-provided assets, we distinguish three cases:

1. The sovereign’s and the Fund’ participation constraints are not binding. The lenders’

Euler equation reads

/ / T 919 /! " nl
ar(010) = T (154 60) 6 Y a0, 10),
9//‘6/
(910
1+r

qp<0’w/> =

(]

[(1=0+dr)+dg,(0,w")],
0’10

and the sovereign’s Euler equations are

ar(0',16) = (@ )9) 22 )) [(1 )oY qf<e~,w~yef>]

u <c<e, w)) 2
=S (#10) (1= 54 30 + b,
016
If none of the two constraints is ever binding,
S a010) = 53 w010 D 1= 04500+ Y a0,
0’16 0’10 ars
= n( (0'10) {1—5+5,@ +6 ) g0, "|9')}
0’16 0|6
= 33w @10 D4 ) 4 s8]
=> ( (0'10) 7 [(1 = &+ 0r) + 3, (0", "),
010

It then follows that Q,(6,w’) = > g, Qr (¢, w'[0).

2. The sovereign’s participation constraint binds and the lenders’ participation constraint

is not binding.

The lenders’ Euler equation is

Qf<9/,w/|0) _ W(Q”@) |:(1 . 5—|—(5/<L) +5ZC]f(9N7WH|9/>1,

1 + T 0//‘0/

m(0'|0)
147

gp(0, W) = [(1 =6+ k) + 0gy (0, "),

™
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and the sovereign’s Euler equations are

05 (0,100 (e(0, ) — () = 5w<0'|0>M[<1—5+6n>+6 qu<9“,w"|e'>],

(C<07 w)) 9//|0/

0.0 0.0) = 3 ) =5 w10 TIN5 4 ) 4 G (8]
0’10 0’10

If the lenders’ participation constraint never binds,

qu ,w'|6) > BZ (6'10) el o)) {(1 —0+0Kr)+0 Z qf(H”,w”](?’)] and

0’10 0’10 (c(@, w)) 016"

Z qr(0',W'|0) = Z Wl(Ti) {(1 —0+0K)+0 Z qr (0", w"[@/)] :

9/‘9 0//|9/ 9//|9/

Moreover, Q,(0,w') = > 4y Qf(0,w'|0).

. The sovereign’s participation constraint is not binding and the Fund’s participation

constraint binds.

The lenders’ Euler equation reads

/ !/ AN Tr(e/|9) _ /! " n!
as(#19) — o) = T2 | 50 0 S a0 )],
/ ™ 9,9 / "
(0.) = 3 "0 (154 5) 1 g (0,0,
00

The sovereign’s Euler equations are

0 (0/,10) = <me>% =648+ 3 g0".10).
’ 0|6/

=8> ( 9’|9 )))) [(1 =64 6r) + 6g,(8', ™).
6’16

If the sovereign’s participation constraint never binds,

D qp(0,W10) =B 9’\9 )))>[(1—5+5/@)+5qu<e",w"ye’)] and

0|6 0|6 6'|0"
> g (0.W)0) > Zw[(1—5+5/@)+52qf(0” w"|0")]
9/‘6 6//|0/ 1 —I— T 6//'9/ ’ 7

However, Q,(0,w') < 3 44 Qs(0,w'|0) cannot be an equilibrium. At this price the
private lender is willing to hold an infinite amount of debt in the Fund and provide an

infinite amount of assets to the sovereign. To avoid this, it must be that @Q,(6,w') =

Za/w Qy(0',w'|0).
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Hence, in all possible states, Q,(0,w') = > 4, Qf(0',w'|0). O
Proof of Proposition 4
When the Fund’s constraint binds, Q5 > 1—_1H, This means that it is cheaper to accumulate
debt. However, at this price only the Fund is willing to provide debt. There is therefore no
trade in the private bond market. However, the private lenders cannot force the sovereign to
repay in advance. As a result, the private lenders can only refuse to roll-over the maturing
portion of the debt — that is b’ > db.

