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Abstract

The steady rise in income and wealth inequality in the last four decades, together with
the evolution of a vanishing middle class, has raised concerns about potentially pernicious
effects of these trends on social stability and economic growth. This paper evaluates
the possibility of designing tax systems aimed at reducing income inequality and bi-
polarization. Using two fundamentally different metrics, the relative Lorenz preorder
popularized by Atkinson (1970) to measure inequality, and the relative bipolarization
preorder put forth in Chakravarty (2009, 2015) to measure bipolarization, we provide a
unified foundation of tax progressivity whereby, roughly, taxes are progressive if and only
if they are inequality reducing if and only if they are bipolarization reducing. The details
of this characterization vary depending on whether or not labor supply is responsive to
taxation.

Keywords: shrinking middle class; progressive taxation; income bipolarization; income
inequality; incentive effects of taxation.

JEL classifications: D63, D71.

1 Introduction
The so-called ‘Great Divergence,’ i.e., the period, starting in the late 1970s, during which
a steady and significant increase in income inequality has been observed in the US, has
spurred not only a renewed interest in inequality (see, e.g., Atkinson, 2015; Milanovic, 2016;
Piketty, 2014), but also a growing concern about the disappearance of the middle class
(see, e.g., Birdsall et al., 2000; Pew Research Center, 2015, 2017; Fortune, 2018). Several
authors have emphasized the importance of the size of the middle class along a number of
economic and social dimensions (see, e.g., Banerjee and Duflo, 2008), and as a determinant of
economic growth (Easterly, 2001). The middle class is a key provider of skilled labor and,
directly or indirectly, of tax revenue. It also transmits ‘middle class values’ associated with
increased savings, more education, better health care, better infrastructure, better economic
policies, less political instability, and more democracy (Birdsall, 2010; Duclos and Taptué,
2015). As Duclos and Taptué (2015, p. 319) argue, “a larger-sized middle class is associated
with societies with lesser poles at each extreme of the income distribution, thus facilitating
political and social harmony and more stable and stronger economic development.”
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Since the 1990s, social scientists have viewed the size of the middle class as being
intimately related to the concept of bipolarization (Wolfson, 1994; Deutsch et al., 2013).1

According to Wolfson (1994), a more bipolarized income distribution is one that is more
spread out from the middle, so that there are fewer individuals with middle level incomes.
Usually this spreading out goes hand in hand with a tendency towards bimodality. This is
because a smaller middle class is associated with greater separateness of the bottom and top
halves of the income distribution and with greater distances between groups.2

Although both bipolarization and inequality relate to the distribution of income and tend
to be normatively regrettable, there are conceptual differences between them. Whereas
inequality relates to the overall dispersion of the distribution, bipolarization concentrates
on the income distribution of two focal, or polar, modes on both sides of the median.3 For
instance, progressive income transfers (i.e., transfers from rich to poor individuals) across
the median income reduce both inequality and bipolarization, but same-side progressive
transfers (i.e., transfers between individuals whose incomes lie either above or below the
median) cause inequality and polarization to move in opposite directions (Wolfson, 1994;
Foster and Wolfson, 2010).

This paper provides a normative rationale for progressivity based on principles of equality
and depolarization. It is shown that, even though inequality and polarization are fundament-
ally different concepts, a unified foundation of tax progressivity can be obtained whereby,
roughly, taxes are progressive if and only if they are inequality reducing if and only if they
are bipolarization reducing.

We consider general spaces of continuous, piecewise linear, nondecreasing, and income
rank-preserving tax schedules, and study both the case of exogenous and the case of endogen-
ous income, as results tend to vary depending on whether or not labor supply is responsive to
taxation.

The results on inequality rely on Carbonell-Nicolau and Llavador (2018, forthcoming),
which study the link between inequality and progressive taxation, extending the classical
result of Jakobsson (1976) and Fellman (1976) to the case of endogenous income. Using the
standard relative Lorenz criterion, Carbonell-Nicolau and Llavador (2018, forthcoming) show
that marginal rate progressivity—in the sense of increasing marginal tax rates on income—is
a necessary condition for tax structures to be inequality reducing; they also provide necessary
and sufficient conditions on preferences under which various classes of progressive taxes are
inequality reducing.

The literature offers several tools for ordering distributions over families of indices that
exhibit an ethical preference for the middle class (Wolfson, 1994; Wang and Tsui, 2000;
Bossert and Schworm, 2008; Foster and Wolfson, 2010; Chakravarty, 2009, 2015). The
proposed measures share two basic axioms, called increased spread and increased bipolarity.
Increased spread implies an unambiguous movement away from the median, with rich
individuals becoming richer and poor individuals becoming poorer. Increased bipolarity
refers to the clustering of incomes above and below the median. Both increased spread and

1In fact, the literature on bipolarization developed hand in hand with the continuous decline in the size of
the middle class in the US and the UK since the 1980s (Wolfson, 1994; Jenkins, 1995).

2In the literature, the notion of bipolarization is distinguished from multipolarization measures (such
as those in Esteban and Ray (1994) and Duclos, Esteban and Ray (2004)), which do not capture the size of
the middle class. Despite their different focus, most polarization measures agree with two main principles:
polarization declines with “intra-group” dispersion and increases with “inter-group” dispersion (Esteban and
Ray, 2012). For a detailed comparison of polarization measures, see Esteban and Ray (2012), Duclos and Taptué
(2015) and Chakravarty (2009, 2015).

3As noted by Aaberge and Atkinson (2013), the median has become an increasingly important point of
reference in studies of income distribution.
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increased bipolarity increase polarization.4 This paper considers the notion of bipolarization
put forth in Chakravarty (2009, 2015), which is based on an incomplete preorder akin to
the relative Lorenz criterion. Chakravarty’s ordering serves our needs in that it allows for
comparisons of distributions with different medians. When comparing distributions with the
same median, this ordering is equivalent to the polarization ordering in Foster and Wolfson
(2010)—or its equivalent formulation in Wang and Tsui (2000)—and the order º0 in Theorem
1 of Bossert and Schworm (2008).5

The first main result, Corollary 1, asserts that, when incomes are exogenous (or relatively
unresponsive to taxation), taxes are average-rate progressive if and only if they are inequality
reducing if and only if they are bipolarization reducing. A similar result, Corollary 3, is
derived for the case of endogenous income, establishing the equivalence between inequality
and bipolarization reducing tax systems, and identifying necessary and sufficient conditions
on social preferences under which various classes of marginal-rate progressive tax schedules
are inequality and bipolarization reducing.

