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Abstract

We propose new methods for evaluating predictive densities. The methods include
Kolmogorov-Smirnov and Cramér-von Mises-type tests for the correct specification of
predictive densities robust to dynamic mis-specification. The novelty is that the tests
can detect mis-specification in the predictive densities even if it appears only over
a fraction of the sample, due to the presence of instabilities. Our results indicate
that our tests are well sized and have good power in detecting mis-specification in
predictive densities, even when it is time-varying. An application to density forecasts
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1 Introduction

Predictive densities provide a measure of uncertainty around mean forecasts, thus enabling
researchers to quantify the risk in forecast-based decisions. For example, predictive densities
are useful tools for central banks and policymakers, as they allow to take into account
forecast uncertainty in economic decisions. It is therefore important to have a framework
for evaluating whether predictive densities are correctly specified. Diebold et al. (1998,
1999) introduced the probability integral transform (PIT, Rosenblatt, 1952) to economics
and finance as a tool to test whether a predictive distribution matches that of the true (and
unobserved) distribution that generates the data. If the forecasting model is dynamically
correctly specified, Diebold et al. (1998, 1999) show that the PITs based on the forecasts
are Uniform, independent and identically distributed. They propose to test two of these
implications, namely the uniformity and the serial correlation properties of the PITs, in
order to detect mis-specification in density forecasts. Subsequent contributions extended the
PIT framework to account for parameter estimation error and dynamic mis-specification.
The former requires an adjustment to the PIT to account for the uncertainty associated with
parameter estimation. Dynamic mis-specification implies that the information available to
a researcher spans only a subset of the information the true model is in fact conditioned
upon. Among recent contributions, Bai (2003) proposes tests for correct specification aimed
at correcting for parameter estimation error based on martingalization techniques. Hong and
Li (2005) suggest a non-parametric test robust to dynamic mis-specification and parameter
estimation error using the generalized cross-spectrum. Corradi and Swanson (2006a), on
the other hand, propose tests robust to both parameter estimation error as well as dynamic
mis-specification that have the advantage of a parametric rate of convergence. See Corradi
and Swanson (2006b) for an extensive overview of estimation and inference for predictive
densities, and Corradi and Swanson (2006¢, 2007) for empirical applications. However, none
of these approaches has considered testing the "identical distribution" of the PITs; the latter
becomes especially important when the mis-specification of the forecast density appears only
in a sub-sample, say, due to instabilities.

The main objective of this paper is to provide new methodologies for testing the correct
specification of density forecasts that are robust to both dynamic mis-specification as well as
instabilities. Regarding the robustness to instabilities, one of the important assumptions for
the validity of the tests proposed by Diebold et al. (1998, 1999), Bai (2003) and Corradi and

Swanson (2006a) is stationarity (i.e. absence of structural breaks), which we relax in this



paper. In particular, we propose a specification test robust to instabilities by extending the
PIT approach to test whether the predictive density is correctly specified at each point in
time. Our proposed test detects distributional change in the predictive densities even if the
densities are mis-specified by building on the framework proposed in Corradi and Swanson
(2006a,b), although we derive our tests not only within the Kolmogorov-Smirnov class of
tests that they consider, but also the Cramér-von Mises class. A special case of our test is a
test for the constancy of predictive densities over time, which we also analyze. We investigate
the small sample properties of our proposed tests in Monte Carlo simulation exercises. In
addition, we also show that the proposed tests have good power to detect mis-specification
in the predictive distribution even when the mis-specification affects only a sub-sample.

Our approach is primarily related to Diebold et al. (1998, 1999) and especially to Corradi
and Swanson (2006a): we test the null hypothesis of correct specification of density forecasts,
although in a way robust not only to the presence of dynamic mis-specification and parameter
estimation error, but also time-varying mis-specification in the conditional density over time.
Our approach is also related to Inoue (2001). Inoue (2001) develops techniques to test
whether the in-sample empirical distribution of a model is constant over time. There are
two important differences between Inoue’s (2001) approach and ours: we focus on the out-
of-sample evaluation of densities (as opposed to in-sample tests) and our null hypothesis is
different: it involves testing whether the true predictive distribution matches that implied by
a model at each point in time (rather than whether the predictive distribution has changed
over time, as in Inoue, 2001). However, we also discuss a modified statistic for testing
the constancy of the predictive density over time. Our approach is more distantly related to
Rossi (2005): she jointly tests the hypothesis of stability of the parameters as well as that the
parameters satisfy a certain restriction in-sample. The approach taken in this paper is similar
in that we focus on testing a joint null hypothesis of stability in the predictive distribution
as well as correct specification of the predictive distribution. However, it is very different
for two reasons: first, because it focuses on prediction, which requires a different approach
than in-sample tests; second, because it focuses on predictive density tests, which are very
different from tests on parameters. Our approach is more distantly related to Amisano and
Giacomini (2007), who instead focus on density forecast tests of relative predictive ability
in a framework where parameter estimation error is maintained under the null; we instead
focus on tests of absolute predictive ability and we derive density forecast tests where the
asymptotic distribution is corrected for parameter estimation error.

We provide an empirical application of our proposed tests to the density forecasts pro-



vided in the Survey of Professional Forecasters (SPF). Our test uncovers that the predictive
densities of both output growth and inflation are mis-specified and that there is evidence
of time variation in the mis-specification. We detect instabilities in the correct specification
of current year forecast (nowcasts) of inflation and output growth in 1979:I1 and 1985:1V,
right at the onset of the Great Recession. The instability in the specification of the current
year inflation (for which we have the longest span of data available, among our data) co-
incides with the beginning of Volker’s chairmanship of the Federal Reserve, and suggests a
significant change in the way forecasters formed inflation expectations at the time of a major
change in monetary policy. For the one-year-ahead inflation and output growth, the break
is in mid- to late-1990s, though statistically insignificant for the case of output growth. In
general, our results suggest that the densities have been mis-specified both before and after
the estimated break dates, although the nature of the mis-specification varies over time, an
empirical fact that we investigate in detail.

The paper is organized as follows. Section 2 introduces the notation and definitions.
Section 3 presents our test of correct specification of the density forecasts robust to dynamic
mis-specification in the presence of instabilities. Section 4 provides Monte Carlo evidence on
the performance of our test in small samples, and Section 5 presents the empirical results.

Section 6 concludes.

2 Notation and Definitions

We first introduce the notation and discuss the assumptions about the data, the models and
the estimation procedure.

We are interested in the true but unknown h—step-ahead conditional predictive densities
for the scalar variable y;, denoted by ¢ (.), where h is fixed and finite.! We assume that
the researcher has divided the available sample of size 1"+ h into an in-sample portion of
size R and an out-of-sample portion of size P, and obtained a sequence of h—step-ahead
out-of-sample predictive densities, such that R+ P — 1+ h = T + h, to evaluate at the
ex-post realizations. Let F; be the true information set available at time t, however the
forecaster might observe only a subset of the information set, &; C F;. Further, let Z! €
denote the predictors used in the conditional forecast exercise.

Let the sequence of P out-of-sample estimated conditional predictive densities evaluated

IThe true conditional forecast density may depend on the forecast horizon. To simplify notation, we omit

this dependence without loss of generality given that the forecast horizon is fixed.



at the ex-post realizations y;,, be denoted by {¢ (th\%t, @ R) }tT_R, which depend on the
in-sample parameter estimates, ‘/9\75 r, assumed to be a p x 1 vecto?. These parameters are
re-estimated over time using a sample including data indexed 1,...,¢ (recursive scheme),
where t = R,...,T. The latter mimics a forecasting environment where a researcher starts
estimating the model using a window of size R, and then progressively adds an additional
observation to the estimation sample in each subsequent time period as new data become
available.?