Given this, it is clear that in the case of short term debt (i.e. § = 0), the binding constraint

of the lenders directly translate to a complete shutdown of private lending. O]
Proof of Proposition 5
We conduct a proof by construction. When (22) does not bind, the budget constraint reads
e+ (0,0 (1 = 0b) + > qp (0, w'[0)(d' (') — 6a) = Of (n) + (1 = 5+ 6k)(b + a).
0’10

Given that » g0 q7(0/,w'|0)a(6") = 0 and Proposition 3, it can be rewritten as

c+qp(0,") (0 — b)) + qp(0, ) (@ — da) =0f(n) + (L — + k) (b+ a),
c+q0,) (" —d(b+a))=0f(n)+ (1 -0+ k)(b+ a).

Having the same price and being equally accessible, private and Fund-provided bonds are

prefect substitute, so that the decomposition of &’ between b’ and @’ is indeterminate.  [J
Proof of Corollary 1

We conduct a proof by construction. Setting @’ = 0 implies that the sovereign exclusively
accumulates debt in the private bond market, resolving the indetermination. None of the
debt is located in the Fund which solely provides insurance. However, it is not always
possible to set @’ = 0 if one does not want the constraint W,(¢’, aj,b;) > 0] to be violated.
More precisely, the maximal level of debt the private lender can absorb is given by

b = min{0Z — W0, A;(9))},
0’'cO

where W' = W, + W;. Moreover, © designate the set of all # such that (¢|#) > 0. Then
define

a(8,b) = &'(0,a,b) — min{6Z — W0, As(0)},
- 0'cO
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as the minimal level of debt the Fund can absorb in a given state (6,b). Such a threshold
value exists given Propositions 1 and B.2.
Obviously, a(6,b) < 0 as ming s{0Z — W 0, A;(0')} > &'(0,a,b) by definition of the

lenders’ participation constraint. Furthermore, a(f,b) > éb given Proposition 4. ]
Proof of Lemma B.1

Under Proposition 3, define

(0", w(0) = Y (07 w(07)]0") = g,(0", w(6")),

stt1|gt

Q( 9t+1 Z Q 9t+1 9t+1)|9t> <9t’w(9t))’

st+1|ot

for all t and #*. Furthermore, the transversality condition of the borrower is:*!

lim [EtQ(et—l-j,w(et-&-j)wt)[a(et—i-j) + b(9t+j)] =0,

Jj—o0
where

QO™ w()]6%) = QO w(87)]8 1) - QO (641 61).

Using the borrower’s budget constraint and the price relationship, one gets

(a(0) + b(0")(1 — & + 0k + dq (8", w(0"1))) =
c(0", a(0"),b(8") + q(0", w(0")a(0") + (6", w(0"1))b(0"") — V(0" a(6"), b(6")),

where, Y (6, a(0"),b(6")) = 6(0,) f(n(0",a(6"),b(0"))) for all ¢ and 6. Iterating forward the
budget constraint and using the transversality condition as well as the equilibrium price

relationship, one obtains

a(0) +b(6") =

E, Z QO™ w(0"7)16%)[c(6"7, a(677),b(0")) = Y (6", a(6"7), b(0"))].

Similarly, the transversality condition of the lender is:

tlim E,Q(0", w(0" )]0 [a (0" + by(6"11)] = 0.
—o0

41The differentiability and strict concavity and convexity assumptions of the functional forms guarantee
the local uniqueness of the policy and value functions. This in turn implies that the transversality conditions

are satisfied.
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Using the consolidated budget constraint of both lenders, one gets

(ar(0) +b,(0)(1 — 8 + 5k + dq(0", w(6'1))) =
(6", a(6), b(6")) + q(6", (")) (6"+) + g(8',w(6"))bu ("),

Iterating forward the budget constraint and using the transversality condition as well as the

equilibrium price relationship, one obtains
a(0') + a,(0") + b (0") = E; Z QO™ w (0|0 ey (0", a(0"17), b(0"17))
j=0

= Z Q(@t+j’ W(9t+j)|0t)[Y(0t+j, a(@”j), b(@tﬂ‘)) _ C(9t+j’ a(QtJrj)’ b(9t+j))] _ a(@t