The paper is organized as follows. Section 2 introduces the two basic normative principles
of taxation, based on measures of inequality and bipolarization. The main results are
presented in Section 3, where the cases of exogenous and endogenous income are considered
in turn (in Section 3.1 and Section 3.2, respectively). The concluding section, Section 4,
discusses avenues for further research.

2 Two normative principles of taxation
This section introduces the principles of taxation used in this paper to characterize tax
progressivity. The formulation of these principles is based on the comparison of income
distributions.

An income distribution is a vector z = (z1, ..., zn) in Rn++ with its coordinates arranged
in increasing order, i.e., z1 ≤ ·· · ≤ zn;6 here, for each i, zi represents the income of individual
i, and n is a fixed, but otherwise arbitrary, natural number representing the size of the
population. The set of all income distributions is denoted by Zn.7 Throughout the sequel, in
the main text, we confine attention to the case when n is odd, and relegate the treatment for
n even to the Appendix.

A tax schedule is a continuous and nondecreasing map T :R+ →R that assigns to each
income level z ∈R+ a tax liability T(z) and has the properties that T(z)≤ z for each z ∈R+
and the map z 7→ z−T(z) is nondecreasing (i.e., T is order-preserving). A negative tax liability
represents a subsidy.

The set of all tax schedules is denoted by T .

2.1 Income inequality

The first principle poses that taxes should reduce income inequality, regardless of the income
distribution they are applied to, and is based on the relative Lorenz preorder, popularized by
Atkinson (1970) as a measure of inequality.

4Observe that while increased spread also increases inequality, increased bipolarity could result from an
egalitarian transfer between individuals on the same side of the median (Chakravarty, 2009).

5Bossert and Schworm (2008) call it a ‘two-group polarization measure.’
6The assumption that each zi is positive is not necessary. It can be replaced by the requirement that median

incomes be positive.
7None of the results of this paper would be altered if the set of all income distributions were defined as⋃∞

k=1 Zk.
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Given two income distributions, z = (z1, ..., zn) and z′ = (z′1, ..., z′n), in Zn, the relative
Lorenz preorder <L is defined by

z′ <L z ⇐⇒
[
∀m ∈ {1, ...,n} :

∑m
i=1 z′i∑n
i=1 z′i

≥
∑m

i=1 zi∑n
i=1 zi

]
.

In words, z′ Lorenz dominates z.
When incomes are exogenous, the principle of ‘inequality reducing taxation’ is formulated

as follows.

Definition 1. A tax schedule T in T is income inequality reducing (iir) if

(z1 −T(z1), ..., zn −T(zn))<L z, for all z = (z1, ..., zn) ∈Zn,

i.e., if the post-tax income distribution induced by T, (z1−T(z1), ..., zn−T(zn)), Lorenz domin-
ates z for all income distributions z ∈Zn.

When incomes are determined endogenously, the definition of an inequality reducing tax
schedule requires additional terminology. The analogue of Definition 1, adapted to allow for
labor supply responses to income taxation, is presented in Section 3.2.

2.2 Income bipolarization

The second principle asserts that taxes should reduce income bipolarization, regardless of
the income distribution they are applied to. This paper considers the notion of bipolarization
put forth in Chakravarty (2009, 2015), which is based on an incomplete preorder akin to
the relative Lorenz criterion. Chakravarty’s ordering serves our needs in that it allows for
comparisons of distributions with different medians.

We now formulate Chakravarty’s bipolarization ordering for income distributions of a
fixed population size n, where n is odd.

The median of an income distribution z = (z1, ..., zn) is denoted by m(z). When n is odd,
m(z) is the ( n+1

2 )-th coordinate in (z1, ..., zn), and so in this case we may set m(z)=: zm, where
m := n+1

2 .
The relative bipolarization preorder of Chakravarty (2009, 2015), denoted by <RB, is

defined, on Zn, as follows. Given two income distributions z and z′ in Zn (n odd), z′ <RB z—
with the interpretation that ‘z′ is more polarized than z’—if and only if

RB(z′,α)≥RB(z,α), for all α ∈ [0,1],

where, given α ∈ [0,1] and given any income distribution z ∈ Zn, RB(z,α) represents the
normalized aggregate deviation from the median income, i.e.:

RB(z,α) :=


1

nzm

∑
j≤i<m(zm − zi) if α= j

n for some j ∈ {1, ...,m−1},
1

nzm

∑
m≤i≤ j(zi − zm) if α= j

n for some j ∈ {m, ...,n},
1 if α= 0,

(1)

and
RB(z,α) :=λRB

(
z,

j
n

)
+ (1−λ)RB

(
z,

j+1
n

)
(2)

if α=λ
(

j
n

)
+ (1−λ)

(
j+1
n

)
, where λ ∈ (0,1) and j ∈ {0,1, ...,n−1}.
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The preorder <RB is axiomatized as a bipolarization measure in Chakravarty (2009,
Theorem 4.3).8

When incomes are exogenous, the principle of ‘bipolarization reducing taxation’ is formu-
lated as follows.

Definition 2. A tax schedule T in T is income bipolarization reducing (bpr) if

(z1 −T(z1), ..., zn −T(zn))4RB z, for all z = (z1, ..., zn) ∈Zn,

i.e., if the post-tax income distribution induced by T, (z1−T(z1), ..., zn−T(zn)), is less polarized
than z for all income distributions z ∈Zn.