We consider the probability integral transform (PIT), i.e. the cumulative density function

corresponding to the density ¢ (.), evaluated at the realized value y;4:

Yt+h ~ ~
Ztrn = / o (U|3t, 9t,R> du = @ (yt+h‘%t> 9t,R) -

— 00

Let

§+h (r) = (1 {q> (ytJrh‘%taé\t,R) < 7"} - 7”) ) (1)
where r € [0,1] denotes quantiles of the cumulative density function, 1{.} denotes the
indicator function, and é;rh (r) measures the distance between the empirical cumulative
distribution function and that of the uniform distribution (which is the 45-degree line, and

hence, 7 itself). We consider the out-of-sample partial sum of &, (r), defined as:

R+[7P]
\I[P (7—7 T) = P71/2 Z é;—i-h (T) ’ (2)
t=R
and the full out-of-sample average:
T
Up (1) = P23 (), 3)
t=R

where 7 € T C (0,1).

In order to derive the asymptotic distribution of the proposed tests we first describe
the asymptotic behavior of the empirical processes Wp (1,7) and Up (7,7) above; then, we
describe our proposed tests and derive their asymptotic distributions. Finally, we describe
how to implement our proposed tests in practice using a detailed step-by-step procedure. In
what follows, ||.|| denotes the Euclidean norm, [7P] denotes the integer of 7P, — denotes
convergence in probability, and = denotes weak convergence in the space of D (I[)O, 1] x )

under the Skorohod topology.

2Results can be generalized to the rolling window estimation scheme where the size of the window is a

fixed fraction of the total sample size.



3 Predictive Density Specification Tests in the Pres-

ence of Instabilities

This section discusses our proposed tests for the correct specification of predictive densities
that allow for dynamic mis-specification under the null hypothesis and that can detect mis-

specification in the predictive density even if it arises only in a sub-sample.

3.1 Assumptions and Asymptotic Results

Let the parameter vector # be estimated recursively, such that:

~ 1.t
O r = argmgmxzz Ino (y;|S-n,0),t=R,R+1,...,T.
j=1

Note that the parameter is estimated directly on h lags of the predictors (in order to obtain
a direct h-step-ahead forecast). Let ¢; (6) = Vgln ¢ (y;|S,-s,6) be a p x 1 vector of scores.
Our interest lies in testing whether ¢; (y141|St) = do (yt+h|3t, HT) at any point in time ¢ over

the out-of-sample portion of the data, that is:
Ho : @ (yeen|Se) = @o (yern|Sy, 07) forall t = R, ..., T, (4)

where &, (th]%t,GT) = Pr (th < y[%t,m) and 07 is the probability limit of @,R. Note
that, under Hy, both the density and the parameters are constant.
We first consider the convergence properties of the empirical process Up (7,7) defined in

(2). We derive our results under the following assumption:

Assumption 1.

Assumption la: (i) for § € O, ® (y.11|St, 0) is twice continuously differentiable on the
interior of © C R?, © compact; (i) each of the elements of Elsupyee |Vo® (yean|S)|>T],
a (p x 1) vector, are bounded by a finite constant, 0 < 1 < 1/2;

Assumption 1b: (i) 01 = arg maxF [In ¢ (y;|S;_p, 0)] is uniquely identified; (ii) In & (y;|S¢_p, 0)
18 twice continuously dz’ﬁerentiableee?n 0 in the interior of © and, for some € > 0, sup;<r1>1
Esup, ||Voqr||'T < oo; (iii) Var [\/LT Z,[;Tl} Q@ (GT)} — TS, V7T € T C (0,1) for some
positive definite matriz Syy; (iv) limp—oo T ZEZ] E (—Veqt (QT)) exists uniformly over
7€ C(0,1) and equals TA (HT)A, which has full rank; (v) SUpTHé\R+[7P]’R — 01| — 0 for

some 07 in the interior of ©.



Assumption 1c: P, R — o0 as T' — oo, and %im% =m 0<7T <003

—00

Assumption 1d: (yt, Zt*h) is a strong mizing («a-mixing) triangular array with mizing

coefficients > j2a (‘7)7Wﬁ < oo for some v € (0,2).
j=1

Assumption le: Let ¢, = ¢, (QT), Voqs = Voqs (97), (a p X p matriz), and

Eern (1) = 1{® (ye4nlSe, 07) <7} — 7 (5)

4¢

(i) For some ¢ > 1, sup,El H [vec (ng) (yt+h|%t,9T))/, Een (1) qlfl < 00;

(ii) [vec (Vo® (y144/Se.07) — E (Vo® (yesnlSe,01))) . (&sn (r) — E (&1 (r)))', q] is strong
mixing with mixing coefficients of size —3d/ (d — 1);

(#ii) under Hy, [vec (ng) (th\%t, 97))/, &n (1), 4y is covariance stationary;

(iv) E[S:z;oo (1 {(1) (yh]%O,GT) < rl} — 7’1) X (1 {<I> (ys|%s,h,0T) < 7’2} — 7“2)] is positive defi-

nite.

Assumption 1f: For every M > 0, in some open neighborhood around 0f, N (QT,M),
R+[rP]
SUPretc(0,1) SWPyven (o1,01) Iz t;% Vo® (27 (r|Se, w)|Sy, v) —E [Ve® (D7 (S, 07)[Se, 07)] ||

= 0, (1), where the o, (1) term is uniform in 7.

Notes to the Assumptions. Assumption la is similar to Corradi and Swanson’s (2006a)
Assumption A2, and imposes mild smoothness as well as moment restrictions on the cumu-
lative distribution function under the null hypothesis.

Assumption 1b is sufficient to obtain the weak convergence of the parameter estimate
based on the partial sum of moment conditions, and follows Andrews (1993). Assumption
1b(i) is similar to Corradi and Swanson’s (2006b, p.272) Assumption CS3(i) and guaran-
tees identification of the parameter estimate; Assumption 1b(ii) is similar to Corradi and
Swanson’s (2006b, p. 272) Assumption CS3(ii) and imposes that the objective function is
sufficiently continuous; it also imposes that the gradient is sufficiently smooth, as in An-
drews (1993, Assumption 1f); 1b(iii,iv) are asymptotic covariance stationarity conditions, as
in Andrews (1993, Assumptions 1c and 1g); 1b(v) is necessary to prove weak convergence of
the estimator, and is adapted from Andrews (1993, Assumption 1d).

Assumptions 1c and le are adapted from West (1996, Assumptions 4,3,1, respectively)

and are necessary to describe the asymptotic behavior of parameter estimation error.

3Note that the contribution of parameter estimation error is negligible asymptotically when 7 = 0. See
West (1996).



Assumption 1d is similar to Inoue’s (2001) Assumption A, and restricts the dependence
of the data. Note that Assumption 1d implies that (yt, Z t_h) is near epoch dependent on an
a-mixing array of size ¢/ (¢ — 2), ¢ > 2 — see Inoue (2001, p. 177). The latter is the same
as Andrews’s (1993) Assumption 1(a).

Assumption 1f is adapted from Bai (2003) and ensures that certain terms in the mean

value expansion are negligible.

The following theorem derives the asymptotic distribution of ¥p (7,7) under the null
hypothesis defined in (4).

Theorem 1 (Asymptotic Distribution of Vp (7,7)) Under Assumption 1 and Hy in (4):
(i) {zeinti_p is U (0,1); (ii) Wp (1,7) weakly converges (considered as variables in the space

([O, 1]2 X ]R) to the Gaussian process U (.,.), with mean zero and auto-covariance function:*

E W (11,711) ¥ (12, 72)] = inf (11, 72) Q (r1,72) , where (6)

Q(ry,m2) = Sea (r1,72) (7)
+200E [V (k(11)[Sy, 01)]" A (07) Sped (67) E [Ve® (k(rs)|S0, 01))]
—IIE [Vo® (r(r1)[S, 01)] A (07) (Sga(r1)) — TSk (r2) A (67) E [V (k(r2)|Se, 607)]

O=1-7'ln(1+7), A (HT) =F (—ngs)fl k(r) = @7 (r|Sy, 01), S =20 E(nd).
Ses (r1,1m2) = F { > (1{@ (ynlS0,0") < i} —r1) (1{® (yalSan, 07) <o} — 7’2)} , and
d=—o0

Sya(r) = d_f;ooE (01 (1{® (yaen S0, 07) <7} —1)] .