The market clearing conditions in the Fund and the private bond market implies that a;(6")+
a,(0") + a(f') = 0 and b(0") + b,(6") = 0, respectively, for all ¢ and 6.
If the participation constraint of one of the contracting parties is binding, the borrowing

limit for of the constrained agent in the decentralised economy is determined by
Ap(0") = B0 S QO ,w(6"1)[61)c(6, a(67),b(6" 7)) — Y (6, a(6"*7), b(6"*7))], (C.4)
j=0

Al(0m) =) QO™ w(0™)|0™)ci (07, a(6"), b(6™))), (C.5)
=0

Further note that one distinguishes between ¢ and n with ¢t # n as the sovereign’s and the

lenders’ constraints cannot bind at the same time if the contract is feasible. O

Proof of Proposition 6

Given the definitions of the sovereign’s endogenous borrowing limits, it holds that for all
0 and for all level of private debt b within the Fund’s prescription @, V0, A,(9),b) =
Ver(9, AyF(0)) = V(). There is therefore no partial default incentive when the borrower’s
constraint binds and b > @.

Turning now to the case in which the Fund’s participation constraint binds, assume there

exists a level of private debt b > @' such that for all 8

V70, Ap(0,8) — b, by, 0) = VI (8, A(,0,1),0,1),
which implies that for all b < b

V0, Ap(6,b) — by, b, 0) > V7 (0, 44(0,0,1),0,1),
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W0, —As(8,b) — b,b) < V(8, —A;(6,0,1)).
In that situation, the sovereign will gain from repudiating its private debt when the lender’s
participation constraint binds with b < b < 0. The private lenders anticipate this behavior.
They impose a risk premium for all ¥’ < b whenever the lender’s participation constraint
binds with strictly positive probability in the next period. Even if the risk premium might
be relatively small, this directly reduces the amount of debt the sovereign can raise from
the private lenders. Under the assumption that the sovereign desires to accumulate no more
debt than the Fund can provide, the sovereign does not accumulate more than —b in the
private bond market to avoid this risk premium and simply accumulates more debt in the
Fund. This in turn implies that partial defaults never occur on equilibrium path as the
sovereign never accumulates a sufficient level of private debt in the states in which partial

defaults would be attractive. Conversely if for all  and b > @
V710, Ar(0,b) —b,b,0) < VI(6,4;(0,0,1),0,1),

then, there is no advantage in entering in partial default. O]
Proof of Proposition 7

In light of Proposition 6, the sovereign will enter in partial default only if it overborrowed
beforehand. In what follows, one refers to the decentralised Fund contract as it enables a
better exposition of the argument. Let’s focus first on the sovereign’s participation constraint
and consider that there are three productivity states in the economy. Assume further that

for a given Fund’s lending policy @' = a’ + ¥/,
a—+bv+a(1)> A1) and a;+b+a;(1) = Ar(1, ),
a+b+ad(2) > A(2) and @ + b+ ay(2) > A (2,8),
a+b+a3)=A,3) and a;+0b,+a(3) > Ar(3,0).

The borrower decides to overborrow the amount da + V' < @ + b with da > @ and I/ < V.

If it keeps the same level of insurance, it gets

Sa+b +a' (1) > A1) and da, + b+ a)(1) > Ap(1,),
Sa+b +d'(2) > A(2) and ba, + b+ a)(2) > Ap(2,),
Sa+b +d'(3) < Ay(3) and da; + b + a)(3) > As(3,b)).
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If the borrower decides to default on its private debt, it gets

da+a' (1) >a +b +a' (1) > Ay(l)
da+a'(2) >a +b +a'(2) > A(2)
da+ad'(3)>a +b+ad(3) =A4(3)

A1) and  da; +ay(1) > AY(1),
AP(2) and  day + @;(2) > AY(2),
AP(3) and  da; + a)(3) > AJ(3),

which is clearly a better option than repaying the private debt. Thus, with this level of
insurance, the borrower will default in all states. In other words, the default decision is
not state contingent. Instead, the borrower can decide to reshuffle the insurance such that
da+b +a'(3) = Ay(3), meaning that the borrower would not default in the third state. For

that purpose, the Arrow-type securities become
a'(3)=a'(3) —[(ba+V)— (@ +V) =ad(3) - A,

and for all 7 € {1,2} and a given 6 € {1, 2,3},

m(30)
> m(i16)

Basically, the borrower takes more insurance in the third state and less in the other two states.

