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Abstract

The core of an assignment market is the translation, by the vector
of minimum core payoffs, of the core of another better positioned
market, the matrix of which has the properties of being dominant
diagonal and doubly dominant diagonal. This new matrix is defined
as the canonical form of the original assignment situation, and it is
uniquely characterized by these three properties. The behavior of
some well-known cooperative solutions in relation with the canonical
form is analyzed. The kernel and the nucleolus of the assignment
game, are proved to be the translation of the kernel and the nucleolus
of the canonical representative by the vector of minimal core payoffs.

Keywords assignment game, core, kernel, nucleolus

1 Introduction

In a bilateral assignment market, a product that comes in indivisible units
is exchanged for money, and each participant either supplies or demands
exactly one unit. The units need not be alike and the same unit may have
different values for different participants. From these valuations, a matrix
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can be defined which reflects the profit that can be obtained by each buyer-
seller pair if they trade. Assuming that side payments are allowed, Shapley
and Shubik (1972) define the assignment game as a cooperative model for
this bilateral market and prove the nonemptiness of the core.

In the present paper we introduce a canonical representative for the as-
signment matrix. The entry related to a mixed pair in the canonical form
is given by the second marginal contribution of their partners by a fixed
optimal matching. The canonical representative can also be derived from
the buyer-seller exact representative introduced in Nifiez and Rafels (2002b)
and this allows to prove that its definition does not depend on the chosen
optimal matching. The main result states that the core of the original mar-
ket is the translation, by the vector of minimal core payoffs, of the core of
its canonical form. Moreover, the canonical representative of the assignment
game has dominant diagonal and doubly dominant diagonal, and it is unique
with these properties among all the markets with a core that is a translation
of the core of the original assignment game.

It follows straightforwardly that the 7-value (Tijs, 1981) of an arbitrary
assignment game is the translation, by the vector of minimal core payoffs, of
the tau-value of its canonical form.

Also, an easy characterization of the extreme core allocations of those
assignment games with dominant diagonal and doubly dominant diagonal
matrices is given in Izquierdo et al. (2006), that now, by means of the above
translation, provides a characterization of the extreme core allocations of an
arbitrary assignment market.

After that, we ask whether other solutions to an assignment market can
be obtained by translation of the same solution applied to its canonical form.
The question is affirmatively answered in the case of two other well-known
solutions, the kernel and the nucleolus of the assignment game.

In Section 2, the basic concepts regarding the assignment model are re-
called. In Section 3 we introduce the canonical representative and prove it
is the unique dominant diagonal and doubly dominant diagonal assignment
matrix among those with a core that is a translation of the core of the orig-
inal market. The fact that the kernel of an arbitrary assignment market is
the translation, by the vector of minimal core payoffs, of the kernel of its
canonical form is proved in Section 4. The same property is proved for the
nucleolus in Section 5. Section 6 concludes.



2 The assignment game

Let us consider a two-sided market with a finite set of buyers M of cardinality
|M| = m and a finite set of sellers M’ of cardinality |M'| = m/, and let
A = (aij)iemxm be a nonnegative matrix where a;; represents the profit
obtained by the mixed—pair (i,j) € M x M" if they trade. Let n =m +m’
denote the cardinality |N| of N =M U M'.

The assignment problem (M, M’', A) consists in looking for an optimal
matching between the two sides of the market. A matching up C M x M’
between M and M’ is a bijection from some My C M to some M| C M’
such that |My| = |Mj| = min{|M|, |M’'|}. We write (i,j) € p as well as
j = u(i) and i = u~'(j). We denote the set of matchings between M and
M’ by M(M,M'). Moreover, we say a buyer i € M is not assigned by p
if (i,7) € p for all j € M’ (and similarly for sellers).