Note that the asymptotic distribution in the Theorem 1 is corrected for the presence of
parameter estimation uncertainty. The correction follows from the fact that the forecast den-
sities are evaluated at the probability limit of the parameter values under the null hypothesis
(4), as in Corradi and Swanson (2006b). Note that when parameter estimation error is neg-
ligible, i.e. when II = 0, the variance-covariance matrix of the limiting distribution in (7)
simplifies to the first term on the right hand side, as in West (1996). The simplification may
occur when the researcher has a much larger number of observations to estimate the model’s
parameters (R) than the number of observations used to evaluate the forecast densities out-

of-sample (P). In the latter case, the parameters can be estimated with sufficient precision

4 (.,.) is a Kiefer process.



and the contribution of parameter estimation error becomes asymptotically negligible. Also
note that, by construction, the results are robust to serial correlation and, hence, would also
apply for the case of multi-step-ahead forecasts, where serial correlation of order h — 1 is

built in the forecasts.

3.2 Test Statistics And Their Distributions

We next discuss the tests that we propose. Let

Qp (1.7) = [Rp(1) Fp (,7)]' [Rp(7) Fp (1,7)] (8)
where
R+[rP)] R
pi/2 > n|SeOr ) <=1
Fp(r,r) = t=R <1{<I> (y | Ae > : } > (9)
P_l/zt; <1 {CD (yt+h’%t;9t,R> < T} - 7’>

0 1

We consider two types of test statistics: the first is a weighted Kolmogorov-Smirnov-type

Rp(r) = [ b ] (10)

statistic and the second is a weighted Cramér-von Mises-type statistic:

p = sup sup Qp (r.7) (1)
T€Y rel0,1]
Cp = foer (7,7)drdr. (12)

The following Theorem describes the asymptotic distribution of the tests we propose.

Theorem 2 (Predictive Density Tests Robust to Instabilities) Under Assumption 1
and Hy in (4):

kp =sup sup Qp (7,7) (13)
7€T rel0,1]

= sup sup {U°(7,r) ¥°(r,r)+ ¥ (1,r) ¥ (L,7)},

7€T rel0,1]

and
Cp = foolQp (1,7)drdr = fool {0 (7,7) O (1,7) + ¥ (1,7) U (1,r)} drdr, (14)

where W° (1,r) = Y (1,7r) — 7V (1,r) is a Gaussian process with zero mean and covariance
function E{¥° (11,r1) V° (12,r2)} = [inf (71, 72) — T17a] Q (r1,72). Reject Hy at the o - 100%

significance level if kp > Kq.p and Cp > Cy.p.

9



For a given estimate of € (ry,73), the critical values of kp and Cp can be obtained
via Monte Carlo simulation. We suggest to estimate € (ry,rs) using a HAC covariance
matrix, such as the Newey and West (1987) HAC estimator with a Bartlett kernel.” We
discuss this further in the next sub-section, where we describe a step-by-step procedure that
illustrates how to implement our tests in practice. We should emphasize that our tests are,
by construction, robust to dynamic mis-specification. We demonstrate this property in our
Monte Carlo simulations as well. As previously discussed, our tests are also robust to the
presence of serial correlation in the PITs and can be applied for the case of multi-step-ahead
forecasts, h > 1, as well.

In addition, it might also be of interest to test for correct specification in specific parts
of the distribution.® For example, one might be interested in the tails of the distribution,
which correspond to outliers; for example the left tail, where r € [0,0.25], or the right tail,
where r € [0.75, 1], or both: r € {[0,0.25] U [0.75,1]}. Or, one might be interested in the
central part of the distribution, for example r € [0.25,0.75]. Of course, this is possible in our
framework: it merely requires defining the appropriate grid for » when implementing (11)
and (12).

Our proposed tests differ from those existing in the literature in several ways. In par-
ticular, the test proposed by Corradi and Swanson (2006a) would be a special case of our
approach for Rp (1) = RS (1), where RS (1) = [ 0 1 } instead of (10) and for the case
of a Kolmogorov-Smirnov-type test implemented on the absolute value (rather than the
square) of Rp(7)Fp (1,7).” Let k%% and C§® be defined as in (11) and (12), where Qp (7,7)
is constructed using R$Y (7). Thus, the test proposed by Corradi and Swanson (2006a,b) is

L3 (o (i) =0} )

The the main difference between our tests and theirs is that we are concerned with testing

equivalent to:

. (15)

rel0,1]

SHAC estimation is also suggested in Inoue (2001) as an alternative to the bootstrap he proposes. Inoue
(2001) discusses the computational challenges involved in using this type of procedure. With the increase
in computing power in the last decade, we find this constraint less binding. While it might be possible
to design a bootstrap methodology to use in this context along the lines of Inoue (2001) or Corradi and
Swanson (2006a), we leave this for future research. Preliminary Monte Carlo simulation results suggest that

a moving block bootstrap does not perform well in terms of size in our framework.
6See van Dijk and Franses (2003), Amisano and Giacomini (2007) and Diks et al. (2011) for a similar

idea in the context of point forecast and density forecast comparisons.
"Note that, by construction, the test built on |Rp(7)Fp (r,7)| and that built on [Rp(r)Fp (1,7)]’

[Rp(7)Fp (1,1)] are equivalent, and differ only in their critical values.

10



for the correct specification of the predictive density in the presence of instabilities whereas
they assume stationarity. In other words, we test the null hypothesis that the PIT is uniform
at each point in time; they test the null hypothesis that the PIT is uniform on average over
the out-of-sample portion of the data.

Note that our tests are also different from those proposed by Inoue (2001), who tests the
null hypothesis of constancy of in-sample densities over time, and does not address the issue
of correct specification. While Inoue’s (2001) approach is designed for in-sample densities,
our approach is for out-of-sample forecast densities. At the same time, Inoue’s (2001) null
hypothesis in our out-of-sample context becomes a null hypothesis on the constancy of the
PITs over time, and one could consider tests for instabilities in the density forecasts inspired
by Inoue (2001). Thus, the out-of-sample version of Inoue’s (2001) test is another special
case of our approach with Rp (1) = RL (1), where RL (1) = [ 1 —7 } instead of (10). Let
kL and CL be tests for the stability of the PITs defined as in (11) and (12), where Qp (7,7)
is constructed using R% (7). The Kolmogorov-Smirnov test in Inoue (2001) can be rewritten

as:®

R+[7P] 2

1 o~ r T N
I
i =sup sup |—= 3 1{@ (590 0ir) <rb = —= 2 1{@ (enlSefur) <1}
v P P VP

€Y refo,1] t=R

and the Cramér-von Mises test statistic is instead:

R+[7P] 2

/ / \/_ Z L {CI) <yt+h|\yt’0t R) < T} - _Zl{ (yt+h|$ta§t,R> < 7“} drdr.

Note that our proposed kp and Cp statistics focus on testing the joint null hypothesis of
constancy of forecast densities over time as well as their correct specification, whereas k%

and C'L would only test constancy.

3.3 How to Implement the Proposed Tests

In this sub-section, we provide a step-by-step description of how to implement our proposed

tests in practice in the leading case of a linear forecast model,

Y = Ty_p 8+ Ern, (16)

8Note that we take the square function of Inoue’s (2001) statistic d,,(m/n,t) in the Kolmogorov-Smirnov
version of the test, whereas he considers its absolute value. As suggested previously, this will not affect the

rejection frequency of the test statistic.

11



2

where Var (e,4|S4—5) = 0 and the density used for evaluation is a Normal. Let 5 be a

(p — 1) x 1 vector of parameters, and § = [, 0?]', a vector of dimension p x 1.
1. Obtain the test statistics x, or Cp as in equations (11) and (12) as follows:

la. Recursively estimate the parameters {(Z r} of the conditional predictive distribu-

tion of the variable y;p, for t = R, ..., T.