< a' (7).

d'(i) =d'(i) + A

Notice that in the states in which the borrower takes less insurance, one has a double burden:
more debt and less insurance. Now the question is: can the Fund sustain this reshuffle of
Arrow-type securities? To answer that question, define @}(3) such that da; + a}(3) = AP (3).
In words, @'(3) represents the highest level of insurance the Fund can provide in state 3.

Given this definition, one gets that
dar + a)(3) > dar + ay(3) = AT (3),
leading to @)(3) > @(3). Using the definition of a](3),
Sag + aj(3) = day + aj(3) — [(da; + bj) — (aj + b})]

= a+aj(3) = (0 — b))

> o+ 8(3) — (4 — 1),
where the inequality comes from the fact that @(3) > a}(3) and @ > da;. Rearranging
the expression leads to (b — b)) > @}(3) — j(3). As one assumed that b, > b}, for the above

inequality to hold it must be that a;(3) < a;(3). This in turn implies that da,+daj(3) < A (3).

The Fund will therefore not accept this reshuffle as its participation constraint is violated
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in the third state if the borrower defaults on its private debt. Moreover, notice that if the
reshuffling of Arrow-type securities is such that for at least one of the two states i € {1,2},
da + a/(i) < A(i), then it is not optimal for the borrower to perform the reshuffling
of Arrow-type securities. Hence, the mechanism is the following. The sovereign cannot
reshuffle because it is either not optimal for itself (as it would loose too much if the third
state does not realize) or because the Fund refuses this reshuffle (as it would violate its
constraint). As a result, being unable to insure its overaccumulation of debt, the borrower
will partially default in all future states as soon as it accumulates more debt than what the
Fund prescribes.

The previous case was focusing on the sovereign’s participation constraint. We now pass
to the states in which the Fund’s participation constraint binds. As before consider there
exists a level of private debt &' > @' such that A(¢',0) = AP(@). Tt then holds for all
V <& <V and for all ¢, A (00 > ASP(¢'). 1f this is not the case, this means that there
is an arbitrage opportunity. Consider that among all #’, there exists a single ¢ for which

a0 +ad = AP(0) < A (0,V) VO €O\,

a0 +d = AP ) = Ag(0,1).
The Fund can then reshuffle the Arrow-type securities. More precisely, it can sufficiently
increase )(s') by € > 0 such that a(s') +a +e < Ap(¥, ) for all ¢ € S\ 6. Given this

increase, it can now slightly decrease &2(5’ ). As a result,

(s +a +e< Ap(s\ V) VO €O\,

(i) + o - Zresi OO
l m(6']6)

contradicting our initial assumption. To complete the argument, note that the reshuffling is

such that

. . pres\i T 6'10)e e
T w<e’|e><a;<0’>+e>+w<9’|e>(a2<e’>—Z 7 ”):27«9 0)3(0").

-
9’6@\9" 7T(9 |0> 9/|9

< Ap(0,1),

Given this, one has that for all ¥/ < o’ < b and for all ¢ € 0,
WA, —Ap(0', 1) =V, b)) < VPO, —AP(0)).