Remark 1. The preorder <RB differs from the Lorenz preorder. This is a consequence of
the fact, pointed out by Foster and Wolfson (2010), that the Lorenz preorder differs from
the Foster-Wolfson preorder because the former violates (unlike the latter) the increased
bipolarity axiom introduced in Foster and Wolfson (2010). Indeed, the increased bipolarity
axiom poses that progressive transfers between individuals whose incomes lie either above
or below the median income of a distribution result in higher bipolarization. Since any
progressive transfer leads to an unambiguous decrease in inequality, as measured by the
Lorenz pre-order, bipolarization and inequality move in opposite directions when same-side
transfers occur (Wolfson, 1994).

Adapting Definition 2 to the case of endogenous income requires additional terminology.
Such adaptation is provided in Section 3.2.

3 Characterizations of progressivity
A prominent normative rationale for progressive income taxation is based on the principle of
equality in Definition 1. It has been shown that, roughly, taxes are progressive if and only if
they are inequality reducing. The details of this result vary depending on whether or not labor
supply is responsive to taxes. This section recaptures the extant results linking progressivity
and inequality and furnishes new characterizations of progressive income taxation based on
the bipolarization principle in Definition 2. It is shown that the two principles of taxation
introduced in Section 2 (Definition 1 and Definition 2) are equivalent. In addition, they can
be characterized in terms of progressive income taxation. Thus, even though inequality and
bipolarization are fundamentally different concepts, a unified foundation of progressivity
can be obtained whereby, roughly, taxes are progressive if and only if they are inequality
reducing if and only if they are bipolarization reducing.

3.1 Exogenous income

The first characterization of progressive income taxation based on the principle of equality
formulated in Definition 1 is given in the seminal works of Jakobsson (1976) and Fellman
(1976).9 These papers restrict attention to the case when (pre-tax) income is unresponsive to
taxes.

Definition 3. A tax schedule T ∈T is average-rate progressive if it exhibits nondecreas-
ing average tax rates on income, i.e., if the map z 7→ T(z)

z defined on R++ is nondecreasing.

8See also Chakravarty (2015, Theorem 2.3). Chakravarty shows that z′ <RB z if and only if P(z′) > P(z)
for all relative bipolarization indices P satisfying the axioms of Increased Spread, Increased Bipolarity, and
Symmetry (anonymity). The order <RB is a superset of the order º0 considered in Bossert and Schworm (2008),
which must be contained in all bipolarization orderings satisfying Increased Spread and Increased Bipolarity
(see Bossert and Schworm, 2008, Theorem 1).

9See also Le Breton et al. (1996, Proposition 3.1).
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The set of all average-rate progressive tax schedules in T is denoted by Ta-prog. The set
of all iir tax schedules in T (Definition 1) is denoted by Tiir.

Theorem 1 (Jakobsson (1976) and Fellman (1976)). Tiir =Ta-prog.10

As it turns out, average-rate tax progressivity can also be rationalized via the bipolariza-
tion principle formulated in Definition 2. Let Tbpr represent the set of all tax schedules in T

that are bpr.

Theorem 2. Ta-prog =Tbpr.

Proof. [Ta-prog ⊇Tbpr.] Suppose that T ∈Tbpr and T ∉Ta-prog. Because T is not average-rate
progressive, there exist ẑ ∈Zn and ẑi, ẑ j with ẑi < ẑ j such that

ẑ j −T(ẑ j)
ẑ j

> ẑi −T(ẑi)
ẑi

. (3)

Now choose an income distribution z = (z1, . . . , zn) with zm−1 := ẑi < ẑ j =: zm, where m := n+1
2 ,

so that zm is the median income. (Recall that n is odd.) Then,

RB
(
(z1 −T(z1), . . . , zn −T(zn)) ,

m−1
n

)
= (zm −T(zm))− (zm−1 −T(zm−1))

n(zm −T(zm))

= 1
n

(
1− zm−1 −T(zm−1)

zm −T(zm)

)
= 1

n

(
1− ẑi −T(ẑi)

ẑ j −T(ẑ j)

)
> 1

n

(
1− ẑi

ẑ j

)
= 1

n

(
1− zm−1

zm

)
= 1

n

(
zm − zm−1

zm

)
=RB

(
z,

m−1
m

)
,

where the inequality uses (3), contradicting the initial assumption that T ∈Tbpr.
[Ta-prog ⊆ Tbpr.] Let T ∈ Ta-prog. We must show that T ∈ Tbpr. Take z = (z1, . . . , zn) ∈ Zn

and define bi := zi−T(zi)
zi

for i ∈ {1, . . . ,n}.
Average-rate progressivity implies that bi is nonincreasing in i. Observe that we can

write ∣∣∣∣ (zm −T(zm))− (zi −T(zi))
n (zm −T(zm))

∣∣∣∣= 1
n

∣∣∣∣1− bi

bm

zi

zm

∣∣∣∣ , i ∈ {1, ...,n}.

For all i < m, 1> bi
bm

zi
zm

≥ zi
zm

. Therefore,∣∣∣∣ (zm −T(zm))− (zi −T(zi))
n (zm −T(zm))

∣∣∣∣= 1
n

(
1− bi

bm

zi

zm

)
≤ 1

n

(
1− zi

zm

)
= zm − zi

nzm
. (4)

10A proof of Theorem 1 can be found in Le Breton et al. (1996, Proposition 3.1), which is stated for a bigger
space of income distributions, namely the set

⋃∞
n=1 Zn, but the proof in Le Breton et al. (1996) works for Zn (for

fixed n).
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Similarly, for all i > m, 1< bi
bm

zi
zm

≤ zi
zm

and, hence,∣∣∣∣ (zm −T(zm))− (zi −T(zi))
n (zm −T(zm))

∣∣∣∣= 1
n

(
bi

bm

zi

zm
−1

)
≤ 1

n

(
zi

zm
−1

)
= zi − zm

nzm
. (5)

From (4) and (5), we conclude that

RB((z1 −T(z1), . . . , zn −T(zn)),α)≤ RB(z,α), for all α ∈ [0,1],

and consequently
(z1 −T(z1), ..., zn −T(zn))4RB z.

Since z was arbitrary in Zn, we conclude that T ∈Tbpr. ■
Theorem 1 and Theorem 2 combined immediately give the following.