1b. Calculate the cumulative distribution function (cdf) &, (th\%t, @ R) specified

under Hy — in this example, a Normal distribution.

lc. Consider a discretized grid for r and 7. For example, in our Monte Carlo we con-
sider r=[0.1,0.2, ...,0.9)', of dimension (n, x 1), and 7= [0.15,0.16,...,0.85) = T,
of dimension (n, x 1). For every r €r and 7 €7, calculate Up(7,7) as in equation
(2). The latter gives the first component in Fp(7,7) in equation (9). The second

component in Fp(7,7) is obtained similarly by setting 7 = 1.

2. Construct the critical values by simulating the limiting distribution that includes the

correction for parameter estimation error, as follows:

2a. First, estimate the various components of the variance €2 (r1,72). Let Q (r) be the
) . 1 I §tth (Z)

HAC estimate of the covariance of the ((n, + p) x 1) vector =3 . :
=k \ q(01,r)

where ¢;(0; r) is the (p x 1) vector of scores and &, (1) is the (n, x 1) vector of

the distance between the empirical cumulative distribution of the PITs and the

uniform distribution evaluated at the vector r, also of dimension (n, x 1).” In the

case of a Normal density and the linear regression model in equation (16), the

score is a p x 1 vector with the following elements

q <é) B [(yt - IQ—hBt,R)fé—h (e = xé_hét’R)Q ; ]/~ (17)

o 254 252

S S '
Let S(r) = ( ve () Se (1) ) be the HAC estimate of the covariance of
Sqa (1) Saq
i (1) . . . .
(5 ) , for Sgs (r) of dimension (n, x n,) and S,, of dimension (p X p).
q:\Ut,r

Note that See (11,72) is the (ry, r2) — th component of See (1).

9Note that qt(@7R) does not depend on r.

12



S. I15!
2b. Then, estimate the (n, x n,) matrix Q (r) as Z(r) ( v (1) o (1) ) =

E(r)',
[LSge (r) 2115
where II =1 — (%)_1 In (1 + %) and:

/ -1
=05 - p3 v (weia)]| |13 (v 0)] |
t=R t=R

where: the first element of the (n, x (n, + p)) vector =(r) is the (n, x n,) iden-
tity matrix, I, ; the second element is the product of two components: the
first is the average gradient of the PIT, i.e. the average of Vy® (/{(r)|%t, 9}7 R>/,
of dimension (1 x p), stacked across the values for r into the (n, x p) matrix

R /
Vo® (/@(z)]%t, 0, R) ; and the second is the inverse of the average gradient of the

score, Vgq; (ét R), of dimension (p x p). It is important to note that the gradient
of the PIT is evaluated not at the realized values of the data, but rather at the
values that would have yielded cumulative probabilities equal to the values of the

discretized grid of r. That is, the gradient is evaluated at x(r) = @1 (r|Sy, ét, R)-

For the Normal distribution, we have

_ZUt—th:g,h B (yt - :B:%hﬁt,R)xt—h
2 1
A o o
Voq, <9t R) = LR BR
(e wwBr)re 1 (e — 2y Br)? |
1 1 6
Ot.R 2%3 O+ R

and thus the estimate of A (QT) is [—% ZtT:R Voq: (ét,R)} _1.

Since in our examples we have used a Normal distribution for both the in-sample
estimation as well as for the out-of-sample evaluation, we can derive the following
formulas for the gradient of the PIT:

~ A _ Tt—n ~ A x:e_hBt,R%
V@ (50180 0r ) = S5 B(ulu < 5)@(k(r)[S, 0,m) -~
Oi R OR

. 1 .
552 2(6(1)ISe, Our) + 55 {E(’|u < w(r)®(k(r)|Se, Our) — -
Ot R 2Ut,R

201 B ulu < s )03, o) + (honBin) (IS )},

D(k(r)|S¢, Or.r)

v, ® (m(r)mt, ét,R) —_

and Vy® (/@(r)|%t,ét73> - {vﬁcp <K(r)|st,ét73)',vazq> <K(r)|st,ém)}/, which

is of dimension (p x 1) for any r €r. In the above, F(u|u < y;3) and E(u?|u <
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Ys+n) are the conditional non-central moments for a truncated Normal distribu-
tion. Let Gy = (Yon — x;Bt r)/0t R, then for the truncated Normal distribution

we can write

E(ulu < yien) = TiBir — 61 g((gii};))
~ . 2
ot ) < 1) - (522)

&(Yi1n) being the standard normal distribution evaluated at g, and ®(g;.p) its

cumulative. Furthermore, F(u?|u < yyyp) = Var(ulu < yen)+ Eulu < yen)?

2c. Finally, for each Monte Carlo replication, we simulate the test statistics. Let I’
be the matrix of n, row-replications of 7, of dimension of n, x n,.'° Also, define
Q, (r,r) = (min (I TV) = T © I")®Q (r), where ® denotes the element by element
product of two matrices, which has dimension (n, x n,) X (n, X n,).'! Also let
Q. (,7)"* denote its Cholesky factor, such that Q. (7,7) = Q (r,7)"* Q. (z,7)"%.
Let v be a vector of (n, X n,) x 1 draws from a standard normal distribution;
we generate U° (r,r) = QL2 (r,r) v, which corresponds to a simulation of the

vector ¥° (7,r1) = Z(r) #[RE[EP] < Sen (1) ) - TZT: ( Sen (1) ) | directly over

t=R qt t=R qt

2 We then reshape the latter into an (n, x n,) matrix, for convenience,

time.!
whose (7,7) — th component is the simulated value of ¥° (7,7). We also gen-
erate the (n, x 1) vector ¥ (1,r) = Q(r)"?n, where 7 is a (n, x 1) standard
normal, independent of v, whose r-th component is denoted by v (1,7). The
latter is the simulated W (1,r). Note that ¥°(z,7) and ¥ (1,7) correspond to
the components of the limiting distribution of the proposed tests, (11) and (12).
We then construct the test statistics, kp = sup, . sup,., ve (r,7)° + v (1, r)Q]
and Cp =3, . > .., [\ffo (7,7)> + ¥ (1,7)?| . Repeat the simulations for a large
number of replications. The critical values at the 10,5, and 1 percent significance
levels correspond to the 90, 95, and 99 percentile values of the test statistics across

Monte Carlo simulations, respectively.

0For example, such set can be generated by the operation "[I', '] = meshgrid (r,7)” in Matlab.
HEach element of Q. corresponds to E [U° (11,71) U° (72, 79)] defined in equation (6), over 7 and r.

12Tn fact, rather than generating the ((n, + p) x 1) vector < Se+n (1) ) , we focus on = (1) ( Se+n (1) ) ,
at qt

for Z (r) defined in step 2b, and we generate it as g (r,7) = Y2y, where v is an (ny X m,) X 1 vector.
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4 Monte Carlo Evidence

In this section we analyze the size and power properties of our proposed tests in small
samples for both correctly specified and mis-specified forecasting models. In our Monte
Carlo analysis, we compare the performance of the following tests: the test that we propose,
kp and Cp defined in Theorem (2), which focus on testing whether a Normal predictive
density is correctly specified at each point in time; the %% and C%° tests, which focus
on whether the Normal predictive density is correctly specified on average over the out-of-
sample period (k$° is Corradi and Swanson’s (2006a,b) test); the x5 and CL tests, which

focus on testing whether the Normal predictive density is constant over time.

4.1 Size Analysis

To investigate the size properties of our tests we consider two Data Generating Processes
(DGPs). The forecasts are based on model parameters estimated recursively for t = R, ..., T+
h. We consider several values of R = [1000, 500,200, 100] and P = [1000, 500, 200, 100] to
evaluate the performance of the proposed procedures in finite samples for h = 1. The DGPs,
inspired by Corradi and Swanson (2006a), are the following:

DGP S1 (Autoregressive Model): Let y, = pys—1 + €,6¢ ~ dN (0,1), p = 0.2. The
estimated model is an autoregressive model with one lag: Fiy.11 = py;.

