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Abstract

We analyze the e¤ects of the introduction of aspirations both on the pattern of
wealth accumulation along the life cycle of individuals displaying a "joy-of-giving"
motive for bequests and on the evolution of wealth within a dynasty. We will
show that the introduction of aspirations at di¤erent ages display di¤erent e¤ects
on the amount of saving of workers. However, both adult and old aspirations
dampen the positive e¤ect on wealth accumulation brought about by warm-glow
altruism. Therefore, under aspirations, both bequest motivated and non-bequest
motivated individuals will behave more similarly than when they do not exhibit
aspirational concerns. We also show that the introduction of aspirations raises the
speed of convergence to the dynastic steady state when there exist a bequest motive.
However, when this motive is absent, aspirations lower the speed of convergence.
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1. Introduction

In this paper, we analyze the e¤ects of the introduction of aspirations both on the
pattern of wealth accumulation along the life cycle of individuals displaying a "joy-
of-giving" motive for bequests and on the evolution of wealth within a dynasty. The
presence of aspirations implies that the utility of individuals depends on the consump-
tion experience of their parents. We will consider a general framework where adult
individuals compare their level of consumption with that of their parents when they
were also adult and, similarly, old individuals take into account the consumption of
their parents when they were also old.

There is a strand of the literature that provides evidence in favour of time non-
separable preferences and, in particular, of habit and aspiration formation. On the
one hand, a large number of empirical studies about habit formation show that indi-
viduals�past consumption decisions a¤ect the satisfaction derived from their current
consumption (de la Croix and Urbain, 1998; Carrasco et al., 2005; Fuhrer and Klein,
2006; Alessie and Teppa, 2010). On the other hand, empirical evidence about the ex-
istence of aspirations associated with the involuntary transmission of tastes from one
generation to the next is more scarce. For instance, Cox et al. (2004) estimate that
parental preferences explain between 5 to 10 percent of the preferences of their children
after controlling for their respective incomes. More recently, Charles et al. (2014) in
the same line �nd that the intergenerational correlation in consumption ranges from 7
to 9 percent. Moreover, Cavalli-Sforza and Feldman (1981) and Boyd and Richerson
(1985) provide surveys about the evidence on intergenerational transmission of tastes.
Among the theoretical studies on the macroeconomic implications of aspirations, we
could mention those of de la Croix (1996, 2001), de la Croix and Michel (1999, 2001),
Alonso-Carrera et al. (2007), and Caballé and Moro-Egido (2014).

Our analysis will be conducted in the framework of an overlapping generations
(OLG) economy where preferences of individuals display "joy of giving" or "warm-
glow" altruism. This means that individuals� utility will be an increasing function
of the amount of bequest left to their children, like in Yaari (1965) and Abel (1986).
Several alternative motives leading to intergenerational transfers have been proposed in
the literature. Among them, and in addition to joy of giving, we could mention strategic
behavior (Bernheim et al., 1985), existence of incomplete annuity markets (Abel, 1985),
and pure intergenerational altruism (Barro, 1974). However, the empirical evidence
is not conclusive about the reasons why individuals make intergenerational transfers
and probably the mechanism of intergenerational transmission of wealth is driven by
a combination of all those motives. Moreover, Hurd (1987) showed through a simple
model that the amount of wealth accumulation in all ages should be higher for altruistic
individuals since these individuals wish to leave a bequest to their heirs and this desire
provides them an additional motivation for saving. However, in the same paper, Hurd
conducted an empirical analysis showing that the patterns of saving and consumption
of altruistic individuals do not di¤er substantially from those who are not altruistic.1

This empirical �nding is thus at odds with the aforementioned theoretical implication
of his model.

1 In order to detect non-altruistic individuals, Hurd classi�es as non-altruistic those individuals
having no living children.
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In this paper we �nd that aspirations a¤ect the equilibrium levels of both bequest
and saving in a direction similar to the one obtained by de la Croix and Michel (2001),
Jellal and Wol¤ (2002) and Alonso-Carrera et al. (2007), who conducted the analysis
under the assumption of altruistic preferences à la Barro (1974). Moreover, these au-
thors focus their analysis on the e¤ect of aspirations on the operativeness of the bequest
motive and on the implications of the interaction between altruism and aspirations to
induce self-restraint in parental consumption. We will focus instead on the implications
for the pattern of wealth accumulation along the life cycle brought about by aspirations.

We will show analytically that, when a bequest motive is introduced in our otherwise
standard OLG economy, the implications for accumulation of wealth are attenuated by
the presence of aspirations. Therefore, the presence of aspirations makes the pro�le
of consumption and saving of bequest motivated and non-bequest motivated individu-
als more similar than when no aspirational concerns are taken into account, which is
consistent with the aforementioned empirical evidence obtained by Hurd.

When parents wish to leave a state to their children they raise the amount of saving
in all ages of their lives. We will see that this increase in the accumulation of wealth is
dampened if individuals form aspirations either when they are adult or when they are
old. This dampening e¤ect occurs even if the introduction of aspirations at di¤erent
ages has not the same e¤ect on wealth accumulation. In particular, the presence of adult
aspirations results in a smaller amount of saving for workers as they want to mimic
the amount of consumption of their parent when they were also workers. However, the
introduction of old aspirations raises the amount of saving of workers as they want to
shift consumption to the age were they are retired to imitate the standard of living of
their parents when they were also old.

Another interesting result of our analysis is that the introduction of aspirations
raises the speed of convergence to the dynastic steady state if individuals entertain
a bequest motive. This is so because aspirations introduce a sluggish response in
bequests, which constitute the main factor giving rise to history dependence within a
dynasty. Since individuals want to mimic the level of consumption of their parents,
bequests cannot adjust with the same degree of freedom as when aspirations were
absent. However, if there is no bequest motive, the speed of convergence decreases when
aspirations are introduced since now the pro�le of consumption becomes more history
dependent due to the aspirational concerns. Finally, we show that, if the intensity of
aspirations is su¢ ciently high (but no too high) and the bequest motive is present, the
amounts of consumption and bequest display cycles around their steady state.

In our analysis we also perform some steady-state comparative statics concerning
the interaction of aspirations with warm-glow altruism for families that have reached
their stationary level of consumption, saving, and bequest. We check mainly trough a
numerical analysis that the dampening e¤ect of aspirations also hold when we compare
two stationary equilibria with di¤erent con�gurations of parameter values.

The paper is organized as follows. Section 2 presents the general model with warm-
glow altruism and aspirations. Section 3 analyzes the e¤ect of bequest motive and
aspirations on saving and inheritance. In Section 4, we analyze the e¤ect of aspirations
on the speed of convergence. In Section 5 and 6, we conduct the comparative stat-
ics analysis to characterize the e¤ects of changes in the intensities of aspirations and
bequest motives and the result arising from the interaction of these two phenomena
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for a given individual with exogenously given initial values of both aspirations and re-
ceived inheritance. In Section 7 we make the numerical comparison between stationary
equilibria. We conclude the paper in Section 8. The proofs appear in the appendix.

2. The Model

Let us consider a small open OLG economy, where individuals live for three periods
and a new generation is born in each period. Each individual has o¤spring in the
second period of his life and the exogenous number of children per parent is n > 0 . We
assume that agents make economic decisions only during the last two periods of their
lives. During his �rst period of life an individual neither works nor consumes but just
observes the amount of consumption of his parent. Each agent inelastically supplies
one time unit of labor in the second period of his life and is retired in the third period.
We index each generation by the period in which its members work, i.e., when they are
adult.