Corollary 1. Tiir =Tbpr =Ta-prog.

Corollary 1 characterizes progressive income taxation in terms of the two taxation prin-
ciples considered in this paper. It asserts that, when incomes are exogenous (or relatively
unresponsive to taxation), taxes are average-rate progressive if and only if they are inequality
reducing if and only if they are bipolarization reducing.

3.2 Endogenous income

To allow for potential disincentive effects of taxation on work effort, we adopt the standard
Mirrlees model (Mirrlees, 1971). The description of the setup follows Carbonell-Nicolau and
Llavador (2018) closely.

The utility function u : R+ × [0,1] → R, defined over consumption-labor pairs (c, l) ∈
R+× [0,1], is assumed continuous with u(·, l) strictly increasing in c for each l ∈ [0,1) and
u(c, ·) strictly decreasing in l for each c > 0. In addition, we assume that u is strictly
quasiconcave on R++× [0,1) and twice continuously differentiable on R++× (0,1), and that
there exists l > 0 such that u(c, l)> u(0) whenever c > 0.11

For (c, l) ∈R++× (0,1), let

MRS(c, l) :=−ul(c, l)
uc(c, l)

denote the marginal rate of substitution of labor for consumption, where

uc(c, l) := ∂u(c, l)
∂c

and ul(c, l) := ∂u(c, l)
∂l

.

The following assumptions will be maintained for each c > 0:

lim
l→1− MRS(c, l)=+∞ and lim

l→0+ MRS(c, l)<+∞.

The first condition states that the compensation required by an individual for an extra unit
of working time tends to infinity as the agent’s leisure time approaches zero. The second
condition is a mild finiteness condition on the marginal rate of substitution of labor for
consumption.

The set of all utility functions satisfying the above conditions is denoted by U .
An ability distribution is a vector a= (a1, ...,an) in Rn++ such that the coordinates in a

are arranged in increasing order, i.e., a1 ≤ ·· · ≤ an; here, for each i, ai represents the ability
level of agent i. Let An represent the set of all ability distributions.

11The last assumption is only needed for consistency in the definition of the bipolarization preorder, and it
merely implies that, in the absence of taxation, individuals consume a positive amount.
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An agent of ability a > 0 who chooses l ∈ [0,1] units of labor and faces a tax schedule
T ∈ T consumes c = al −T(al) units of the good and derives a utility of u(c, l). Thus, the
agent’s problem is

max
l∈[0,1]

u (al−T(al), l) . (6)

A solution function is a map lu :R++×T → [0,1] such that lu(a,T) is a solution to (6) for each
(a,T) ∈R++×T . A solution function lu induces pre-tax and post-tax income functions,
yu :R++×T →R+ and xu :R++×T →R+ respectively, defined by

yu(a,T) := alu(a,T) and xu(a,T) := alu(a,T)−T(alu(a,T)).

We write yu(a,0) and xu(a,0) to denote, respectively, the pre-tax and post-tax incomes of an
a-type in the absence of taxation, i.e., for an identically zero tax schedule T ≡ 0.

Given a > 0, let Ua :R+× [0,a] →R be defined by Ua(c, y) := u(c, y/a). For (c, y,a) ∈R3++
with y< a, define

ηa(c, y) := −∂U
a(c, y)
∂y

/
∂Ua(c, y)

∂c
.

The following is the standard agent monotonicity condition introduced by Mirrlees (1971)
(see also Seade (1982) and Myles (1995, p. 136)).

Definition 4. A utility function u ∈U satisfies agent monotonicity if ηa(c, y)≥ ηa′
(c, y) for

each (c, y) ∈R2+ and 0< a < a′ with y< a.

The set of all the members of U satisfying agent monotonicity is denoted by U ∗.12

For each (a,b) ∈R++×R+, consider the problem

max
l∈[0,1]

u (al+b, l) . (7)

This is the problem faced by an a-agent who receives a subsidy b. Since u is strictly
quasiconcave on R++× [0,1), for each (a,b) ∈R++×R+, there is a unique solution lu(a,b) to
(7). For given b ≥ 0, the derivative of the map a 7→ lu(a,b) exists for all but at most one a > 0
(see Carbonell-Nicolau and Llavador (2018)).

For (a,b) ∈R++×R+, define

ζu(a,b) := ∂(alu(a,b)+b)
∂a

· a
alu(a,b)+b

;

this is the elasticity of income with respect to ability at ability level a and subsidy b.
Given b ≥ 0 and R ⊆ [0,1), let U (b,R) be the set of all u ∈ U ∗ satisfying the following

condition:
ζu((1− r)a,b′)≤ ζu(a,0), for all (a,b′, r) ∈R++× [b,+∞)×R.

In this section, we restrict attention to the class of piecewise linear tax schedules in T .

Definition 5. A tax schedule T ∈T is a (K +1)-bracket piecewise linear tax schedule if

T(y) :=


−α0 + t0 y if 0= y0 ≤ y≤ y1,
−α0 + t0 y1 + t1(y− y1) if y1 < y≤ y2,

...
...

−α0 + t0 y1 + t1(y2 − y1)+·· ·+ tK−1(yK − yK−1)+ tK (y− yK ) if yK < y,

where α0 ≥ 0, K ∈Z+, tk ∈ [0,1) for each k ∈ {0, ...,K}, tk 6= tk+1 whenever k ∈ {0, ...,K −1} and
K ≥ 1, and 0= y0 < ·· · < yK .

12The set U ∗ contains the standard utility functions used in the literature (see Carbonell-Nicolau and
Llavador, 2018).
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A generic (K +1)-bracket piecewise linear tax schedule is completely determined by a
tuple

(α0, t, y)= (α0, (t0, ..., tK ), (y0, ..., yK )).

For K ∈Z+, the set of (K +1)-bracket piecewise linear tax schedules is denoted by TK ,
and the set of all piecewise linear tax schedules in T is defined as

T ∗ :=
∞⋃

K=1
TK .

The following notion of progressivity plays a central role in the results of this section.

Definition 6. A tax schedule T ∈T is marginal-rate progressive if it is a convex function.