DGP S2 (Lag Mis-specification): The data generating process is y; = p1yi—1+ payi—2 + &4,
where ¢, ~ iidN (0,1) and p; = p2 = 0.2. The estimated model is: Eyy, 11 = py;.

The estimated model in DGP S1 is correctly specified whereas that in DGP S2 is mis-
specified. In all cases, the parameters are estimated by OLS using a recursive estimation
window scheme. The HAC bandwidth used to estimate the variances is one.

Table 1 shows the results. Panel A in Table 1 reports results for correct specification
tests of the density forecasts robust to instabilities (kp,Cp); panel B reports results for
tests for the traditional tests of correct specification of the density forecast (k%% C$®); and
panel C reports tests for instabilities in the density forecasts over time (x5, C%). Table 1
shows that our tests perform very well in finite samples, with mild over-rejections in the lag

mis-specification case.

4.2 Power Analysis

To investigate the power properties of our tests, we consider three DGPs. The DGPs are:
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DGP P1 (Constant Mis-specification). The data are generated as: y; = pu + m¢ +
¢ (n3, — 1) V2, where m; 4 and 15, are iidN (0, 1) and independent of each other, and y = 1.3
We report results for various values of ¢. The case ¢ = 0 corresponds to the Normal density
case; when c is positive, the density becomes a convolution of a Normal and a y? distribution,
where the weight on the latter becomes bigger as ¢ increases.

DGP P2 (Parameter Instability). The data are generated as: y, = u; + o4&y, where
gy ~ 1idN (0,1) and py = gy = 1, 0y = 0y = 1 for t = 1,2, ..., R. Further, p, = (14 ¢) pq,
oo=1+c)oyfort=R+1,..Ty,and iy = (1 —c)py, 00 = (1 =)oy for t =T1 + 1,..., T}
T, = [0.8P]. We report results for various values of ¢. The case ¢ = 0 corresponds to the
constant parameter case; the larger c is, the more instability there is in the parameters.

DGP P38 (Time-varying Mis-specification). The data are generated as: y = p +114
+o 13,/ V2] ‘1(t > T), where n;, and 1, are 4dN (0, 1), independent of each other, and
pw =1 0 = 2. When T} = T, the distribution of y; is Normal; as T} decreases, a x?
distribution is added to the error term starting at time 77; as a consequence, the shape of
the distribution in the data changes over time.

The results are shown in Table 2. Recall that the mis-specification tests evaluate whether
the predictive density is Normal. The table shows that, across all designs, our proposed
density tests robust to instabilities (kp,Cp) have good power properties in detecting mis-
specification, even when it only appears in parts of the sample. On the other hand, the other
tests may lack power: Panel A shows that the instability tests (x5, CL) have no power to
detect mis-specification in the predictive density when the mis-specification is constant over
time; the correct specification tests (k&%, C$?) do instead detect mis-specification, and, by
construction, have higher power than the density forecast tests robust to instabilities. At
the same time, Panel B shows that the correct specification tests have less power than our
proposed tests in detecting mis-specification in the moments of the predictive distribution,
when the shape of the distribution is correctly specified; in the case of time-varying parame-
ters, by construction the instability tests would detect the instabilities with a higher power
than our proposed density tests robust to instabilities. Similar results hold in the presence
of time-varying mis-specification, as Panel C shows. Overall, our tests are more robust to
detecting possibly time-varying mis-specification across all the designs than the other tests

which focus only on either time-variation or constant mis-specification.

13Note that (77§7t — 1) V/2 is a chi-squared distribution with zero mean and variance one, that is, it has the

same mean and variance as 7 ;, although the shape is different.
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5 SPF Density Forecast Evaluation

The Survey of Professional Forecasters (SPF) collects information on density forecasts for
inflation and output growth made by professional forecasters in the U.S. The forecasters
assign a probability value (over pre-defined intervals) to the year-over-year inflation and
output growth rates for the current calendar year (nowcast) and the following year (one-
year-ahead forecast). The forecasters update their probabilities for the nowcast and the
one-year-ahead forecasts on a quarterly basis, and over the course of the year the survey
obtains several forecast values for the same target variable.

Diebold et al. (1999) are among the first to evaluate whether the SPF density forecasts
of inflation are correctly specified. In particular, they assess whether realized inflation rates
are consistent with the empirical distribution of the mean probability forecasts of the survey.
Interestingly, they note the presence of time variation in density forecasts, and emphasize
that, in their sample, the distribution has shifted from over-estimating a large negative shock
to over-estimating large shocks of either sign. While the Diebold et al. (1999) finding of time
variation is empirically very interesting, it is based on an ad-hoc choice of sub-sample periods.
However, it is not necessarily the case that sub-samples chosen with an ad-hoc procedure
identify when the forecast distribution has indeed shifted or become more mis-specified. In
addition, if the sub-samples were chosen using information from the data, this should be
taken into account when evaluating the presence of mis-specification in sub-samples. Our
procedure can detect mis-specification even if it appears only in a sub-sample of the data
and the researcher does not need to pre-specify the sub-sample; rather, the data will let the
procedure detect it. We therefore proceed to test the correct specification for the SPF density
forecasts by using our test. In addition to inflation (the variable considered in Diebold et
al., 1999), we also investigate the conditional density forecasts of output growth.

We obtain the mean probability forecasts from the Survey of Professional Forecasters,
which are publicly available from the Federal Reserve Bank of Philadelphia. We focus on
real GNP/GDP and the GNP/GDP deflator as measures of output and prices. The realized
values of inflation and output growth are based on the real-time data set for macroeconomists,
also available from the Federal Reserve Bank of Philadelphia.!* The SPF dataset presents
several challenges since the questionnaire has changed over time in various dimensions: there
have been changes in the definition of the variables, the intervals over which probabilities

have been assigned, as well as the forecast horizon. The most important change in the

!4The data are available at http://www.philadelphiafed.org/research-and-data/real-time-center.
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density forecast evaluation process is the switch from GNP to GDP in 1992:1. However,
since the change in the definition of the forecasted variable affects both the forecast and
the target values simultaneously, we do not consider it as a major impediment. On the
other hand, the probability forecasts for output growth are in terms of nominal GNP, as
opposed to real GNP, prior to 1981:I1I. Even though we do have probability forecasts for
inflation for the same period of time, it is unclear how to derive an implied probability for
the joint dynamics of nominal output and prices in order to estimate the density for real
output. To mitigate this problematic issue, we truncate the data set and only consider
the mean probability distribution forecasts of GNP/GDP for the period 1981:111-2011:1V.
For the GNP/GDP price deflator, however, we use the full sample of data on probability
forecasts, available for 1968:1V-2011:1V. We should also note that, in the sample period we
consider, both nowcasts and one-year-ahead forecasts are available for the output growth.
For inflation, the one-year-ahead forecasts become available only starting 1981:I11. Thus,
the sample sizes for the various forecast densities that we consider differ depending on the
availability of the data, which might affect the empirical results. We deal with the fact that
the intervals over which forecasters historically provided probability forecasts has changed
over time by considering, for each period of time, a normal approximation to the discrete
forecast density distribution provided by the SPF.!?

We use the year-over-year growth rates of output growth and inflation calculated from
the first quarterly vintage of real GNP/GDP and the GNP/GDP deflator in each year to
evaluate the density forecasts. For instance, in order to obtain the growth rate of real
output for 1981, we take the 1982:1 vintage of data and calculate the growth rate of the
annual average level of GNP/GDP from 1980 to 1981. We consider the annual-average
over annual-average percent change (as opposed to fourth-quarter over forth-quarter percent
change) in output and prices to make it comparable with the definition of the variables that
SPF forecasters provide probabilistic predictions for.