In words, as soon as the sovereign overborrows and the Fund’s participation constraint binds,
it will enter in partial default. Now, if for all ' > &" and for all 6" € S, Ay (0',V') < AP(0),

then the sovereign simply never overborrows. O
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Proof of Corollary 2

Given Proposition 6, it holds that for all #, and a and b such that a+b > @, D,(0, a,b) = 0,
and under Proposition 2, D¢(#,a,b) = 0. Moreover, given Proposition 7, for all § and for all
a and b such that a + b < @, D,(6,a,b) =1 and D¢(6, a,b) = 0, which implies that for all ¢
and for all W’ < &', g,(0,w") = 0. ]

D Additional Details of the Calibration
D.1 Data Sources and Measurement

We calibrate the model for Italy. The main data sources and definitions of data variables
are listed in Table D.1. The data frequency is quarterly, and the time periods are from
1992Q1 to 2019Q4, avoiding the interruption caused by COVID-19. Whenever the data
souces contain the seasonally adjusted series for the relevant data variables, we use the them
directly; otherwise, we seasonally adjust the data series using X11 algorithm with R package
seasonal. For debt service and average maturity, we use annual series since quarterly ones
are unavailable meanwhile we only need the sample avearge for our calibration.

To map the data to the model, we construct model consistent data measures as below.

Labor input For the aggregate labor input n;, we use two series, the aggregate working
hours H; and the total employment E;. We calculate the normalized labor input as n; =
H;/(E; x 5200), assuming 100 hours of allocatable time per worker per week. However, for
second order data moment computations, we use H; directly, since the per worker annual
working hours do not show a significant cyclical pattern and both the level and the trend do

not affect the computation of the moments.

Fiscal position and private consumption We hold the premise of fitting the observed
fiscal behavior of Italy, so that we use directly the data measures of primary surplus to cal-
ibrate the model, and correspondingly, define the model consistent measure of consumption
as the difference between output and primary surplus, since in the model, primary surplus
ps is equal to output y minus consumption c¢. We have raw data on quarterly fiscal sur-
plus instead of primary surplus. To arrive the latter from the former, we add back interest
payment of the government to fiscal surplus. To be more precise, we first calculate fiscal
suplus to GDP ratio (nominal quarterly GDP obtained from CEIC for Italy). Second, we
obtain quarterly interest payment to GDP ratio from Eurostat (label gov_10g_ggnfa) for
1999Q1 onwards, and use the end-of-year annual value (obtained from AMECO and Euro-
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Table D.1: Data Sources and Definitions

Series Sources Unit

Output ECB* 1 million 2010 constant euro
Total working hours ECB? 1 thousand hours
Employment Eurostat® 1000 persons

Government debt Eurostat? end-of-quarter percentage

Debt service AMECO® end-of-year percentage of GDP, annual
Fiscal surplus Eurostat, Bank of Italy’ million euro

Long-term bond yields Eurostat? percentage, nominal

Debt maturity OECD, EuroStat, ESM” years, annual

Labor share AMECO! percentage, annual

@ Real GDP, chain linked volume; data in 1991Q1-2014Q2 under ESA95, and data in 2014Q3-2019Q4 under
ESA10, with the latter series adjusted to match the former in the overlapping periods 1995Q1-2014Q2.

b Hours for total employment; same adjustment to data under ESA95 and ESA10 as for output.

¢ Total employment (Eurostat label 1fsi_emp_qg_h).

¢ General government consolidated gross debt (Eurostat label gov_10g_ggdebt); quarterly series available
for 2000Q1 onwards, and for 1992Q1-1999Q4, interpolate annual series instead; measured as end-of-quarter
debt stock to total GDP of previous 4 quarters.

¢ AMECO (label UYIGE) for 1995-2015; European Commission General Government Data (GDD 2002) for
1992-1995.

fEurostat (net lending, label gov_10g.ggnfa) 1999Q1-2019Q4; Bank of Italy (financing of the gross bor-
rowing requirement, including privatization receipts) 1992Q1-1998Q4.

9 EMU convergence criterion bond yields (label irt_1t mcby_q).

h See text below; ESM data are obtained from private correspondance.

“ Compensation of employees (UWCD) plus gross operating surplus (UOGD) minus gross operating surplus
adjusted for imputed compensation of self-employed (UQGD), then divided by nominal GDP (UVGD).

pean Commission General Government Data) for each quarter in the year as a proxy for
1992Q1-1998Q4. Third, we add fiscal surplus to GDP and interest payment to GDP to
arrive at primary surplus to GDP, and conduct seasonal adjustment to the series. And fi-
nally, we obtain the level of quarterly (real) primary surplus by multiplying the seasonally

adjusted primary surplus to GDP ratio to (real) output in the same quarter.