In words, a tax schedule is marginal-rate progressive if it exhibits nondecreasing marginal
tax rates on income. It is easy to see that a tax schedule T ∈T is marginal-rate progressive
only if it is average-rate progressive (recall Definition 3), but the converse assertion is not
generally true.

The set of all marginal-rate progressive tax schedules in T ∗ is denoted by T ∗
m-prog.

We now define the following subclasses of T ∗
m-prog. Given b ≥ 0 and (Rk)∞k=0 with Rk ⊆ [0,1)

for all k, let

T ∗
m-prog(b, (Rk)) :=

∞⋃
K=0

{
(α0, t, y) ∈T ∗

m-prog ∩TK :α0 ≥ b and (t0, ..., tK ) ∈ R0 ×·· ·×RK

}
.

In words, T ∗
m-prog(b, (Rk)) is the set of all marginal-rate progressive piecewise linear tax

schedules that endow all agents with a subsidy of at least b and whose (k+1)-th bracket’s
marginal tax rate tk (k = 0,1, ...) is restricted within the subinterval Rk.

Note that for b = 0 and (Rk)= ([0,1), [0,1), ...), T ∗
m-prog(b, (Rk)) is simply the set T ∗

m-prog.
When incomes are determined endogenously, the analogue of Definition 1, i.e., the notion

of inequality reducing tax schedule, is formulated as follows.

Definition 7. Given u ∈ U , a tax schedule T ∈ T ∗ is income inequality reducing with
respect to u, denoted as u-iir, if the post-tax income distribution

(xu(a1,T), ..., xu(an,T)) (8)

Lorenz dominates the income distribution in the absence of taxation

(yu(a1,0), ..., yu(an,0)) (9)

for every ability distribution (a1, ...,an) ∈An and every pre-tax and post-tax income functions
yu and xu.

The following lemmas, proved in Carbonell-Nicolau and Llavador (2018), are instrumental
for the proofs of our results. Lemma 1 is a well-known monotonicity result (see Theorem
1 in Mirrlees (1971)). Lemma 2 provides a characterization of an inequality reducing tax
schedule in terms of pre-tax and post-tax income ratios.13

Lemma 1. Let u ∈U ∗ and T ∈T . For every pre-tax and post-tax income functions yu and
xu, the maps a 7→ yu(a,T) and a 7→ xu(a,T) are nondecreasing on R++. Moreover, given T ∈T ,
there is a unique solution to (6) for all a > 0, except for a set of measure zero.

13Lemma 2 is analogous to Lemma 1 in Jakobsson (1976), Proposition 2.1 in Moyes (1994), and Lemma 2 in
Ebert and Moyes (2007).



10

Lemma 2. Given u ∈U ∗, a tax schedule T ∈T is u-iir if and only if for any ability distribu-
tion a ∈An, and for any pre-tax and post-tax income functions yu and xu,

xu(ai,T)
yu(ai,0)

≥ xu(ai+1,T)
yu(ai+1,0)

∀i ∈ {1, . . . ,n−1}.

Remark 2. It follows from Lemma 1 that, under the agent monotonicity condition (Defin-
ition 4), in both cases the distribution vector coordinates in (8) and (9) are arranged in
increasing order. In addition, the assumption that there exists l > 0 such that u(c, l)> u(0)
whenever c > 0 guarantees that yu(a1,0) is positive. Similarly, because the right derivative
of any tax schedule in T ∗ is strictly less than unity, the last assumption also implies that
xu(a1,0) is positive.

For u ∈U ∗, the set of all tax schedules T in T ∗ that are u-iir is denoted by T ∗
u-iir.

The following characterization of income tax progressivity in the presence of disincentive
effects of taxation on work effort is analogous to that for the case of exogenous income given
in Theorem 1.

Theorem 3 (Carbonell-Nicolau and Llavador (forthcoming)). Given u ∈ U ∗, b ≥ 0, and
(Rk)∞k=1 with Rk ⊆ [0,1) for each k,

[
T ∗

u-iir ⊆T ∗
m-prog

]
and

[
T ∗

m-prog(b, (Rk))⊆T ∗
u-iir ⇐⇒ u ∈U

(
b,

⋃
k

Rk

)]
.

The bracketed containment asserts that inequality reducing tax schedules are necessarily
marginal-rate progressive. The bracketed equivalence states that the members of the set
T ∗

m-prog(b, (Rk)) of all marginal-rate progressive tax schedules in T ∗
m-prog whose intercept α0

is greater than or equal to b, and whose k-th marginal tax rate tk lies in Rk (for each bracket
k), are all inequality reducing if and only if u ∈U (b,

⋃
k Rk), i.e., if and only if the elasticity of

income with respect to ability satisfies

ζu((1− r)a,b′)≤ ζu(a,0), for all (a,b′, r) ∈R++× [b,+∞)×
(⋃

k
Rk

)
. (10)

The reader is referred to Carbonell-Nicolau and Llavador (forthcoming) for an interpreta-
tion of condition (10) based on a decomposition of the inequality in (10) into two conditions
on the wage elasticity of income, each capturing different aspects of the transition between
before-tax and after-tax income distributions.

In the special case when the lower bound on the intercept α0 of a tax schedule is zero
and the marginal tax rates tk can take values anywhere in the interval [0,1), Theorem 3
immediately gives the following result, which was first proven in Carbonell-Nicolau and
Llavador (2018, Corollary 3).

Corollary 2. Given u ∈U ∗, T ∗
u-iir =T ∗

m-prog if and only if u ∈U (0, [0,1)).

Next, we turn to the principle of ‘bipolarization reducing taxation,’ i.e., the analogue of
Definition 2, in the presence of endogenous income.

Definition 8. Given u ∈ U , a tax schedule T ∈ T ∗ is income bipolarization reducing
with respect to u, denoted as u-bpr, if the post-tax income distribution

(xu(a1,T), ..., xu(an,T))
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is less polarized, according to the preorder <RB, than the income distribution in the absence
of taxation,

(yu(a1,0), ..., yu(an,0)),

for every ability distribution (a1, ...,an) ∈An and every pre-tax and post-tax income functions
yu and xu.14

The following result shows that, also in the case of endogenous income, there is no trade-
off between inequality and bipolarization when one considers the principles of taxation in
Definition 7 and Definition 8.