Table 3 reports the empirical results. The table has three panels. Panel A considers
the tests of correct specification robust to instabilities proposed in this paper (the kp, Cp
tests); Panel B focuses on the Corradi and Swanson (2006a,b) test (x$%, C5®). Both tests
evaluate whether the Normal density is an appropriate specification for the SPF density

nowcasts and one-year-ahead forecasts of output growth and inflation. Panel C reports

5 Note that the use of a normal interpolation would be problematic in case our empirical evidence did
not reject the correct specification of the density forecasts, as the latter might be caused by the Normal

interpolation. However, we reject the correct specification notwithstanding the Normal interpolation.

18



results of tests for instability in density forecasts (the xL,CL tests). The test statistics
consistently reject the respective null hypotheses of correct specification at each point in time,
correct specification on average, and stability at 5% significance level for both inflation and
output growth nowcasts and for one-quarter-ahead inflation forecasts, suggesting both mis-
specification and time-variation over the out-of-sample evaluation period. The evidence of
time-variation is consistent with Andrade et al. (2012), who also document time-variation in
the performance of individual-level SPF density forecasts, with an emphasis on the dynamics
of the inter-quantile ranges and skewness measures.

The value of R + [7P] associated with the largest value of the xp statistic may provide
an indication regarding the date of a potential break in the mis-specification of the density
forecasts.!S The date for inflation and output growth nowcasts is around the beginning of
1980s, right at the onset of the Great Moderation. In particular, the date is 1979:11 for
inflation nowcasts, which coincides with the beginning of Volker’s disinflation period. For
the one-year ahead inflation and output growth, the date is closer to the late 1990s.'”

Note that our proposed tests detect whether the correct specification has been violated in
at least some part of the sample, but do not directly determine whether it has shifted from
being correctly calibrated to mis-specified, or vice versa, or whether the mis-specification
has changed over time. We shed further light on the proper calibration of the PITs by
plotting the density forecasts before and after the dates suggested by the kp test. Figure
1 reports the density forecasts of output growth and Figure 2 those of inflation. In both
figures, Panel A reports the density forecast estimated on average over the out-of-sample
period for the nowcast (on the left) and the one-year-ahead forecast (on the right). Panel
B reports density forecasts for the nowcast and Panel C reports one-year ahead density
forecasts, both depicted over the sub-samples determined by our procedure. The solid line
plots the expected value of a U(0, 1) over 10 bins (i.e. 0.1). Comparing Figures 1 and 2, it is
clear that the mis-specification is worse for inflation than for output growth. Interestingly,
the density forecast for the current year inflation (in Figure 2, Panel B), suggests a shift
towards severe over-estimation of the tail risk after 1979:II1. Note that, by looking at the
full out-of-sample period only (the left graph in Figure 2, Panel A), one would detect the
existence of mis-specification on average but would miss that, before 1979, forecast densities

were substantially better calibrated. For the case of one-year-ahead inflation, on the other

16The date is determined as R + [7* P], where 7* = argsup, {sup, £p(7,7)}.
1"The date is different if one only looks at the instability tests for output growth, which is 2004:1. Thus,

structural breaks in density forecasts do not necessarily match potential dates for mis-specification.
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hand, the surveys have improved the estimation of the upper tail risk after 1996:1.

Our empirical results are important in the light of the finding that survey forecasts are
reportedly providing the best forecasts of inflation. For example, Ang et al. (2007) find that
survey forecasts outperform several competing forecasting models (including the Phillips
curve, the term structure and ARIMA models) and that, when combining forecasts, the
data assign the highest weight on survey information. Our results suggest that surveys are
still not providing a correct forecast for the whole distribution of inflation, at least when

considering a Normal distribution.

6 Conclusions

This paper proposes new tests for predictive density evaluation. They are designed to be
robust to the presence of mis-specification as well as instabilities in the mis-specification. The
techniques are based on Kolmogorov-Smirnov and Cramér-von Mises-type test statistics. An
empirical application of the proposed methodologies to the SPF uncovers that both output
growth and inflation density forecast are mis-specified and finds significant evidence of time-

variation in the mis-specification.
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7 Appendix A. Proofs

Below we prove Theorems 1 and 2.
Proof of Theorem 1. (i) That {zt+h}fz r 18 U (0,1) under H, follows from Corradi and

Swanson (2006b, p. 213).
(ii) Note that:

U _ ! & )
p(r,r)= ﬁ (1 {CD (yt+h|\5t; ‘9t,R> < 7”} - 7“) (18)
1 R+[7P] "
= 5 2 ({2 bl <o (07 (1300a) 1900) } - 1) a9
t=R
ST (0 Gt < 8 (5 (90 ) 900) )~ (50 (190.) )
t=R
(20)
1 R+[TP]
+ 75 2 (@27 (11900im) 13061) =) )
t=R
ST (0 Gt < 8 (50 (90 ) 90 1)} 0 (50 (190.) )
t=R (22)
R+[rP]

7%§wqwm%%mm@@r@ )

for 0, p € (@ R 9*), where (19) follows from Assumption 1a(i),'® and the last passage follows

from a mean value expansion.!’

We first show that
R+[7TP]

% S (1@ (enlSn 01 < @ (@7 (1[90,000) 190,67) } = @ (@71 (1|90, 00) 190,61) )
t=R

1 R+[7P]

=75 Z (1{® (y140]S, 07) <7} —7) + 0, (1); (24)
Py

181n fact, note that (19) follows from ® (yt+1‘%t7 @;,R) <7 implies y;41 < @1 (r\%t, @)R), which in turn
implies that ® (yo1]S1,07) < @ (@1 (710,00, [S1,61) .

YFollowing Corradi and Swanson (2006b, p. 276), we have: r = & (@’1 (r|§‘yt,§t7R) |St,§t7R) =
o (qu (r\%t, @,R) |<st,ef) 1V, (qu (r\%t, (Z,R) |<st,5t,R) (é},R - m) :
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we then proceed showing that

R+[7P]
% Z Vo <<I>_1 (Hgtaé\t,}%) |%t,§t,R>l <§t,R - m)
" o1 R+[TP] N
= 5 [Vo2 (87 (119007 130.60]) = 3= (o —0") +0, (1), (25)

t=R

where the o, (1) term holds uniformly in 7 and r. Recall &, () defined in (5).
Regarding (24), under Hy, ®(.) is a stationary strong mixing process given the fact
that » € [0,1] and that the indicator function is bounded, as bounded functions of mixing

processes are mixing — White, 1984, p. 50) ; thus,

1 R+[7P]
Pr | sup sup  sup [Se4n (1) = &1 (r2)]| > €
7 rel0,1] ro:jr—ra|<é \/_ Z
1 [TP]
= Pr{spyF s s |3 [ () — Gy ()] > 2| 0

T rel0,1] ro:|r—ra|<é | V TP =1

as 0 — 0 using the fact that 7 is bounded between zero and one, and Corradi and Swanson
(2006a, p. 796, proof of eq. 12). Note that Assumptions 1b,d ensure that, for7 € T C (0,1),

-1
1 _
__ . _ = T
ilel}r) T;V(;qj (Qt,R) TA (8 ) ? 0,
as in Andrews (1993, eq. A.8, p. 848), which implies that

R+[TP] -1

sup || | — Z ng] 9,5 R — A (QT) — 0, (26)

TEY P

which guarantees that a condition similar to West’s (1996) Assumption 2(a) holds. Thus,
the latter also implies that sup;|t* (@ R— 0*) | = 0 for 0 < a < 1/2 by Assumption le and
p
Lemma A3 in West (1996), which also implies that sup;|7* (@; R — GT) | — 0. This latter
p

result and Assumptions la(ii) ensure that (24) holds following an argument similar to that
in Corradi and Swanson (2006a, p. 796, proof of eq. 13).2°

20Corradi and Swanson (2006b) note that the argument in Corradi and Swanson (2006a) carries over

out-of-sample.
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Regarding (25):