We say a matching p € M(M, M') is optimal for the market (M, M’ A)
if for all u' € M(M,M'), we have >, . aij = D ep @iy, and will
denote the set of optimal matchings by M*% (M, M’). Given S C M and
T C M, we denote by M(S,T) and M?*(S,T) the set of matchings and
optimal matchings of the submarket (5,7, Ajgxr) defined by the subset S
of buyers, the subset T of sellers and the restriction of A to SxT . If S =1
or T = ), then the only possible matchings are u = () and by convention

Z(i,j)e@ a;; =0.
By adding null rows or columns if necessary, we will assume that A is

square, which means that the assignment problem has as many buyers as
sellers.

Assignment games were introduced by Shapley and Shubik (1972) as a
cooperative model for a two-sided market with transferable utility. Given
an assignment problem (M, M’ A), the player set is N = M U M’ and the
matrix A determines the characteristic function wy. Given S C M and
T CM, wa(SUT) = max{}_, ;c,a; | p € M(S,T)}. Notice that a
coalition formed only by sellers or only by buyers has worth zero.

Shapley and Shubik proved that the core, C(wa), of the assignment
game (M U M’ wy,) is nonempty and can be represented in terms of any
optimal matching p of (M, M’, A). Once fixed any such optimal matching,
(u,v) € RM™ x RM is in the core if and only if u; > 0 for all i € M,
v; >0 forall j € M, u;+v; >a; forall (i,7) € M x M, w; +v; = a;
if (4,7) € p and u; = 0 if ¢ € M is not matched by p, while v; = 0 if
j € M’ is not matched by .



Moreover, the core has a lattice structure with two special extreme points:
the buyers—optimal core allocation, (u,v), where each buyer attains his max-
imum core payoff, and the sellers—optimal core allocation, (u, ), where each
seller does.

From Demange (1982) and Leonard (1983) we know that the maximum
core payoff of any player coincides with his or her marginal contribution:

U =wa(MUM') —wa(MUM)\{i}) foralli e M, and (1)
Uy =wa(MUM) —wa((MUM)\{j}) forall j € M.
From (1), once fixed p € M*%(M,M’), and taking into account that wu; +

Tpu(s) = Qipgi) , since (u,v) € C(wy), we get that the minimum core payoff of
a buyer ¢ who is matched by p is

;= (i) + wa((MUM)\A{u(i)}) — wa(M U M), (2)

while u;, = 0 if ¢ is not assigned by p. Similarly the minimum core payoft
of a seller j who is matched by pu is

v; = a1y +wa(M UM\ ™' ())}) —wa(MUM). (3)
The two aforementioned extreme core allocations of the assignment game

are not, in general, the only ones. We will denote by Ext(C(wya)) the set of
extreme points of the core of (M UM’ wy).

3 The canonical matrix

We associate to each assignment game, a new assignment market the core of
which preserves the same structure but has the additional property of being
large.! This related assignment game will be named the canonical represen-
tative of the original market. Given an assignment game (M U M’ w,),
where N = M U M’, and in order to introduce its canonical form, some
notations are needed.

The marginal value of player i to the coalition S, ¢ ¢ S, is given by
Ni(S,wa) = wa(SU{i}) —wa(S), and the special case where S = N\ {i}
is denoted by A;(wa) = wa(N) — wa(N \ {i}) and named the marginal
contribution of player 7.

'For an arbitrary coalitional game (N, v), the core is said to be large (Sharkey, 1982)
if for all aspiration y € R™ such that y(S) > v(S) for all S C N, there exists = € C(v)
that satisfies xp <y for all k € N.



The second difference of two different players, i and j, to coalition S
such that 4,5 ¢ S is A;j(S,wa) = wa(SU{i,j}) +wa(S) —wa(SU{i}) —
wa(SU{j}). Notice that A;;(S,wa) = A;i(S,wa). The special case where
S = N\ {i,j} is named the second marginal contribution of players i and
J, and it is denoted by A;j(w4) = wa(N) +wa(N\{i,5}) —wa(N\ {i}) —
wa(N\ (7).