There is a single commodity, which can be devoted to either consumption or saving.
An adult individual of generation t distributes his net labor income and inheritance
between consumption and saving. The budget constraint faced by this worker in period
t is

wt + bt = ct + st; (2.1)

where wt is the wage compensation received by this worker, ct is his amount of consump-
tion (hereinafter, adult consumption), bt is the amount of inheritance he has received
from his parent and st is the amount of saving.

When individuals are old, they receive a return on their savings, which is distrib-
uted between own consumption and bequests for their children. Therefore, the budget
constraint of an old individual belonging to generation t will be

Rt+1st = xt+1 + nbt+1; (2.2)

where Rt+1 is the gross rate of return on saving, bt+1 is the amount of bequest the
individual leaves to each of his descendants (who where born in period t) and xt+1
is the amount of consumption of an old individual in period t + 1 (hereinafter, old
consumption). Thus, we are implicitly making an equal-treatment assumption as all
the direct descendants of the same individual receive the same amount of inheritance.

We will assume that in each period individuals derive utility from the comparison of
their own consumption with a consumption reference. As in de la Croix (1996), a generic
member of the generation born in period t�1 inherits a certain level of aspirations at in
period t. These aspirations are based on the standard of living achieved by his parent.
More precisely, we assume that the inherited aspiration act of an adult individual of
generation t is

act = ct�1; (2.3)

where ct�1 is his parent�s amount of consumption when the parent was adult (second
period of life). We posit the following additive speci�cation for the aspiration adjusted
consumption ĉt of an adult individual belonging to generation t:

ĉt = ct � �cact ; with �c 2 [0; 1) ; (2.4)
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where �c is a parameter that represents the intensity of aspirations when the individual
is adult. Thus, adult individuals who have acquired higher aspirations due to their
parents� experience of consumption will require a larger amount of consumption in
order to achieve the same level of utility. These aspirations arising when an individual
is adult/worker will be dubbed adult aspirations.

Similarly, old individuals derive utility from the comparison between their own con-
sumption when old and the consumption of their parents�old consumption. Therefore,
the aspiration adjusted consumption x̂t+1 of an old individual in period t + 1 is given
by the following additive function:

x̂t+1 = xt+1 � �xaxt+1; with �x 2 [0; 1) : (2.5)

where axt+1 is the inherited aspiration of an old individual of generation t: This aspiration
satis�es

axt+1 = xt; (2.6)

where xt is his parent�s amount of consumption when the parent was old (third period
of life) and the value of the parameter �x measures the intensity of aspirations when
an individual is old. The aspirations occurring when individuals are old/retired will be
dubbed old aspirations.

The individual belonging to generation t derives utility from aspiration adjusted
adult consumption, aspiration adjusted old consumption, and the amount left for in-
heritance. We posit the following separable utility function representing the preferences
of an individual belonging to generation t:

U(ĉt; x̂t+1; bt+1) = uc (ĉt) + �ux (x̂t+1) + �v (bt+1) ; (2.7)

where both � and � are positive and the functions uc; ux, and v are twice-di¤erentiable,
strictly increasing, strictly concave, and satisfy the typical Inada conditions at zero and
at in�nity. Note that we are generating positive bequests through a "joy-of-giving" mo-
tivation (as in Yaari, 1965; or Abel, 1986) so that the amount of bequests enters directly
as an argument in the utility function. There are other motives for intergenerational
transfer, such as altruistic preferences à la Barro (1974) and Becker (1981) where in-
dividuals derive utility from their children�s indirect utility function, or through pater-
nalistic preferences where individuals care about their o¤spring�s level of consumption
(Pollak, 1988). Under altruistic preferences, the last term in the utility (2.7) would
be replaced by the indirect utility function of one�s children, which is an increasing
function of the amount of inheritance received by descendants. If preferences were pa-
ternalistic, the last term in the utility (2.7) would be replaced by the o¤spring�s adult
consumption, which in turn would be an increasing function of the amount bt+1 of
inheritance. In both cases, the results would be qualitatively similar to those obtained
under a joy-of-giving speci�cation. However, a problem posed by these two alternative
types of preferences is the potential existence of corner solutions when the bequest mo-
tive is not operative, i.e. when the amount of bequest in equilibrium is equal to zero.
We will avoid this problem by assuming joy-of-giving preferences displaying an Inada
condition when the amount bt+1 of bequest tends to zero.

Let us assume that the good of this economy is produced by means of a production
function displaying constant returns to scale in capital and labor. In our small open
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economy, capital is fully mobile and labor is not mobile. Under competitive input
markets this implies that the rental price of a unit of capital is constant and equal
to its international level r. Therefore, the gross rate of return on savings satis�es
Rt+1 = 1 + r � R for all t: We will assume throughout the paper that the interest
rate r is strictly positive, i.e., R > 1: Moreover, the equilibrium capital to labor ratio
becomes constant and, thus, the marginal productivity of a unit of labor (which is equal
to the competitive real wage per unit of labor) is also constant, wt = w for all t:

3. Aspirations, saving, and bequests

Individuals maximize (2.7) with respect to fct; xt+1; bt+1; stg subject to (2.1), (2.2),
(2.4) and (2.5), taking as given act ; a

x
t+1; bt; wt and Rt+1: If we plug the aspiration

formation equations (2.3) and (2.6), and the competitive rental prices of inputs wt = w
and Rt+1 = R into the solution of this individual problem, we obtain the following �rst
order conditions for the individual belonging to generation t:

u0c (ĉt) = �Rt+1u
0
x (x̂t+1) (3.1)

and
n�u0x (x̂t+1) = �v

0 (bt+1) ; (3.2)

where equation (3.1) give us the optimal allocation of consumption along the life cycle
and equation (3.2) give us the optimal allocation of resources of an old individual
between his own old consumption and the amount of bequest left to each of his direct
descendants. Taking into account that in equilibrium

ĉt = w + bt � st � �cct�1 (3.3)

and
x̂t+1 = Rst � nbt+1 � �xxt; (3.4)

we can compute the e¤ect on the values st and bt+1 of saving and bequest of changes in
the bequest intensity � and in the aspirations intensities �c and �x when adult and old,
respectively. Making use of (3.3) and (3.4) and implicitly di¤erentiating the system
of equations (3.1) and (3.2) with respect to the parameters �c , �x; and � we get the
following partial derivatives, where we have suppressed the arguments of the functions
to ease the notation:

dst
d�

= �n�Ru
00
xv
0

M
> 0; (3.5)

dst
d�c

= �
u00c
�
n2�u00x + �v

00� ct�1
M

< 0; (3.6)

dst
d�x

=
��Ru00xv

00xt
M

> 0; (3.7)
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dbt+1
d�

= �
�
u00c + �R

2u00x
�
v0

M
> 0; (3.8)

dbt+1
d�c

= �n�Ru
00
cu
00
xct�1

M
< 0; ; (3.9)

dbt+1
d�x

= �n�u
00
cu
00
xxt

M
< 0 (3.10)

where M = n2�u00cu
00
x + �u

00
cv
00 + ��R2u00xv

00 > 0:
Clearly, an increase in the intensity of warm-glow altruism, parameterized by the

value of �; raises the amounts of both saving and bequest as a result of the shift
of resources from adult consumption to the next generation. This e¤ect of altruism
is similar to the one obtained by Hurd (1987) and Bossmann et al. (2007) under
pure altruism and joy-of giving, respectively. Moreover, when the intensity �c of adult
aspirations increases, the utility associated with adult consumption diminishes while
its marginal utility rises. Therefore, the optimal reaction of the individual is to increase
his adult consumption ct and reduce the values of the other arguments of his utility
function, namely, old consumption xt+1 and bequests bt+1. Finally , the shift from old
to adult consumption results in a lower amount of saving. However, when the intensity
�x of old aspirations rises, the utility associated with old consumption diminishes while
its marginal utility rises so that individuals optimally react by augmenting their old
consumption, which implies in turn an increase in saving and a decrease in the amount
of bequest.