Given u ∈U ∗, the set of all tax schedules T in T ∗ that are u-bpr is denoted by T ∗
u-bpr.

Theorem 4 asserts that the set of all inequality reducing tax schedules coincides with the
set of all bipolarization reducing tax schedules.

Theorem 4. Given u ∈U ∗, T ∗
u-iir =T ∗

u-bpr.

Proof. Suppose that u ∈U ∗.
[T ∗

u-bpr ⊆T ∗
u-iir.] Take T ∈T ∗

u-bpr and a= (a1, ...,an) ∈An. Choose any pair ai and a j with
ai < a j. Let a′ = (a′

1, ...,a′
n) ∈ An satisfy a′

m−1 := ai < a′
m < a j =: a′

m+1. Because T is u-bpr
(Definition 8 and (1)),

1
nyu(a′

m,0)
(yu(a′

m,0)− yu(a′
m−1,0))≥ 1

nxu(a′
m,T)

(xu(a′
m,T)− xu(a′

m−1,T)),

1
nyu(a′

m,0)
(yu(a′

m+1,0)− yu(a′
m,0))≥ 1

nxu(a′
m,T)

(xu(a′
m+1,T)− xu(a′

m,T)).15

Arranging terms yields

yu(a′
m−1,0)

yu(a′
m,0)

≤ xu(a′
m−1,T)

xu(a′
m,T)

,

yu(a′
m+1,0)

yu(a′
m,0)

≥ xu(a′
m+1,T)

xu(a′
m,T)

,

and so it follows that

xu(ai,T)
yu(ai,0)

= xu(a′
m−1,T)

yu(a′
m−1,0)

≥ xu(a′
m,T)

yu(a′
m,0)

≥ xu(a′
m+1,T)

yu(a′
m+1,0)

= xu(a j,T)
yu(a j,0)

.

Since ai and a j were arbitrary coordinates in a, it follows from Lemma 2 that T ∈T ∗
u-iir, as

we sought.
[T ∗

u-iir ⊆ T ∗
u-bpr.] Take T ∈ T ∗

u-iir and a = (a1, . . . ,an) ∈ An. Define bi := xu(ai ,T)
yu(ai ,0) . Because

T ∈T ∗
u-iir, it follows from Lemma 2 that bi ≥ b j for all i < j.

Observe that we can write, for each i,

|xu(am,T)− xu(ai,T)|
nxu(am,T)

= |bm yu(am,0)−bi yu(ai,0)|
nbm yu(am,0)

=
|yu(am,0)− bi

bm
yu(ai,0)|

nyu(am,0)
. (11)

Consider first i < m. Then bi
bm

≥ 1. Consequently, from (11) and the monotonicity of xu

and yu in a (Lemma 1), one obtains

xu(am,T)− xu(ai,T)
nxu(am,T)

=
yu(am,0)− bi

bm
yu(ai,0)

nyu(am,0)
≤ yu(am,0)− yu(ai,0)

nyu(am,0)
. (12)

14The function RB that characterizes the preorder <RB is also well defined in the endogenous income case,
since median incomes are strictly positive. See Remark 2.

15By Lemma 1, the maps a 7→ yu(a,T) and a 7→ xu(a,T) are nondecreasing in a on R++.
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Similarly, for i > m, bi
bm

≤ 1 and

xu(ai,T)− xu(am,T)
nxu(am,T)

=
bi
bm

yu(ai,0)− yu(am,0)

nyu(am,0)
≤ yu(ai,0)− yu(am,0)

nyu(am,0)
. (13)

From (12) and (13), it follows that

RB((yu(a1,0), ..., yu(an,0)),α)≥RB((xu(a1,T), ..., xu(an,T)),α) if α= j
n

for j ∈ {1, ...,n},

and, consequently,

RB((yu(a1,0), ..., yu(an,0)),α)≥RB((xu(a1,T), ..., xu(an,T)),α), for all α ∈ [0,1],

implying that
(xu(a1,T), ..., xu(an,T))4RB (yu(a1,0), ..., yu(an,0)).

Since a was arbitrary in An, we conclude that T ∈T ∗
u-bpr. ■

Combining Theorem 3 and Theorem 4 gives the following result.

Corollary 3. Given u ∈U ∗, b ≥ 0, and (Rk)∞k=1 with Rk ⊆ [0,1) for each k,

[
T ∗

u-iir =T ∗
u-bpr ⊆T ∗

m-prog

]
and

[
T ∗

m-prog(b, (Rk))⊆T ∗
u-iir =T ∗

u-bpr ⇐⇒ u ∈U

(
b,

⋃
k

Rk

)]
.

The second bracketed expression states that the members of the set T ∗
m-prog(b, (Rk)) of

all marginal-rate progressive tax schedules in T ∗
m-prog whose intercept α0 is greater than

or equal to b, and whose k-th marginal tax rate tk lies in Rk (for each bracket k), are all
inequality reducing and bipolarization reducing if and only if u ∈U (b,

⋃
k Rk), i.e., if and only

if the elasticity of income with respect to ability satisfies

ζu((1− r)a,b′)≤ ζu(a,0), for all (a,b′, r) ∈R++× [b,+∞)×
(⋃

k
Rk

)
.

Theorem 4 and Corollary 3 yield the following refinement of Corollary 2.

Corollary 4. Given u ∈U ∗, T ∗
u-iir =T ∗

u-bpr =T ∗
m-prog if and only if u ∈U (0, [0,1)).

Corollary 4 is the analogue of Corollary 1 in the presence of disincentive effects of work
effort. It identifies the set of preferences for which taxes are marginal-rate progressive if and
only if they are inequality reducing if and only if they are bipolarization reducing.