Government debt, spread, and maturity Following Bocola et al. (2019) and Abrahdm
et al. (2021), we calibrate the model to match the total public debt of Italy.
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For the nominal risk free rate, we use the annualized short-term (3M) interest rates in
the Euro money market (obtaied from EuroStat with label irt_st_qg) for 1999Q1-2019Q4,
and the annulized short-term (3M) bond return of Germany (obtained from EuroStat with
label irt hmr3_q) for 1992Q1-1998Q4, before the start of Euro. To convert the nominal
risk-free rate into real rate, we subtract GDP deflator of Germany from the former series.
To arrive at a meaningful measure of the real spread, i.e., a spread unaffected by expected
inflation hence rightly reflecting credit risk, we split the sample into to two parts. After
the introduction of Euro, we can directly use the spread between the long-term nominal
bond yields and the nominal risk-free rate, since all rates are denominated in euro and thus
subject to the same inflation expectation. For the period before Euro, we follow Abrahdm et
al. (2021) and use spot and forward exchange rates (retrieved from Datastream) to convert
the German nominal risk free rate into Italy’s local currency, hence deriving a synthetic local
currency risk free rate, and finally take the difference between the local nominal long-term
bond yield with the synthetic risk free rate.

The information on the maturity structure of the government debt for Italy is not com-
prehensive. We manage to obtain government debt maturity data over 1990-2015 for Italy

from all sources listed in Table D.1.
D.2 Estimation Results

Panel (a) of Figure D.1 plots the sample productivity series for Italy used for our calibration
of the productivity shock process. It is clear that the during the 2008 Global Financial
Crisis, there was prominent negative growth in productivities. This distinctive feature in the
productivity dyanmics is also the main motivation for the use of Markov regime switching
model (26) to calibrate the productivity shock. Correspondingly, Panel (b) shows that
a 2-regime specification capture the crisis dynamics very well, with the smoothed regime
probabilities reach almost 1 during the sudden drop periods observed in Panel (a).

The final estimation results are summarized in Table D.2. Note that we identify regime
1 as the crisis regime, and regime 2 as the normal regime. To overcome the local maximum
problem of the highly nonlinear likelihood function, we randomize initializations of the EM

algorithm of 1,000 times.
E Welfare Calculations

This section describes how the welfare gains depicted in Table 3 are computed. Similar to

Abrahdm et al. (2021), define value of the sovereign for a sequence {c(0%),n(6")} starting
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(a) Productivity growth: quarter-to-quarter rate %
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Figure D.1: Data sample and the estimated smoothed regime probabilities

Table D.2: Parameters of the regime switching productivity process

(<) p(s) o(s) P J=1 ¢ =2 invariant dist.

¢=1 —-0.0336 0.9018 0.0009 ¢=1 0.6633 0.3367 0.0372
¢=2 0.0009 0.2167 0.0020 <=2 0.0130 0.9870 0.9628

Notes: ¢ denotes the current regime of productivity shock, and ¢’ denotes that of the next

period.

from an initial state at t = 0 as

VP ({e(6),n(0)}) = B0 S BU(e(6"), n(6) =E, 3 8 {log@(et» +y

(1= n(e)"

1—o0,

where the last equality is obtained from the functional form considered in Section 5. We de-
note the sovereign’s allocations with the Fund by {c¢/(6),n/(6*)} and the allocations without
the Fund by {c(6"),n*(6")}. The value for the borrower with and without the Fund is given by
W (0,w) = WO ({cF(6"),n7(0%)}) and V*(0,b) = V¥({c(0"),n(6")}), respectively. To prop-
erly compare the two economies, we consider the point where w = b =: 0. Thus (6, 0) repre-

sents the initial state for both economies. Now define V% (6, 0; x) = VY ({(1+x)c(6"), n(6%)}),
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where (6, 0) represents the consumption-equivalent welfare gain of the Fund’s intervention.
It then directly follows that the welfare gain is computed in the following way V% (6, 0; x) =
W (6,0). Given the above functional form, we have that % + V¥(0,0) = V¥(0,0).
The welfare gain therefore boils down to x(6,0) = exp [(V*(6,0) — V¥(0,0))(1 — B8)] — 1.