From now on, for simplicity we will assume that the function U(ĉt; x̂t+1; bt+1) is not
only additive separable but homothetic as in Abel (1986). Then, according to Katzner
(1970, Theorem 2.4-4), the utility functions uc, ux and v must be isoelastic, i.e.,

uc(z) = ux(z) = v(z) =

8>><>>:
z1��

1� � if � 6= 1

ln z if � = 1;

with � > 0: Under this parametric assumption we can obtain the explicit equilibrium
values of adult and old consumption, saving and bequest:

ct =
1

H

(
R (w + bt) +

"
(R�)

1
� + n

�
�R

n

� 1
�

#
�cct�1 � �xxt

)
; (3.11)

xt+1 =
1

H

(
R (R�)

1
� (w + bt)�R (R�)

1
� �cct�1 +

"
R+ n

�
�R

n

� 1
�

#
�xxt

)
; (3.12)

bt+1 =
1

H

(
R

�
�R

n

� 1
�

(w + bt)�R
�
�R

n

� 1
�

�cct�1 �
�
�R

n

� 1
�

�xxt

)
; (3.13)

st =
1

H

��
(R�)

1
� + n

�
�R
n

� 1
�

�
(w + bt)�

�
(R�)

1
� + n

�
�R
n

� 1
�

�
�cct�1 + �xxt

�
;
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where

H = R+ (R�)
1
� + n

�
�R

n

� 1
�

: (3.14)

Note that the linearity of the previous functions with respect to the state variables bt;
ct�1; and xt faced by an individual belonging to generation t is a direct consequence
of the homotheticity of the utility function U and the assumed linearity of aspiration
formation given in (2.4) and (2.5).

4. Transitional Dynamics

The evolution of consumption, saving and intergenerational transfers of the dynasty un-
der consideration is entirely governed by the system of di¤erence equations composed
of (3.11), (3.12), and (3.13). The steady-state (or stationary) values of adult consump-
tion, old consumption, and bequest can be found easily by just making ct = ct�1 = c;
xt+1 = xt = x; and bt+1 = bt = b in that dynamic system and then solving for the
steady-state value of adult consumption c; old consumption x; and bequest b: Those
steady-state values are the following:

c =
R (1� �x)w

J
(4.1)

x =
(1� �c)R (R�)

1
� w

J
(4.2)

b =
R (R�)

1
� (1� �c) (1� �x)

�
�
n�

� 1
�
w

J
; (4.3)

where

J = R (1� �x) + (�R)
1
� (1� �c) +

�
�R

n

� 1
�

(n�R) (1� �c) (1� �x) : (4.4)

The following lemma provides a su¢ cient condition for the monotonic stability of the
steady-state:

Lemma 4.1. If

R
�
�R
n

� 1
�

R+ (�R)
1
� + n

�
�R
n

� 1
�

< 1 (4.5)

and the aspirations intensities �c and �x are su¢ ciently small, then the dynamic system
formed by equations (3.11), (3.12), and (3.13) converges monotonically to the steady
state for adult consumption, old consumption and bequest given by (4.1), (4.2) and
(4.3), respectively.

Note that under the assumption of the previous lemma the steady-state values c;
x; and b are all strictly positive. To see this just observe that the numerators of (4.1),
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(4.2) and (4.3) are all strictly positive for su¢ ciently small values of �c and �x; whereas
the denominator J de�ned in (4.4) tends to

R+ (�R)
1
� +

�
�R

n

� 1
�

(n�R)

when �c and �x tend to zero. The previous expression is positive under the condition
(4.5). If the utility functions uc; ux and v are logarithmic (� = 1) this stability condition
becomes simply

�R

n (1 + � + �)
< 1:

In this case, the stability condition has a direct interpretation since the return to
capital R and the bequest motive � should not be very high in order to prevent the
dynasty from accumulating wealth per capita unboundedly. Obviously, a high rate of
population growth will also eliminate the possibility of excessive accumulation of wealth
as the initial wealth of individuals will be small when the family state has to be divided
among many children.

Another natural issue related with the transition towards the steady state of the
endogenous variables of the model refers to the speed at which the steady-state values
are approached. We will consider the speed of convergence around the steady state. If
we write the system formed by the linear di¤erence equations (3.11), (3.12), and (3.13)
in vector form (see the proof of Lemma 4.1 in the appendix), we see that the coe¢ cient
matrix P de�ned in (A.1) has three-eigenvalues, �1; �2; and �3. Therefore, the solution
of the linear dynamic system will have the form

zt = Az;1�
t
1 +Az;2�

t
2 +Az ;3�

t
3 + z; t = 0; 1; ::::

for zt = ct; xt+1; bt+1, and where z is the stationary value of zt and the transpose vector
(Ac;j ; Ax;j ; Ab;j)

0 ; for j = 1; 2; 3; is equal to �j �(mc;j ;mx;j ;mb;j)
0 ; where (mc;j ;mx;j ;mb;j)

0

is an eigenvector associated with the eigenvalue �j of the matrix P. The constants �j ;
j = 1; 2; 3; are pinned down by the initial values of c�1; x0 and b0: Then, the speed of
convergence of the economy could be measured by the fraction of the distance between
the value of the generic variable zt in period t and the stationary value z that the
system travels in one period,

zt+1 � zt
z � zt

:

Let us assume that �max is the largest eigenvalue. It is straightforward to see that

lim
t!1

zt+1 � zt
z � zt

= 1� �max;

so that the value of the largest eigenvalue of the matrix P is inversely related with the
speed of convergence around the steady-state.

The following Proposition characterizes the e¤ect of the introduction of aspiration
on the speed of convergence.

Proposition 4.2. (a) If there exists a bequest motive (� > 0) then the speed of con-
vergence around the steady-state increases when aspirations at any age are introduced;

(b) If there is no bequest motive (� = 0) then the speed of convergence around the
steady-state decreases when aspirations at any age are introduced.
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In order to gain some intuition about the previous proposition, let us consider an
economy where the agents� preferences exhibit a bequest motive but no aspirations
(� > 0; �c= 0; �x= 0): In this case, the three eigenvalues of the dynamic system
formed by the di¤erence equations (3.11), (3.12), and (3.13) are

�1 =
R
�
�R
n

� 1
�

R+ (�R)
1
� + n

�
�R
n

� 1
�

2 (0; 1); �2 = 0; �3 = 0:

Thus, the largest eigenvalue �1 determines the speed of convergence around the steady
state and this eigenvalue remains the largest when aspirations are marginally intro-
duced. As can be seen in the proof of Proposition 4.2 in the appendix, this eigenvalue
decreases when aspirations are introduced (see (A.3) and (A.4)). Therefore, when there
exists a bequest motive, the introduction of either adult or old aspirations results in
faster local convergence.