4 Concluding remarks
Motivated by the ongoing global trend of increasing income inequality and the evolution of a
shrinking middle class in the developed world, we have explored the possibility of designing
tax systems aimed at reducing income inequality and bipolarization. Using the well-known
relative Lorenz preorder to compare inequality across income distributions, and a relative
version of the standard Foster-Wolfson polarization preorder (Foster and Wolfson, 2010),
as axiomatized in Chakravarty (2009, 2015), as a bipolarization measure, we have shown
that a tax schedule is progressive if and only if it is inequality reducing if and only if it is
bipolarization reducing. This characterization holds in spite of the fact that the inequality
and bipolarization measures employed are fundamentally different in nature. By considering
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the cases of exogenous and endogenous income, we have distinguished between average and
marginal rate progressivity as the relevant concept for each case.

We conclude with two comments. First, this paper focuses on the reduction of income
inequality and bipolarization through the tax system. The focus on income addresses voiced
concerns about the social and economic effects of a vanishing share of adults in middle-
income households, combined with widening income inequality. Some authors have suggested
welfare (as opposed to income) inequality as the right metric, and a similar argument could
be made for the notion of bipolarization. As pointed out in Carbonell-Nicolau and Llavador
(2018), this idea poses difficulties in that measures of dispersion and/or polarization have a
marked cardinality component and are generally not invariant to order-preserving utility
transformations.

Secondly, there is an extensive literature on social polarization, based on measures of
conflict among groups along different dimensions (such as income, race, ethnicity, language,
education, etc.) that goes beyond the measure of income bipolarization considered in this
paper (see Duclos and Taptué (2015) and references therein). Potentially fruitful areas for
further research include extensions of the present work to alternative social polarization
measures.

Appendix: Even population size
In this section, we first define the bipolarization preorder <RB for pairs of distributions in
Zn ×Zn whose population size n is even. We then complete the proof of Theorem 2, dealing
with the case when z is a member of Zn with n even.

When n is even, the median income is not a coordinate in the corresponding income
distribution vector, introducing notational complications. This affects the definition of the
bipolarization function RB and the proof of Theorem 2.

Given an income distribution z = (z1, ..., zn) with n even, the median income, m(z), is
taken to be the arithmetic mean of the

(n
2

)
-th and the

(n
2 +1

)
-th components in (z1, ..., zn):

m(z) := zn/2+z(n/2)+1
2 .

When n is even, the relative bipolarization function, RB(z,α), representing the normalized
aggregate deviation from the median income, is defined as follows (refer to Figure 1).

Given α ∈ [0,1] and an income distribution z ∈Zn,

RB(z,α) :=


1

nm(z)
∑

j≤i< n
2
(m(z)− zi) if α= j

n for some j ∈ {1, ..., n
2 },

1
nm(z)

∑
n
2 +1≤i≤ j(zi −m(z)) if α= j

n for some j ∈ { n
2 +1, ...,n},

1 if α= 0,

and

RB(z,α) :=


λRB

(
z, j

n

)
+ (1−λ)RB

(
z, j+1

n

)
if α=λ

(
j
n

)
+ (1−λ)

(
j+1
n

)
,λ ∈ (0,1),

j ∈ {0,1, ...,n−1}, j 6= n
2 ,

λRB
(
z, 1

2

)
if α=λ(1

2

)+ (1−λ)
(1

2 + 1
2n

)
,λ ∈ [0,1),

λRB
(
z, 1

2 + 1
n
)

if α= (1−λ)
(1

2 + 1
2n

)+λ(1
2 + 1

n
)
,λ ∈ [0,1).

Completion of the proof of Theorem 2

Proof. Suppose that n (the size of the population) is even.
[Ta-prog ⊇Tbpr.] Let T ∈Tbpr, and suppose that T ∉Ta-prog. Because T is not average-rate

progressive, there exist ẑ ∈Zn and ẑi, ẑ j with ẑi < ẑ j such that

ẑ j −T(ẑ j)
ẑ j

> ẑi −T(ẑi)
ẑi

. (14)



14

RB(ò ,α)

RB(ò ,1 2)

RB(ò ,1 2 + 1 n)

1
2

1
2
+ 1
2n

1
2
+ 1
n

λRB z, 1
2

⎛
⎝⎜

⎞
⎠⎟
+ (1 − λ)RB z, 1

2
+ 1
2n

⎛
⎝⎜

⎞
⎠⎟

(1 − λ)RB z, 1
2
+ 1
2n

⎛
⎝⎜

⎞
⎠⎟
+ λRB z, 1

2
+ 1
n

⎛
⎝⎜

⎞
⎠⎟

α

!

!

Figure 1: Relative Bipolarization Function when the population size n is even.
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Now choose any income distribution z = (z1, . . . , zn) such that zn/2 := ẑi < ẑ j =: z(n/2)+1. To
lighten notation, define T(z) := (T(z1), . . . ,T(zn)). It is straightforward to verify that

m (z−T(z))= zn/2 −T(zn/2)+ z(n/2)+1 −T(z(n/2)+1)
2

= m(z)−m(T(z)).

Consequently,

RB
(
z−T(z),

1
2

)
= m (z−T(z))− (zn/2 −T(zn/2))

n ·m(z−T(z))
= 1

n

(
1− zn/2 −T(zn/2)

m(z)−m(T(z))

)
. (15)

Observe that

zn/2 −T(zn/2)
m(z)−m(T(z))

= ẑi −T(ẑi)
m(z)−m(T(z))

= ẑi −T(ẑi)
ẑi−T(ẑi)+ẑ j−T(ẑ j)

2

= 2 · 1

1+ ẑ j−T(ẑ j)
ẑi−T(ẑi)

< 2 · 1

1+ ẑ j
ẑi

= ẑi

m(z)
, (16)

where the inequality uses (14). From (15) and (16), we see that

RB
(
z−T(z),

1
2

)
> 1

n

(
1− ẑi

m(z)

)
= 1

n

(
1− zn/2

m(z)