We concentrate our analysis to the case in which o = 0.
Welfare decomposition

Following Abrahém et al. (2021), we can decompose the welfare gains into four main compo-
nents. As the Fund avoids default, it avoids the output penalty and the market exclusions.
Those are the first two sources of welfare gains. In addition, as one can see from the two
last columns of Table 3, the Fund enlarges the debt capacity of the sovereign. Finally, the
Fund provides state-contingent transfer, whereas the economy without the Fund only has
access to non-contingent bonds. Table E.3, presents the decomposition of the welfare gains
for each of the depicted growth states and zero initial debt. As one can see, the main source
of welfare gains is the larger debt capacity followed by the state contingency and the circum-
vention of output penalty. Note that debt capacity and state contingency are closely linked
one another. Without state-contingent transfers, the sovereign could not sustain a larger

indebtedness.

Table E.3: Welfare Decomposition at Zero Initial Debt

Immediate return Greater State-contingent
State  No penalty ) i
to market debt capacity insurance
(%) (%) (%) (%)
Y = Ymed 8.79 2.33 81.66 7.22
7 = Ymax 8.41 1.88 78.49 11.22

F Interest Rate-Growth Differential

Given the importance of the interest rate-growth differential highlighted in our study, we
add to the benchmark model a shock to the risk-free rate r. This enables an analysis of
the insurance component related to the direct change in r? and . We consider a two-state
Markov process for the risk-free rate. More precisely, r € {ry,r;} with probability 7,.(r|r_).
We set 7y = 0.0132 as in the benchmark calibration and r; = 107* with 7,.(rg|ry) = 0.995
and 7. (rp|ry) = 0.985.
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Figure F.2: Impulse Response Functions

The stochastic risk-free rate directly affect the bond price — and therefore r? — as the
lender discount the future differently. When r reduces, ¢” increases as the lender gives less
importance to future outcomes. In what follows we analyze the main difference between the

economy with and without the Fund in steady state.
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Figure F.2 depicts the impulse response function following a negative and positive interest
rate shock.”?> The construction of the impulse responses follows the exact same step as
highlighted previously. As one can see, the negative r shock reduces consumption in the
economy without the Fund. At a lower r, the price of debt is larger enabling a greater
consumption per unit of issued debt. The effect is however very short-lived. Moreover,
consumption in the economy with the Fund moves very little. One observes a slight increase
in the debt held in the Fund as the lender’s participation constraint might bind in some
states. The opposite happens in the case of a positive interest rate shock. In the economy
without the Fund, consumption is reduced as the price of debt is low. However, it quickly
recovers to its steady state level. Again, the level of consumption remains very stable in the

economy with the Fund. This avoids the large shift in the economy without the Fund.

Table F.4: Welfare Comparison at Zero Initial Debt

State Welfare Gains (%) Maximal Debt Absoption (% of GDP)
With Fund Without Fund
(,7) = (Youin 727 7.17 308 177
(7, 7) = (Ymeas ") 6.53 195 111
(1:7) = (Ymazs 711 6.76 198 113
(v,7) = (Ymin, 1) 22.54 588 224
("[’7 7‘) = ("[mcd, T[) 21.31 275 124
(v,7) = (Ymaz, L) 21.44 277 127
Average 10.28

Table F.4 presents the welfare gains in consumption equivalent between the economy
with and without the Fund. The welfare computation is the same as in section 6.3 and is
exposed in Appendix E. Again, welfare gains are important. This is due to the large jumps
in consumption and labor that the stochastic r generates in the economy without the Fund.
Thus, even though consumption can be larger and labor can be lower in the economy without
the Fund, jumps in those variables are very costly in terms of consumption smoothing. One
sees that welfare gains are the highest when the risk-free rate is low. This is because debt is
much cheaper to accumulate in the Fund in this situation.