If we consider instead an economy with no bequest motive where agents only display
either adult aspirations (� = 0; �c> 0; �x= 0) or old aspirations (� = 0; �c= 0; �x> 0);
the three eigenvalues of the dynamic system become

�1 = 0; �2 =
(R�)

1
� �c

R+ (R�)
1
�

2 (0; 1); �3 = 0;

and

�1 = 0; �2 = 0; �3 =
R�x

R+ (R�)
1
�

2 (0; 1);

respectively. We clearly see that when, there is no bequest motive and there are adult
(resp. old) aspirations only, the largest eigenvalue is �2 (resp. �3), which is increasing
in the intensity �c ( resp. �x) of aspirations. Therefore, the speed of convergency
decreases with the aspiration intensities when bequests are absent.

When both bequests and aspirations are removed from our economy, convergence
to the steady state is achieved instantaneously given our assumption of �xed wages and
interest rates. The introduction of either a bequest motive or an aspirational concern,
introduce some inertia in the dynamic system so that the convergence is not instanta-
neous any longer. Both bequests and aspirations make individual decisions dependent
of their parents decisions. Even if these two preference features result in a lower speed of
convergence when they are introduced separately, their interaction ends up displaying
an o¤setting e¤ect. If aspirations are marginally introduced when individuals exhibit a
bequest motive (� > 0); bequest are still the main driving force for local convergence.
However, the strength of this bequest motive in governing the intergenerational linkage
becomes weaker as now individuals condition the bequest they leave to the achievement
of a level of consumption adjusted to their aspirations. This stickiness in the bequest
decisions brought about by the introduction of aspirations results thus in less inertia
and thus faster convergence to the steady state. Similarly, when individuals exhibit
aspirations, the introduction of the joy-of-giving motive for bequests reduces the dom-
inating inertia associated with aspirations since now individuals will also choose their
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consumption taking into account the utility arising from the amount of bequests they
leave.

As discussed in de la Croix (1996), de la Croix and Michel (1999), and Caballé and
Moro-Egido (2014), a high intensity of aspirations might be a source of endogenous
�uctuations around the steady state. In particular, if there are only adult aspirations
(i.e., �x = 0) in our model, it can be proved that the eigenvalues of the matrix P are
real and positive if

�c 2

266640;
R( �Rn )

1
�

242R+(R�) 1�+n( �Rn ) 1��2R 1
2

�
R+n( �Rn )

1
�+(R�)

1
�

� 1
2

35
�
(R�)

1
�+n( �Rn )

1
�

�2
1CCCA

Similarly, when only old aspirations are present (i.e., �c = 0), the eigenvalues of the
matrix P are real and positive if

�x 2

266640;
R( �Rn )

1
�

24R+2(R�) 1�+n( �Rn ) 1��2(R�) 12� �R+n( �Rn ) 1�+(R�) 1� � 1
2

35
�
R+n( �Rn )

1
�

�2
1CCCA :

Moreover, the upper values of the previous two intervals are bifurcations where the
eigenvalues become complex. Therefore, oscillations could arise in the economy under
strong aspirations. The models of de la Croix (1996) and de la Croix and Michel
(1999), do not display transmission of wealth through bequests but endogenous rental
prices of labor and capital. Moreover, they only consider adult aspirations. In this
case, individuals subject to strong adult aspirations will consume a lot when they are
adult and thus they will save very little. The next generation will receive a small labor
income due the small stock of capital installed in the economy, which will result in a
low level of consumption so that consumption oscillations will appear. In our setup
with bequests and exogenous rental prices, the mechanism for oscillations under strong
aspirations is even more straightforward. Consider a generation that consumes a lot
for an aspirational motive (i.e., to achieve the same standard of living of their parents
either when adult or when old). This will result in a reduction in the amount left as
bequests, which in turn will reduce the life-time income, and thus the consumption of
the next generation. Therefore, intergenerational oscillations of consumption will arise
naturally.

Finally, for even larger values of the aspirations intensities, the eigenvalues become
real again but the dominating eigenvalue (either �1 or �2) turns out to be decreasing
in the aspirations intensity so that the speed of convergence decreases with aspirations.
This is due to the fact that, when aspirations are su¢ ciently large, they become the
dominating force driving the speed of convergence. In this case, a larger intensity
of aspirations results in a larger inertia from the past and, hence, in a lower speed
of convergence. In particular, these new bifurcations associated with large values of
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aspiration intensities occur when

�c =

R( �Rn )
1
�

242R+(R�) 1�+n( �Rn ) 1�+2�R+n( �Rn ) 1�+(R�) 1� � 1
2
R
1
2

35
�
n( �Rn )

1
�+(R�)

1
�

�2 if �x = 0

and

�x =

R( �Rn )
1
�

24�R+2(R�) 1�+n( �Rn ) 1� �+2(R�) 12� �R+n(Rn �) 1�+(R�) 1� � 1
2

35
�
R+n( �Rn )

1
�

�2 if �c = 0:

Note also that if the bequest motive is absent (� = 0), then the previous bifurcations
do not appear.

Figure 1 depicts the values of the eigenvalues of the dynamic system for small val-
ues of both the aspiration intensities and the bequest motive. We see in this �gure
that, when there is a bequest motive, the introduction of aspirations raises the speed
of convergence and the transition remains monotonic. However, when the intensity
of aspirations becomes larger, then oscillations associated with the presence of com-
plex eigenvalues appear. Finally, for even larger values of the aspiration intensities,
oscillations disappear and the convergence becomes monotonic at a local speed that is
decreasing in the aspiration intensities.

[Insert Figure 1]

5. Aspirations and wealth accumulation

In this section, we are going to study how the presence of aspiration and bequest
motives modi�es the pattern of wealth accumulation along the life cycle of an individual
belonging to generation t who has received a given amount of inheritance bt and who
is exposed to the given levels of aspirations ct�1 and xt: We will consider two stages in
the accumulation process: �rst, the individual�s accumulation of wealth until the end
of the adult period, i.e., until the end of his participation in the labor market, which
is summarized by the di¤erence st � bt (adult accumulation) and, second, the wealth
accumulation that takes place while the individual is retired, which is collected by the
di¤erence nbt+1�st (old accumulation): Finally, we can consider the total accumulation
of wealth along the life cycle, which will be given by the di¤erence between asset
holdings at the �nal and the beginning of the individual�s life nbt+1 � bt:

As follows from the derivatives (3.6)-(3.8) computed under general utility functions,
saving increases with the intensity � of the warm-glow altruism, decreases with the
intensity �c of adult aspirations, and increases with the intensity �x of old aspirations.
Hence, these comparative statics e¤ects are automatically translated into the pattern
of adult accumulation st � bt as the initial inheritance bt of the individual is given.
Similarly, since the amount of bequest left to each descendant bt+1 is decreasing in the
intensities of both types of aspirations, �c and �x, and increasing in the bequest motive
�, the same comparative statics result applies to the pattern of total accumulation
nbt+1 � bt for a given initial inheritance bt received by the individual.
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The analysis of the e¤ect of aspirations and bequest motives on wealth accumulation
by an old individual is more complex since the two terms of the di¤erence nbt+1 � st
are endogenous. Concerning the e¤ect of the intensity � of warm-glow altruism, we can
compute the following partial derivatives:

@ (nbt+1 � st)
@�

=
n( �Rn )

1
�
h
R�1+(R�)