)
=RB

(
z,

1
2

)
,

contradicting the initial assumption that T ∈Tbpr.
[Ta-prog ⊆ Tbpr.] Let T ∈ Ta-prog. We must show that T ∈ Tbpr. Take z ∈ Zn, and define

bi := zi−T(zi)
zi

for i ∈ {1, . . . ,n} and b(m) := m−m(T(z))
m , where m := m(z)= (

zn/2 + z(n/2)+1
)/

2.
Average-rate progressivity implies that bi is nonincreasing in i. Observe that we can

write ∣∣∣∣ (m−m(T(z)))− (zi −T(zi))
n (m−m(T(z)))

∣∣∣∣= 1
n

∣∣∣∣1− bi

b(m)
zi

m

∣∣∣∣
For all i ≤ n/2, we have that 1> bi

b(m)
zi
m ≥ zi

m . Therefore,∣∣∣∣ (m−m(T(z)))− (zi −T(zi))
n (m−m(T(z)))

∣∣∣∣= 1
n

(
1− bi

b(m)
zi

m

)
≤ 1

n

(
1− zi

m

)
= m− zi

nm
. (17)

Similarly, for all i > n/2, 1< bi
b(m)

zi
m ≤ zi

m and, hence,∣∣∣∣ (m−m(T(z)))− (zi −T(zi))
n (m−m(T(z)))

∣∣∣∣= 1
n

(
bi

b(m)
zi

m
−1

)
≤ 1

n

( zi

m
−1

)
= zi −m

nm
. (18)

From (17) and (18), we conclude that

RB((z1 −T(z1), . . . , zn −T(zn)),α)≤ RB(z,α), for all α ∈ [0,1],

and consequently
(z1 −T(z1), ..., zn −T(zn))4RB z.

Since z was arbitrary in Zn, we conclude that T ∈Tbpr. ■
Completion of the proof of Theorem 4

Proof. Suppose that n (the population size) is even. Fix u ∈U ∗.
[T ∗

u-bpr ⊆T ∗
u-iir.] Take T ∈T ∗

u-bpr and a= (a1, ...,an) ∈An. Choose any pair ai and a j with
ai < a j. Let a′ = (a′

1, ...,a′
n) ∈An satisfy a′

n/2 := ai < a j =: a′
(n/2)+1. Define

my := m
(
yu(a1,0), . . . , yu(an,0)

)= yu(an/2,0)+ yu(a(n/2)+1,0)
2

(19)
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and
mx := m

(
xu(a1,T), . . . , xu(an,T)

)= xu(an/2,T)+ xu(a(n/2)+1,T)
2

. (20)

Because T is u-bpr,

1
n ·my

(my − yu(a′
n/2,0))≥ 1

n ·mx
(mx − xu(a′

n/2,T)),

1
n ·my

(yu(a′
(n/2)+1,0)−my)≥ 1

n ·mx
(xu(a′

(n/2)+1,T)−mx).16

Arranging terms yields

yu(a′
n/2,0)

my
≤ xu(a′

n/2,T)

mx
,

yu(a′
(n/2)+1,0)

my
≥

xu(a′
(n/2)+1,T)

mx
,

and so it follows that

xu(ai,T)
yu(ai,0)

= xu(a′
n/2,T)

yu(a′
n/2,0)

≥ mx

my
≥

xu(a′
(n/2)+1,T)

yu(a′
(n/2)+1,0)

= xu(a j,T)
yu(a j,0)

.

Since ai and a j were arbitrary coordinates in a, it follows from Lemma 2 that T ∈T ∗
u-iir, as

we sought.
[T ∗

u-iir ⊆ T ∗
u-bpr.] Take T ∈ T ∗

u-iir and a = (a1, . . . ,an) ∈ An. Define bi := xu(ai ,T)
yu(ai ,0) . Because

T ∈T ∗
u-iir, it follows from Lemma 2 that bi ≥ b j for all i < j.

Let my and mx be defined as in (19) and (20), respectively, and put bm := mx
my

. We claim
that

b1 ≥ ·· · ≥ bn/2 ≥ bm ≥ b(n/2)+1 ≥ ·· · ≥ bn. (21)

To see this, we only need to show that bn/2 ≥ bm ≥ b(n/2)+1, for we know that bi ≥ b j for all
i < j. The inequality bm ≥ b(n/2)+1 can be expressed as

xu(an/2,T)+xu(a(n/2)+1,T)
2

yu(an/2,0)+yu(a(n/2)+1,0)
2

≥ xu(a(n/2)+1,T)
yu(a(n/2)+1,0)

,

which is equivalent to

bn/2 =
xu(an/2,T)
yu(an/2,0)

≥ xu(a(n/2)+1,T)
yu(a(n/2)+1,0)

= b(n/2)+1.

A similar argument yields bn/2 ≥ bm. This establishes (21).
Next, observe that we can write, for each i,

|mx − xu(ai,T)|
n ·mx

= |bmmy −bi yu(ai,0)|
nbmmy

=
|my − bi

bm
yu(ai,0)|

n ·my
. (22)

Consider first i ≤ n
2 . Then (21) gives bi

bm
≥ 1. Consequently, from (22) and the monotonicity

of xu and yu in a (Lemma 1), one obtains

mx − xu(ai,T)
n ·mx

=
my − bi

bm
yu(ai,0)

n ·my
≤ my − yu(ai,0)

n ·my
. (23)

16By Lemma 1, the maps a 7→ yu(a,T) and a 7→ xu(a,T) are nondecreasing in a on R++.
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Similarly, for i > m, (21) gives bi
bm

≤ 1 and

xu(ai,T)−mx

n ·mx
=

bi
bm

yu(ai,0)−my

n ·my
≤ yu(ai,0)−my

n ·my
. (24)

From (23) and (24), it follows that

RB((yu(a1,0), ..., yu(an,0)),α)≥RB((xu(a1,T), ..., xu(an,T)),α) if α= j
n

for j ∈ {1, ...,n},

and, consequently,

RB((yu(a1,0), ..., yu(an,0)),α)≥RB((xu(a1,T), ..., xu(an,T)),α), for all α ∈ [0,1],

implying that
(xu(a1,T), ..., xu(an,T))4RB (yu(a1,0), ..., yu(an,0)).

Since a was arbitrary in An, we conclude that T ∈T ∗
u-bpr. ■
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