Table F.5 depicts the decomposition of welfare gains. As before, most of the welfare
gains are concentrated towards the greater debt capacity. The state contingency is also at

the source of a large part of the welfare gains especially when the risk-free rate is low. This

42Figures (G.12 and G.13 in Appendix G present the impulse response function for all relevant variables.
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Table F.5: Welfare Decomposition at Zero Initial Debt

Immediate return Greater State-contingent
State No penalty to market debt capacity insurance

(%) (%) (%) (%)
(7,7) = Yimins 1) 6.35 3.33 75.08 15.23
(7:7) = (Ymed; Tar) 6.38 3.28 76.34 14.00
(v, 7) = (Ymaz, ") 6.29 3.36 76.51 13.84
(v,7) = (YminsT1) 4.42 2.33 59.64 33.60
(1:7) = (Ymeas 71 4.32 2.30 60.80 32.57
(1:7) = (Ymaz:72) 432 2.31 60.97 32.39

should not come as a surprise. As we noted in Figure .2, consumption largely oscillates in

the economy without the Fund in such case.
G Additional Tables and Figures

Figures G.3 and G.4 depict the main policy functions and financial variables as a function of
(v, w) for zero debt and different levels of debt, respectively. More precisely, they both present
the aforementioned statistics for the largest, the median and the lowest growth shocks. The
dynamic is fairly similar to what we have highlighted in Section 6. This is because there is
a direct correspondence between @ and (z, 13) as discussed in Appendix B.

Figure G.6 depicts the main policy functions and financial variables as a function of
(7,13). Most notably, it present the aforementioned statistics for the largest and lowest
growth shocks Viae and Vi, as well as; the largest and lowest relative Pareto weights 2,4,
and Z,;n, respectively.

Figure G.7 presents the default set of the economy with and without the Fund’s inter-
vention. The former is depicted on the right hand side and the latter on the left hand side
of the figure. Without the Fund’s intervention, the sovereign defaults at different levels of
labor productivity and different levels of debt depending on the labor productivity regime.
In regimes of greater average growth, the sovereign defaults on relatively higher debt levels
or even decides not to default. With the Fund’s intervention, the sovereign never defaults
consistent with Proposition 2.

Figure G.8 presents the holdings of Arrow-type securities. This figure is key in explaining
the insurance mechanism provided by the Fund. First, we clearly see that the sovereign goes
long in the transition between a relatively high growth state to a relatively low growth state.

The opposite is true for short positions. Hence, Arrow-type securities prevent large drops in
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consumption when growth suddenly decreases. That is, the holding of Arrow-type securities
is procyclical. In other words, the prospective insurance is large when the current growth
state is high. Second, one observes that the insurance taken when 7' = ~,,;, decreases when
the lender’s participation constraint binds, while the repayment (i.e. negative holdings) when
v = Ymaz largely increases. This is due to the negative spread.

Figure G.9 presents the transfers from the Fund and the private lenders. The Fund’s
primary surplus, 7¢, represents the net savings of the sovereign in the Fund. As the relative
Pareto weight increases towards the value at which the lenders’ participation constraint
binds, the surplus becomes negative. The opposite is true when the relative Pareto weight
is decreasing. Thus, the surplus is procyclical or if one prefers the deficit is countercyclical.
As already mentioned, this procyclicality is the key mechanism preventing default. Next to
the net savings in the Fund, one has the net savings in the private bond economy, 7,. The
pattern here is the opposite of the one observed before, reflecting the hedging property of the
Fund. The last panel of Figure G.9 depicts the total net savings, 7¢ + 7, = 7. It follows the
same pattern as 7y. The total surplus is therefore procyclical (or countercyclical if one refers
to primary deficits) as well. Furthermore, it remains modest compared to 7 or 7,, reflecting
the fact that positions in the private bond market are counterbalanced by positions in the

Fund.
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