1
�

i
��H2 (R (w + bt)� �xxt �R�cct�1) > 0:

where H is de�ned in (3.14). Therefore, even if the bequest motive raises both the
total amount of bequests nbt+1 and the amount st saved, the e¤ect on nbt+1 is a direct
e¤ect that dominates the side e¤ect on saving. Note, however, that the sign of the
previous derivative relies crucially on the existence of a positive net return on saving,
R � 1 > 0, as we have assumed. If the net return on saving were negative, larger
bequests could require a larger amount of saving as old consumption does not decrease
enough in response to an increase in the joy-of-giving motive parametrized by the value
of �:

The e¤ects of adult aspirations on the accumulation of wealth by a generic old
individual is summarized by the following derivative:

@ (nbt+1 � st)
@�c

=

(R�)
1
�

�
1 + (1�R)n

�
�
n�

� 1
�

�
H

ct�1 ? 0: (5.1)

Note that the intensity �c of aspirations on adult consumption pushes down both the
amount of saving and the amount of bequests. The net e¤ect is ambiguous in general. If
the net return on saving were negative R � 1; then the e¤ect of �c on adult accumulation
will be clearly negative. However, if the natural condition R > 1 holds, then we have
the following:

@ (nbt+1 � st)
@�c

? 0 if and only if
�

�
? (R� 1)�

n1��
:

In particular, if we consider the ratio �=� as a measure of the importance of old con-
sumption relative to bequests in individual preferences, we see that the higher (lower)
the value of this ratio, the higher (lower) will be the impact on old accumulation. If
old consumption is very important relative to bequests then the amount of saving will
be much larger than the amount of bequest. Therefore, the negative impact of �c on
saving will be of larger size than the negative impact on the already small amount of
bequests. This results in a positive net e¤ect on the accumulation of wealth nbt+1 � st
by an old individual. The converse result will hold when the ratio �=� is small, i.e.,
when bequest motives are more important than the appetite for consumption when old.
In particular, note that

@ (nbt+1 � st)
@�c

����
�=0

> 0;

so that old accumulation increases with the intensity of old aspiration when there is no
bequest motive. Clearly, in this case bt+1 = 0 and saving decreases with the intensity
�c of adult aspirations.

Finally, the intensity �x of old aspirations lower the level of wealth accumulation of
an old individual. This is a direct consequence of the induced increase in the amount of
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saving and the decrease in the amount of bequests given in (3.7) and (3.10). Obviously,
as the level of old aspirations rises, old individuals want to consume more and this
results in a lower value of nbt�1 � st:

Table 1 summarizes all the e¤ects of warm-glow altruism and aspirations on the
accumulation of capital along the life cycle.

[Insert Table 1]

6. Bequest motive under aspirations

In this section, we consider the introduction of a bequest motive when individuals
exhibit aspirations. We have already seen in the previous section that warm-glow
altruism tends to increase the accumulation (or to decrease the disaccumulation) of
wealth for both adult and old agents. According to the empirical work of Hurd (1987),
there is no signi�cative di¤erence between the individuals with living children (who are
assumed to display some bequest motive) and individuals with no living children (who
cannot have any desire to leave bequest). We will see that aspirations weaken the e¤ect
of altruism so that individuals exhibiting aspirations are less sensitive to the presence
of altruism. Therefore, the existence of aspirations makes the pattern of accumulation
of bequest motivated individuals and non-bequest-motivated individuals more similar.
Thus, aspirations may partially explain the result of Hurd concerning the insensitivity
of wealth accumulation with respect to altruism.

In order to obtain how aspirations contribute to the e¤ect of the introduction of
altruism we need to compute the second cross derivative of the endogenous variable
under consideration with respect to the intensity � of bequest motive and the intensity
of aspirations parameterized by the values of the parameters �c and �x: Note that in
our analysis we take as given the values of the initial wealth bt and of aspirations, ct�1
and xt; of a generic member of the generation t: Let us consider �rst the e¤ects of adult
aspirations, which are summarized in the following cross derivatives:

@2 (st � bt)
@�@�c

����
�c=0;�x=0

= �
Rn

�
�R
n

� 1
�
ct�1

��H2
< 0; (6.1)

@2 (nbt+1 � st)
@�@�c

����
�c=0;�x=0

= �
Rn

�
�R
n

� 1
�
h
R� 1 + (R�)

1
�

i
ct�1

��H2
< 0; (6.2)

@2 (nbt+1 � bt)
@�@�c

����
�c=0;�x=0

= �
Rn

�
�R
n

� 1
�
h
R+ (R�)

1
�

i
ct�1

��H2
< 0: (6.3)

We have evaluated the previous derivatives at �c = 0 and �x = 0; that is, the previous
signs hold for low values of the intensity of aspirations. For higher values, the result-
ing expressions for the derivatives are extremely messy and cannot be sign explicitly.
However, we will conduct a numerical simulation to check the robustness of the signs of
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the corresponding comparative statics. We see from the previous derivatives that the
positive e¤ect of warm-glow altruism on wealth accumulation at all stages of the life-
time is dampened under aspirations associated with adult consumption. If this type of
aspirations are introduced in the utility function, then the value ct� �cct�1 of adjusted
adult consumption becomes smaller. As the isoelastic utility function displays decreas-
ing absolute risk aversion, the degree of concavity of the utility u becomes higher ceteris
paribus. In our non-stochastic environment this translates into a lower willingness to
change the level of adult consumption, and this results in turn in a lower impact of
the introduction of bequest motive on saving and bequest. Thus, the positive e¤ect
of bequest motive on adult and total accumulation becomes smaller when a positive
value of �c is introduced (see (6.1) and (6.3)). Moreover, the introduction of adult
aspirations dampens the positive e¤ect of warm-glow altruism on the amount of wealth
accumulation by old individuals even if this accumulation might be increasing in the
intensity of adult aspirations (see (5.1) and (6.2)).

The impact of the intensity �x of old aspirations associated with old consumption on
the e¤ects of the introduction of bequest motive are also summarized in the following
partial cross-derivatives evaluated at �c = 0 and �x = 0:

@2 (st � bt)
@�@�x

����
�c=0;�x=0

= �
n
�
�R
n

� 1
�
xt

��H2
< 0; (6.4)

@2 (nbt+1 � st)
@�@�x

����
�c=0;�x=0

= �
n
�
�R
n

� 1
�
h
R� 1 + (R�)

1
�

i
xt

��H2
< 0;

@2 (nbt+1 � bt)
@�@�x

����
�c=0;�x=0

= �
n
�
�R
n

� 1
�
h
R+ (R�)

1
�

i
xt

��H2
< 0:

Here, a higher strength of old aspirations lowers the positive impact of the introduction
of warm-glow altruism on saving, bequests, and wealth accumulation of adult and old
individuals. As it happens under adult aspirations, parental consumption induces some
inertia in the behavior of individuals, which results in a weaker response to the intro-
duction of bequest motive. Note also that the introduction of old aspirations dampens
the positive e¤ect of warm-glow altruism on the amount of wealth accumulation by
adult individuals even if old aspirations raise the wealth accumulation of those old
individuals (see (3.7) and (6.4)). Table 2 summarizes the sign of the previous cross
partial derivatives.