R+[TP]
p1/2 Z Vo (01 (1|5, O |<3t,§t13)'(9§ﬂ—9*) (27)
T o 1 R+[TP] N T
=E[Ve® (&7 (7|3, 07) Sy, 07)] —= Orr—0") + 28
Vo0 (87 (19060 196 0) 75 5 (e =) 29
1 R+[7TP] R 3 ;o
P Z {V@‘b( <T|%t79t,R> |%t79t,R> —F [VQ@ (@_1 (T|%t,0T) |%t,9T)}} (Qt,R — 9T>
t=R
(29)
1 R+[TP]
= E[Vy® (r(r)|S:, 01)] i Z <9m— )+op(1), (30)

where (29) converges in probability to zero uniformly over time by Assumption 1f (cfr. Bai
(2003, eq. C5).
It follows from (18), (24) and (25) that:

R+[TP]
Up(1,1) = % (1{® (yesn|Se, 0) <7} — 1) (31)
R+[7P]
_ B [Ve® (k(r)| S, 0] % S (Br—0") 40, 1)

t=R

t
Let Q; = %qu (HT) and, for simplicity, ¢; = ¢; (HT). From the first order condition for
j=1

the estimation of the parameter and a mean value expansion, we have:

1~ /- 1¢ N
0= ?;Qj (9@3) = Qt -+ ;jzlvm]j (Gt,R) <6)t,R - 0T> ; thUS,

Re[rP] Ry - &
p1/2 Z (é\t,R _ 9T> — _p1/2 Z %ZV@QJ (gt,R)] Q= p1/2 Z A (HT) Qs
‘—R t=kR L j=1 t=h
(32)
YRR AN N f
+ P 2 _—;;Ve)qj' (et,R)] —A(07) ¢ Q1 (33)
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Given (26), the last term in (33) is o, (1). By

where A (HT) is defined in Theorem 1.
= 0, (1), it follows from Assumption le and West (1996

R+[7P]
‘IZQJ( )

noting that P~1/2 3

t=R
Lemma A4(c)) that:
1 R+[7P] 1 RJr[TP]l t
— Y <9t,R - 9*) A0 = > S g0, (1). (34)
VP =R Pzt j=1
It follows from (31) and (34) that
R+[7P] R+[rP]
Up Z Ean (1) — E [Vo® (r(r)[Sy,01)] A Z Qi+0,(1) (35)
1 R+[7P] f h
=1 = E[V® (1), 0 }— " +o,(1). (36)
{ [ (V )] A" = ;; t »
- EK;?’T,’I‘)
The result will follow by a reasoning similar to Theorem 2.1 in Inoue (2001) if we show
that: (a) the sample covariance kernel converges to the specified covariance kernel; and (b)
we establish convergence of the finite dimensional distributions of ¥p (74,71) to the finite
) and tightness holds.

dimensional distribution of W (.
(a) First, we show that lim E [Kp (11,71) Kp (72,72)'] is absolutely convergent (which

’ T—o0
implies that the limiting variance of Kp (7,7) is absolutely convergent, since E [Kp (7,7)] =

0). From (36):
KP(T 7“1 KP 72,7"2)
_R+ o §t+h (7"1) Rﬂip] fs+h 7”2 I
f Q: VP Q.
Re+[r1 P|R+[r2 P]
> ;% e (1) @

R+ T1P R+ TQP}

Z Yo Ceen (1) Espn (r2)
s=R t=R s
R+[m1 P] R+[m2P]

t=R

R+[T1P]R+[T2P]
., [TP]. Note that, since the parameter is esti-

Z Z Qt§s+h (7“2)

k=j
R+[7P]

Let arj, = [TP (R+ k)" for j =0,.
> Qi=aror (@1 + ... +qr) +ar1+qri1+-.. +arp-1 rqR+[rP]

mated via a recursive scheme
t=R

21 This follows from a reasoning similar to West (1996, p. 1081)
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R+[7P]
Thus, Z Q; = RHTH bi-q: where b, = ago, for t = 1,..,R and b;, = agtr, for

t =R —|— 1 o R+ [TP]. Since {b; .} is a sequence of deterministic bounded (by unity)
constants and ¢; is strong mixing, b; -¢; is mixing (White, 1984, Theorem 3.49). Thus,

R+ T1P] R+ T2P R+ T1P R+[T2P]

71! Z Q¢ Z Q =T Z b G Z bsmq;
s=1

R+[T1P] R+[7'2P]

:T_l Z Z bt,nbs,mqtqze‘

t=1 s=1

Also, let éﬂ =0 for s < R and §+1 = ;41 for i > R; then, from a similar reasoning,

R+[TQP] R-i—[TlP] R-‘F[TQP] R+[T1P] _
T Z Z Qiarn(ro) | =T Z Z biry @stn (r2) |, and
s=R t=R s=1 t=1
R+[7'1P]R+[TQP] R+[T1P]R+[T2P]

Tt Z Z §t+h 4] €5+h 7“2 =7 Z Z §t+h 1 fs+h (7“2)

Thus,

Kp (11,71) Kp (12,73)"
R+ T1P}R+[T2P} R+ T1P]R+[T2P]
Z Z ft+h (T1)§s+h (7“2) Z Z §t+h (7“1) mqg

R+[TQP]R+[T1P] 1 R+[m1P] R+[m2P]
Z Z bt ,T1 qt€s+h (r2) Et ! E : bt ,T1 s T2 ths

is absolutely convergent since, by Theorem A5 in Hall and Heyde (1980), Assumption 1d

el

and 7ljm (£) < oo (which follows from Assumption 1c), each element is finite:

T T
<T'Y ME
t=1 s=1

< AT~ 12204 (t—s) < i a(j) < oo,

t=1 s=1 j=—o00

R+[11 P]R+[12 P)

! Z Z E)£t+h 1 fs+h 7“2

£t+h 1 fs+h (7“2)

R+[11 P] R+[r2 P]

T T T T
T Y D Elbinbenad ST Y Y Eladl| 4T 0 a(lt—s) < D a(i) <o,

t=1 s=1 t=1 s=1 t=1 s=1 j=—o00

ST DN B\ (r2)| AT "ot —s))

t=1 s=1 t=1 s=1

R+[71 P|R+[r2 P

le Z

bt,rl thwh (7”2)

o0

<Y al) <o

j=—o0
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Thus, 7{z’m Kp (11,71) Kp (72,72)" is absolutely convergent.
From Lemma Al(c) in Inoue (2001), we have:

R+[r1 P] R+[r2P] !
$on (1) 1 Eorn (12)
(G (o) (F 5 (o))
| | L&)\ 1 () )
— min (71, T2) %L%E (ﬁ; ( 0, ) ﬁ;% ( 0. ) ) . (37)

Note that 7{im E ( Z Q: E Q. > 2115, by Assumptions 1c and le and Lemma A5 in

West (1996). Note also that lem E ( > Z Qesin (1 )> = I15,¢ () by Assumptions lc and
oo t=Rs=

t=Rs=
where S,,, Syo (1) and See (71, 72) are defined in Theorem 1. Thus,

: Eevn (1) Estn (T2) / [ Sea (r1,m2) TSig (1)
zéz_@oE(\/_Z< O, )\/_Z< 0. ))( S, (r2)  2I1S,, >

(38)

le and Lemma A6 in West (1996). Also, jéim E ( > Zth (r1) Esan (7"2)> = Soa (r1,72),

Hence, by combining (36), (37) and (38), we have:

[I]

EVp (1,7m1)¥Yp (12,72)] = min (11, 72)

Sea (r1,72) ILS7s (r1) =
1Sy (r2) 2ILS

= min (73, 72) - Q(r1,72), where
Q (r1,72) = Spa (r1,72) + 2IE [V® (k(r1)|Se, 01)] A (67) SyeA (67) E [Ve® (r(r2)| S, 67)]
—TIE [Vo® (r(r1)[S, 01)] A (687) Sya (1) — TLSLg (r2) A (67) E [V (k(r2)|S0, 07)] .