[Insert Table 2]

In order to analyze the robustness of the dampening e¤ect of both types of aspi-
rations when bequest motivations are introduced, we perform the following numerical
analysis. We choose the value of the preference parameters � = 1=2 and, following
Iacoviello (2008), the value w = 2=3 for the wage. We assume an annual rate of popu-
lation growth of 1% and an annual interest rate of 2% and consider that each period
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lasts for 30 years.2 We maintain these parameter values for the remaining numerical
exercises. As initial values of bequest bt; adult aspirations ct�1; and old aspirations xt;
we choose the steady-state values corresponding to a benchmark with no warm-glow
altruism, � = 0, which implies, bt = 0, and no aspirations, �c = �x = 0.3 Here, we
keep this initial values �xed since we are going to analyze how the optimal decisions of
individuals are a¤ected by bequest motive and aspirations and to do so we should also
take as given the exogenous variables of the maximization problem faced by individuals.
In the next section we will perform instead the comparative statics on the steady-state,
that is, we will compare the pattern of wealth accumulation of individuals in stationary
equilibria associated with di¤erent values of the parameters of the model. In this latter
case, the initial values of bequest and aspirations should also be adjusted as a response
to the change in parameter values.

Figures 2 and 3 depict the e¤ect of altruism on adult accumulation of wealth, st�bt;
for di¤erent strictly positive values of the intensities �c and �x of aspirations and of the
parameter � referred to the inverse of elasticity of the utility functions. In particular,
we compare the benchmark case where �c = �x = 0; with values of the aspirations
intensities equal to 1=2: Figure 2 considers the values � = 1 and � = 2 while Figure
3 refers to the value � = 1=2: We see that the slopes of all the wealth accumulations
as functions of the intensity of warm-glow altruism are smaller for positive values of
aspiration intensities. The same conclusion arises from Figures 4 and 5 concerning the
accumulation of wealth for old individuals, nbt+1� st . Finally Figures 6 and 7 refer to
the accumulation of wealth along the whole life of individuals, nbt+1�bt. Therefore, the
dampening e¤ect of aspirations presented above extends beyond the simple introduction
of bequest motive and aspirations.

[Insert Figures 2 to 7]

7. Steady-state e¤ects

In this section we will analyze how the introduction of aspirations a¤ects the change
in the pattern of wealth accumulation brought about by bequest motivations in the
steady state. This means that we are going to compare the individual optimal decision
concerning saving and bequest of a generation in the steady state, where ct = c; xt+1 =
x; st = s, and bt+1 = b for all t; with the optimal decision under di¤erent values of the
parameters characterizing warm-glow altruism and aspirations once the dynasty has
reached the new steady-state associated with these new parameter values. The steady-
state values of consumption and bequest are given in (4.1), (4.2), and (4.3) while the
steady-state value of saving is s = w + b� c: We start with the e¤ects on the stationary
value of saving and bequests of the intensity � of bequest motive and aspirations �c and
�x: The following derivatives summarize the results:

@s

@�
=
(1� �c) (1� �x)R

�
�R
n

� 1
�
h
(1� �x)n+ (1� �c) (R�)

1
�

i
w

��J2
> 0;

2 In terms of the parameters of our madel we get n = (1:01)30 = 1:348 and R = (1:02)30 = 1:811:
3The initial values for parental consumption are ct�1 = 0:444 and xt = 0:403 for � = 1; ct�1 = 0:437

and xt = 0:416 for � = 2; and ct�1 = 0:459 and xt = 0:376 for � = 1=2:
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@b

@�
=
(1� �c) (1� �x)R

�
�R
n

� 1
�
h
(1� �x)R+ (1� �c) (R�)

1
�

i
w

��J2
> 0;

@s

@�c
= �

(1� �x)R (R�)
1
�

�
1 + (1� �x)n

�
�
n�

� 1
�

�
w

J2
< 0;

@b

@�c
= �

R2 (1� �x)2
�
�R
n

� 1
�
w

J2
< 0;

@s

@�x
=

R (R�)
1
� (1� �c)

�
1� (1� �c)

�
�R
n

� 1
�

�
w

J2
? 0; (7.1)

@s

@�x

����
�=0

=
R (R�)

1
� (1� �c)wh

(1� �x)R+ (1� �c) (R�)
1
�

i2 > 0; (7.2)

@b

@�x
= �

R (R�)
2
� (1� �c)2

�
�
n�

� 1
�
w

J2
< 0:

where J is de�ned in (4.4). We see that the sign of the partial derivatives are the same
as the ones obtained in Section 3 for the non-stationary values of bequest and saving.
Note however that here in order to sign the e¤ect of the intensity �x of old aspirations
on saving we need to evaluate the partial derivative (7.1) at � = 0 (see (7.2)) so that
the sign applies to low levels of warm-glow altruism. In general, the partial derivative
(7.1) has an ambiguous sign.

Concerning the e¤ects on the accumulation of wealth by adult individuals, s� b; by
old individuals, nb � s; and total accumulation (n � 1)b of changes in the intensity of
bequest motive, we obtain the following partial derivatives:

@ (s� b)
@�

= �R( �Rn )
1
� (1��x)2(1��c)w
��J2

(R� n) ? 0; (7.3)

@ (nb� s)
@�

=
R( �Rn )

1
� (1��c)(1��x)

h
n(1��x)(R�1)+(R�)

1
� (1��c)(n�1)

i
w

��J2
? 0; (7.4)

@ [(n� 1) b]
@�

= (n� 1) @b
@�
? 0 if and only if n ? 1. (7.5)

We see in (7.3) that adult accumulation s� b increases (decreases) with the degree of
warm-glow altruism in a steady state if R < (>)n: If the gross return R from saving
is small then saving must increase a lot relative to bequest per children to generate an
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increase in the transfer to the next generation. Similarly, if the number n of children is
high; saving should also increase a lot so as to raise the amount of bequest per child.
Concerning the the accumulation of wealth nb � s for old individuals individuals, we
see that the sign of the partial derivative (7.4) is strictly positive whenever the gross
return R from saving and the gross rate n of population growth are both larger or
equal than 1, and at least one of them is strictly larger than 1. Obviously, on the one
hand, the higher is the return on saving the less is the need for increasing the amount of
savings for the bequest motive. On the other hand, the higher is the number of children
per parent, the larger should be the total amount nb bequeathed to the heirs: These
two e¤ects explain the positive sign of the partial derivative (7.4) for this empirically
relevant case. Finally, the sign of the e¤ect on total accumulation along the life cycle,
(n � 1)b; depends on whether the net rate of population growth is positive (n > 1)
or negative (n < 1): Clearly, the higher is the rate of population growth the larger
the amount of wealth individuals must accumulate to endow their children with the
stationary amount of inheritance.

We next show the partial derivatives that characterize the e¤ect of the intensity �c
of adult aspirations on the stationary pattern of wealth accumulation:

@ (s� b)
@�c

= �

h
R (R�)

1
� (1� �x)

i �
1�

�
�
n�

� 1
�
(1� �x) (R� n)

�
w

J2
? 0;

@ (s� b)
@�c

����
�=0

= � R (R�)
1
� (1� �x)wh

(1� �x)R+ (1� �c) (R�)
1
�

i2 < 0; (7.6)

@ (nb� s)
@�c

=

Rw (R�)
1
� (1� �x)

�
1� n

�
�
n�

� 1
�
(1� �x) (R� 1)

�
J2

? 0;

@ (nb� s)
@�c

����
�=0

=
R (R�)

1
� (1� �x)wh

(1� �x)R+ (1� �c) (R�)
1
�

i2 > 0; (7.7)

@ [(n� 1) b]
@�c

= (n� 1) @b
@�c

? 0 if and only if n 7 1:

Finally, the e¤ect of the intensity �x of old aspirations on the stationary pattern of
wealth accumulation is given by the following partial derivatives:
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@ (s� b)
@�x

=
R (R�)

1
� (1� �c)w
J2

> 0;

@ (nb� s)
@�x

= �
Rw (R�)

1
� (1� �c)

�
1 +

�
�
n�

� 1
�
(R�)

1
� (1� �c) (n� 1)

�
J2

? 0;

@ (nb� s)
@�x

����
�=0

=
R (R�)

1
� (�c � 1)wh

R (1� �x) + (1� �c) (R�)
1
�

i2 < 0; (7.8)

@ [(n� 1) b]
@�x

= (n� 1) @b
@�x

? 0 if and only if n 7 1:

Note that the signs of the comparative static exercises for adult and old accumulation
of wealth are the same as the ones obtained in Section 3 when the dynasty was not
in its steady state We need however to assume in some cases that the intensity of
bequest motive is close to zero (see (7.6), (7.7), and (7.8)). Concerning the total wealth
accumulation (n� 1) b along the lifetime, the sign depends in an obvious way on the
rate of population growth. Table 3 summarizes the signs of the comparative statics
exercises on the stationary equilibrium.

[Insert Table 3]

To conclude our analysis we can evaluate whether the aspirations dampen or ex-
acerbate the e¤ect of warm-glow altruism when we make the comparison between to
steady-sates. As before, we need to compute the partial cross derivative of the steady
state values s; b; s� b; nb�s; and (n�1)b with respect to the bequest motive intensity
� and the aspirations intensities �c and �x when adult and old, respectively. The exact
expressions of these cross derivatives are extremely messy and are available from the
authors under request but their sings are shown in Table 4 under some parametric
restrictions.

[Insert Table 4]

To assess the e¤ect of aspirations when they are introduced non-marginally, we have
the numerical exercises contained in Figures 8 to 13. These �gures are the counterparts
of Figures 2 to 7 but evaluated at the steady state values, i.e., we do not take the
initial inheritance and aspirations as �xed since we use instead the stationary values b
of inheritance and c and x of aspirations, which vary endogenously with the parameter
values �, �c and �x: The main conclusion of these �gures is that the presence of either
adult or old aspirations dampens the e¤ect of warm-glow altruism on the pattern of
wealth accumulation. We see that the slopes of the functions displayed exhibit a lower
slope in absolute value. In particular, observe in Figures 8 and 9 how the stationary
adult accumulation of wealth s � b is decreasing in the intensity of bequest motive �:
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However, this negative e¤ect becomes less strong when aspirations exist. This numer-
ical analysis allows to extend the conclusion at which we arrived when we considered
the individual decision with exogenous initial values of bequest and aspirations to the
stationary patterns of capital accumulation. In all these new graphs we have used the
same parameter values as in the previous �gures.

[Insert Figures 8 to 13]

8. Conclusion

We have developed a simple OLG model that enable us to study the e¤ect of the
introduction of warm-glow altruism and aspirations on the individual pattern of wealth
accumulation. Our results show that the introduction of aspirations at di¤erent ages
display di¤erent e¤ects on the amount of adult saving for given initial values of bequest
and aspirations. However, both adult and old aspirations make the introduction of
the bequest motive less e¤ective in changing the pattern of accumulation. Therefore,
under aspirations both bequest motivated and non-bequest motivated individuals will
behave more similarly than when they do not exhibit aspirational concerns. Moreover,
the dampening e¤ect of aspirations prevails when we compare stationary allocations.

We have also shown that, if the bequest motive is present, the marginal introduction
of aspirations at any age makes a dynasty converge faster towards its steady state since
intergenerational transfers play a less relevant role, which makes individual decisions
less dependent of their ancestors�decisions. However, the converse result holds when
there is no bequest motive. In this latter case, the introduction of aspirations gives
raise to some inertia as individual decisions concerning consumption will depend on
parental consumption, which results in turn in a lower speed of convergence.
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A. Appendix

Proof of Lemma 4.1. We can rewrite the system composed of the di¤erence equations
(3.11), (3.12), and (3.13) in matrix form as

24 ct
xt+1
bt+1

35 = P�
24 ct�1xt

bt

35+ 1

H

2664
R

R (R�)
1
�

R
�
�R
n

� 1
�

3775w;
where H is given in (3.14) and the coe¢ cient matrix P is

P =
1

H

26666664

�
(�R)

1
� + n

�
�R
n

� 1
�

�
�c ��x R

�R (�R)
1
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�R
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�
�x (R�)
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� R
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�
�R
n

� 1
�
�c �

�
�R
n

� 1
�
�x R

�
�R
n

� 1
�

37777775 : (A.1)

The characteristic polynomial of the matrix P is

P (�) = �3 � �1�2 + �2�� �3; (A.2)

where

�1 =

R
�
�R
n

� 1
�
+

�
(�R)

1
� + n

�
�R
n

� 1
�

�
�c +

�
R+ n

�
�R
n

� 1
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�x

H
;

�2 =

�
�R
n

� 1
�
(R�c +R�x + n�c�x)

H
;

�3 =
R
�
�R
n

� 1
�
�c�x

H
:

Moreover, if �c = 0 and �x = 0 the characteristic polynomial becomes

P (�) = �3 �

264R
�
�R
n

� 1
�

H

375�2
so that the eigenvalues become

�1 =
R
�
�R
n

� 1
�

R+ (�R)
1
� + n

�
�R
n

� 1
�

> 0;

�2 = 0 and �3 = 0: Finally, since the eigenvalues are continuous functions of the
parameters �c and �x; the three eigenvalues will lie in the interior of the unit circle for
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a su¢ ciently small value of parameters measuring the intensity of aspirations if �1 < 1.
Q.E.D.

Proof of Proposition 4.2.
(a) Since we are only interested in the e¤ect of the introduction of aspirations,

we will consider the marginal introduction of adult aspirations and old aspirations
separately. Let us �rst consider the introduction of adult aspirations from a starting
situation with no aspirations when � > 0. To this end, let us take the characteristic
polynomial (A.2) and make �x = 0 to get

P (�) = �3 �

2664R
�
�R
n

� 1
�
+

�
(�R)

1
� + n
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� 1
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� + n

�
�R
n

� 1
�

375�:
Here one of the eigenvalues equals zero since the parental old consumption xt is not a
state variable for an individual of generation t and, hence the value of the initial con-
dition x0 is irrelevant. The other two eigenvalues �1 and �2 are equal to the conjugate
pair

R( �Rn )
1
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�
(�R)

1
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1
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If we take the largest of this two eigenvalues, �1 say, and perform the derivative with
respect to the aspiration intensity �c and then we evaluate the derivative when �c = 0;
we obtain

d�1
d�c

����
�c=0;�x=0

= � R

R+ (�R)
1
� + n

�
�R
n

� 1
�

< 0: (A.3)

Similarly, we can replicate the argument for the introduction of aspirations on old
consumption. The characteristic polynomial in (A.2) with �c = 0 becomes now

P (�) = �3 �

2664R
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In this case, one of the eigenvalues is again equal to zero since the parental adult
consumption ct is not a state variable for an individual of generation t and, hence the
value of the initial condition c�1 does not a¤ect his decision. The other two eigenvalues
�1 and �2 are equal to the conjugate pair
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If we take the largest of this two eigenvalues, �1 say, and perform the derivative with
respect to the aspiration intensity �x and then we evaluate the derivative when �x = 0;
we obtain

d�1
d�x

����
�c=0;�x=0

= � (R�)
1
�

R+ (�R)
1
� + n

�
�R
n

� 1
�

< 0: (A.4)

Therefore, we can conclude that the introduction of aspirations when � > 0 either on
adult or in old consumption increases the speed of convergence around the steady state.