Thus, limp_coE [Yp (71,71) Up (T9,72)] = min (74, 72) Q (r1,72) .
(b) follows from (a), Assumption 1 and Theorem 2.1 in Inoue (2001). m
Proof of Theorem 2. Egs. (9) and (10) together with Theorem 1 imply:
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[ R+[TP]__ T R
[(1 T) P pi/2 Z ft+h( ) — TP1/? > Eern (T)]

— t=R+[TP]+1
Rp(7)Fp (1,1) = R+[7P]A -
P2 Gn(r)+ X &ern (7")]
=R t=R+[rP]+1

RA[rP] T .
p1/2 Z §t+h( )_Tpfl/i;zfﬁh (7”)]

p1/2 _ERgtJrh (7)

AL TR AR A A
v (L7) \ean )
Thus, by the Continuous Mapping theorem and Theorem 1, [Rp(7)Fp (7,7)] [Rp(T)Fp (7,7)] =
e (7,7) U (r,r) + U (1,7)' U (1,7). m
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8 Tables and Figures

Table 1. Size Properties

Panel A: Correct Specification Tests Robust to Instabilities

DGP S1
Kp Cp
R P: 1000 500 200 100 1000 500 200 100
1000 0.05 0.04 0.04 0.05 0.04 0.04 0.04 0.05
500 0.04 0.03 0.04 0.04 0.05 0.02 0.02 0.05
200 0.05 0.04 0.04 0.03 0.05 0.04 0.04 0.03
100 0.05 0.05 0.04 0.05 0.05 0.04 0.04 0.04
DGP S2
Kp Cp
R P: 1000 500 200 100 1000 500 200 100
1000 0.09 0.08 0.08 0.10 0.09 0.09 0.08 0.12
500 0.08 0.07 0.08 0.09 0.08 0.07 0.07 0.08
200 0.07 0.08 0.08 0.07 0.08 0.08 0.08 0.08
100 0.09 0.08 0.06 0.09 0.08 0.08 0.08 0.10
Panel B: Correct Specification Tests
DGP S1
Hgs C'gs
R P: 1000 500 200 100 1000 500 200 100
1000 0.06 0.05 0.04 0.05 0.05 0.04 0.03 0.06
500 0.06 0.03 0.04 0.04 0.04 0.02 0.03 0.05
200 0.05 0.04 0.04 0.03 0.06 0.04 0.04 0.02
100 0.05 0.05 0.05 0.06 0.04 0.04 0.04 0.04
DGP S2
KGS cgs
R P: 1000 500 200 100 1000 500 200 100
1000 0.09 0.07 0.07 0.11 0.08 0.08 0.08 0.12
500 0.07 0.05 0.07 0.09 0.08 0.07 0.07 0.08
200 0.07 0.07 0.07 0.07 0.08 0.08 0.08 0.08
100 0.09 0.07 0.07 0.08 0.09 0.08 0.08 0.09
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Panel C: Instability Tests

DGP S1
Kp CL
R P: 1000 500 200 100 1000 500 200 100
1000 0.03 0.03 0.05 0.03 0.04 0.03 0.05 0.03
500 0.03 0.03 0.03 0.03 0.02 0.03 0.05 0.04
200 0.04 0.02 0.03 0.02 0.04 0.03 0.04 0.02
100 0.03 0.02 0.02 0.03 0.03 0.02 0.03 0.03
DGP S2
Kp Ch
R P: 1000 500 200 100 1000 500 200 100
1000 0.10 0.08 0.10 0.06 0.10 0.08 0.10 0.08
500 0.10 0.09 0.08 0.09 0.08 0.11 0.09 0.11
200 0.10 0.08 0.08 0.08 0.08 0.07 0.07 0.08
100 0.09 0.07 0.07 0.07 0.08 0.09 0.07 0.08

Note. The table reports empirical rejection frequencies for the respective test statistics at the 5% nominal size for various values of P
and R. The number of Monte Carlo replications is 500; critical values are simulated with 100 replications; = = [0.15,0.16,...,0.84,0.85] and

r =[0.1,0.2,...,0.8,0.9].
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Table 2. Power Properties

Instability Robust Correct Correct Instability
Specification Tests Specification Tests Tests
Panel A: DGP P1
Kp Cp kG Ccss kb Ch
0 0.04 0.04 0.04 0.04 0.05 0.04
0.5 0.04 0.05 0.04 0.05 0.03 0.04
1 0.13 0.14 0.14 0.15 0.03 0.04
1.5 0.30 0.34 0.33 0.35 0.03 0.04
2 0.50 0.60 0.52 0.61 0.03 0.04
2.5 0.73 0.82 0.77 0.83 0.04 0.04
Panel B: DGP P2
c Kp Cp KGo Ccss kb Ch
0 0.04 0.04 0.04 0.04 0.05 0.04
0.25 0.16 0.14 0.12 0.12 0.19 0.24
0.5 0.66 0.47 0.52 0.33 0.88 0.85
0.75 0.97 0.92 0.93 0.75 1.00 1.00
1 1.00 1.00 1.00 0.99 1.00 1.00
1.25 1.00 1.00 1.00 1.00 1.00 1.00
Panel C: DGP P3
T,/T Kp Cp KG? css kb Ch
600 0.04 0.04 0.04 0.04 0.05 0.04
580 0.27 0.29 0.21 0.24 0.33 0.41
560 0.78 0.78 0.63 0.68 0.72 0.79
540 0.96 0.97 0.94 0.96 0.69 0.75

Note. The table reports empirical rejection frequencies for the respective test statistics under the alternatives of DGP P1, DGP P2, and DGP
P3. R =500, P = 100. The number of Monte Carlo replications is 500; critical values are simulated with 100 replications;

7 =1[0.15,0.16, ...,0.84,0.85] and r = [0.1,0.2, ..., 0.8, 0.9].
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Table 3: SPF’s Mean Probability Forecast Distribution
Series Name: GDP Growth GDP Deflator Growth

Panel A. Forecast Density Tests Robust to Instabilities

Horizon: Kp Cp Break Kp Cp Break
0 2.4038*% 0.9451* 1985:1V 13.3484* 4.8776* 1979:11
1 0.6177  0.2175 1998:1V 11.3842* 5.0318* 1995:1V

Panel B. Correct Specification Tests

KGS cgs KGS cgs
0 2.3134* 0.8760* - 12.4986* 4.7087* -
0.3692  0.1281 - 10.2736*  4.8199* -

Panel C. Instability Tests

K Cp Kp Cp
0 0.7476*  0.0691 2004 0.8581%  0.1689% 1982:1I
0.5838  0.0894 1998:1V 1.7244%  0.2119% 19951V

Note. "*’ indicates rejections at 5% significance levels. The tests are implemented with = € [0.15,0.16,...,0.85] and r € [0.1,0.2,...,0.9]. The
number of Monte Carlo replications used to obtain critical values is 1000. The SPF data samples are as follows: 1968:IV - 2011:IV for inflation
nowcast (h=0), 1981:I11-2011:IV for output growth nowcast (h=0), 1981:IIT - 2010:IV for one-year-ahead inflation (h=1), 1981:I11-2010:1V for

one-year-ahead output growth (h=1).
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Figure 1: Changes in the Density Forecasts of Output Growth
Panel A: Full Sample (1981:111-2011:1V, 1981:111-2010:1V)
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Panel B: Sub-sample Analysis for Nowcast (1981:111-1985:1V, 1986:1-2011:1V)
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Panel C: Sub-sample Analysis for One-year-ahead Forecasts (1981:111-1998:1V, 1999:1-2010:1V)
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Note. The histograms depict the PITS for indicated sample periods. The solid line plots the expected value of a U(0,1) over 10 bins, i.e. 1/10 = 0.1.
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Figure 2: Changes in the Density Forecasts of Inflation
Panel A: Full Sample (1968:1V-2011:1V. 1981:111-2010:1V)
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Panel B: Sub-sample Analysis for Nowcast (1968:1V-1979:11, 1979:111-2011:1V)
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Panel C: Sub-sample Analysis for One-Year-Ahead Forecast (1981:111-1995:1V, 1996:1-2010:1V)
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Note. The histograms depict the PITS for indicated sample periods. The solid line plots the expected value of a U(0,1) over 10 bins, i.e. 1/10 0.1.
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