(b) When there is no bequest motive, � = 0; and �x = 0; the characteristic polyno-
mial (A.2) becomes

P (�) = �3 �
"
(R�)

1
� �c

R+ (R�)
1
�

#
�2;

so that there is only an eigenvalue di¤erent for zero,

�2 =
(R�)

1
� �c

R+ (R�)
1
�

;

which is clearly increasing in the intensity �c of adult aspirations: Similarly, when there
is no bequest motive, � = 0; and �c = 0; the characteristic polynomial (A.2) becomes

P (�) = �3 �
"

R�x

R+ (R�)
1
�

#
�2;

so that there is also only an eigenvalue di¤erent for zero,

�3 =
R�x

R+ (R�)
1
�

;

which is also increasing in the intensity �x of old aspirations: Therefore, the introduction
of either adult or old aspirations when bequests are absent results in a lower speed of
convergence. Q.E.D.
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st bt+1 st � bt nbt+1 � st nbt+1 � bt

@
@� > 0 > 0 > 0 > 0 > 0

@
@�c

< 0 < 0 < 0
? 0

�
if �� ?

(R�1)�
n1��

�
> 0 (if � = 0)

< 0

@
@�x > 0 < 0 > 0 < 0 < 0

Table 1. Comparative statics of saving, bequest and wealth accumulation.

st bt+1 st � bt nbt+1 � st nbt+1 � bt

@2

@�@�c

���
�c=0;�x=0

< 0 < 0 < 0 < 0 < 0

@2

@�@�x

���
�c=0;�x=0

< 0 < 0 < 0 < 0 < 0

Table 2. The dampening e¤ect of aspirations on bequest motive
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s b s� b nb� s (n� 1)b

@
@� > 0 > 0 ? 0 (if R 7 n) > 0 (if n > 1) ? 0 (if n ? 1)

@
@�c

< 0 < 0 < 0 (if � = 0) > 0 (if � = 0) ? 0 (if n 7 1)

@
@�x > 0 < 0 > 0 < 0 (if � = 0) ? 0 (if n 7 1)

Table 3. Comparative statics of stationary saving, bequest and wealth accumulation.

s b s� b nb� s (n� 1)b

@2

@�@�c

���
�c=0;�x=0

< 0 (if R 7 n=2) < 0 ? 0 (if R ? n) < 0 ? 0 (if n 7 1)

@2

@�@�x

���
�c=0;�x=0

? 0 < 0 ? 0 (if R ? n) < 0 ? 0 (if n 7 1)

Table 4. The dampening e¤ect of aspirations on bequest motive.
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Figure 1. Eigenvalues for small values of the bequest motive and aspiration intensities.
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Figure 2. The e¤ects of aspirations on adult accumulation of wealth (st � bt) .
Thick solid line: �c= 0; �x = 0; � = 1. Medium solid line: �c= 1=2; �x = 0; � = 1.
Thin solid line: �c=0; �x = 1=2; � = 1. Thick dash line: �c= 0; �x = 0; � = 2.
Medium dash line: �c= 1=2; �x = 0; � = 2. Thin dash line: �c=0; �x = 1=2; � = 2.
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Figure 3. The e¤ects of aspirations on adult accumulation of wealth (st � bt) .
Thick solid line: �c= 0; �x = 0; � = 1=2. Medium solid line: �c= 1=2; �x = 0; � = 1=2.
Thin solid line: �c=0; �x = 1=2; � = 1=2.
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Figure 4. The e¤ects of aspirations on old accumulation of wealth (nbt+1 � st) .
Thick solid line: �c= 0; �x = 0; � = 1. Medium solid line: �c= 1=2; �x = 0; � = 1.
Thin solid line: �c=0; �x = 1=2; � = 1. Thick dash line: �c= 0; �x = 0; � = 2.
Medium dash line: �c= 1=2; �x = 0; � = 2. Thin dash line: �c=0; �x = 1=2; � = 2.
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Figure 5. The e¤ects of aspirations on old accumulation of wealth (nbt+1 � st) .
Thick solid line: �c= 0; �x = 0; � = 1=2. Medium solid line: �c= 1=2; �x = 0; � = 1=2.
Thin solid line: �c=0; �x = 1=2; � = 1=2.

29



0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

Rho

nbt+1­bt

Figure 6. The e¤ects of aspirations on lifetime wealth accumulation (nbt+1 � bt) .
Thick solid line: �c= 0;�x= 0; � = 1. Medium solid line: �c= 1=2;�x= 0; � = 1.
Thin solid line: �c= 0;�x= 1=2; � = 1. Thick dash line: �c= 0;�x= 0; � = 2.
Medium dash line: �c= 1=2;�x= 0; � = 2. Thin dash line: �c= 0;�x= 1=2; � = 2.
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Figure 7. The e¤ects of aspirations on lifetime wealth accumulation (nbt+1 � bt) .
Thick solid line: �c= 0; �x = 0; � =1=2. Medium solid line: �c=1=2; �x = 0; � =1=2.
Thin solid line: �c=0; �x = 1=2; � =1=2.
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Figure 8. The e¤ects of aspirations on stationary adult accumulation of wealth (s� b) .
Thick solid line: �c= 0; �x = 0; � = 1. Medium solid line: �c=1=2; �x = 0; � = 1.
Thin solid line: �c=0; �x = 1=2; � = 1. Thick dash line: �c= 0; �x = 0; � = 2.
Medium dash line: �c= 1=2; �x = 0; � = 2. Thin dash line: �c=0; �x = 1=2; � = 2.
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Figure 9. The e¤ects of aspirations on stationary adult accumulation of wealth (s� b) .
Thick solid line: �c= 0; �x = 0; � =1=2. Medium solid line: �c=1=2; �x = 0; � =1=2.
Thin solid line: �c=0; �x = 1=2; � =1=2.
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Figure 10. The e¤ects of aspirations on stationary adult accumulation of wealth (nb� s) .
Thick solid line: �c= 0; �x = 0; � = 1. Medium solid line: �c=1=2; �x = 0; � = 1.
Thin solid line: �c=0; �x = 1=2; � = 1. Thick dash line: �c= 0; �x = 0; � = 2.
Medium dash line: �c= 1=2; �x = 0; � = 2. Thin dash line: �c=0; �x = 1=2; � = 2.
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Figure 11. The e¤ects of aspirations on stationary adult accumulation of wealth (nb� s) .
Thick solid line: �c= 0; �x = 0; � =1=2. Medium solid line: �c=1=2; �x = 0; � =1=2.
Thin solid line: �c=0; �x = 1=2; � =1=2.
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Figure 12. The e¤ects of aspirations on stationary lifetime accumulation of wealth ((n� 1)b)
Thick solid line: �c= 0; �x = 0; � = 1. Medium solid line: �c=1=2; �x = 0; � = 1.
Thin solid line: �c=0; �x = 1=2; � = 1. Thick dash line: �c= 0; �x = 0; � = 2.
Medium dash line: �c= 1=2; �x = 0; � = 2. Thin dash line: �c=0; �x = 1=2; � = 2.
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Figure 13 The e¤ects of aspirations on stationary lifetime accumulation of wealth ((n� 1)b)
Thick solid line: �c= 0; �x = 0; � =1=2. Medium solid line: �c=1=2; �x = 0; � =1=2.
Thin solid line: �c=0; �x = 1=2; � =1=2.
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