The marginal value of player ¢ to the coalition S measures the con-
tribution of this player to the coalition S. The second difference of play-
ers i, j to the coalition S measures how the marginal value of one of the
players changes with respect to the other player. Notice that A;;j(w4) =
AZ(SU{j}, U)A)—Al(s, U)A) and also Aij(wA) = Aj(SU{’L}, U}A)—AJ’(S, U)A) .

Once fixed an optimal matching p € M*% (M, M’), the canonical matriz
A° associated to the assignment problem (M, M’ A) is defined, for any

mixed pair (i,7) € M x M’ by the second marginal contribution of their
optimal partners.

Definition 1 Let (MUM' wa) be an assignment game with as many buyers
as sellers and let it be p € M* (M, M'). The canonical representative of the
assignment game (M U M’ wy) is another assignment game with the same
set of agents and defined by the matriz A° where, for all (i,7) € M x M’

aj; = Dty pm1(5) (Wa)
or equivalently
aj; =wa(MUM') + wa(MUM\{p"(5), 1(i)})
— wa(M UM\ {p(i)}) —wa(M UM\ {u""(5)})

Since u(i) and p~'(j) belong to opposite sides of the market, they are
complements, and by Shapley (1962) their second marginal contribution is
non-negative. Thus, af; > 0 for all (4,7) € M x M" and A° properly defines
an assignment market.

The canonical representative may seem to depend on the fixed optimal
matching x, but in fact it does not. To see this, for all (i,j) € M x M’ let
us denote by a;; the solution to the following linear programme,

min  u; +v;. 4

(u,0)EC(wa) J ( )

Once fixed any optimal matching, p € M*%(M,M'), the solution of the
above programme is given by (see p. 430 in Nunez and Rafels, 2002b)

afj = Ai(i) + =15y, +wa(M UM\ {7 (5), p(i)}) —wa(MUM'). (5)

bt



Notice however that, by (4), aj; does not depend on the fixed optimal match-
ing, but only on C(wy) .

An assignment game is said to be buyer-seller exact if no matrix entry can
be raised without modifying the core of the game. That is, (M U M',w,)
is buyer-seller exact if and only if for all ¢ € M and all j € M’ there
exists (u,v) € C(wy) such that u; +v; = a;;. For an arbitrary assignment
game (M UM’ ,wy), the matrix A™ = (af;)(ijjemxm just obtained defines
the buyer-seller exact representative (M U M’ wyr) of (M UM’ wy,). This
means that it is the unique assignment market with the same core as the
initial assignment market, C(war) = C(w,), and with the property of being
buyer-seller exact.

Taking into account expressions (5), (2) and (3), we can easily verify
that?, for all (i,7) € M x M’

afj = a:j - — Yy (6)

Notice that the right hand side of (6) does not depend on any fixed optimal
matching and, as a consequence, the canonical matrix A¢ is well-defined
since it does not depend on the chosen optimal matching.

If we define another matrix with m rows and m’ columns, A, by
a;; = u; +v; for all (1,j) € M x M’ and taking into account the above
consideration, the following proposition follows straightforwardly.

Proposition 2 Let (M U M',wys) be an assignment game with as many

buyers as sellers. The canonical matriz A° satisfies A= A" — A.
The following example illustrates how to obtain the canonical form of an

assignment game and also gives some intuition about its properties.

Example 3 Consider the 2 x 2-assignment market defined by the following
matriz A :

172
1 3
2 0|2

There is only one optimal matching which is p = {(1,1'),(2,2")} and thus
the worth of the grand coalition is wa(MUM') =5. By (1), (2) and (3), the

*The substraction of u; and v; from a;; instead of a;; does not guarantee non-
negativeness



buyers-optimal and the sellers-optimal core allocations are (u,v) = (3,1;0,1)
and (u,0) = (2,0;1,2). As a consequence, the vector of minimal core payoffs
is (u,v) =(2,0;0,1).

It is easy to check that C(wa) is the convex hull of the three extreme
points (2, 0; 1, 2), (3, 0; 0, 2) and (3, 1; 0, 1), and the projection of the core
to the space of payoffs to the buyers is depicted in the first picture of Figure
1.

U, U,
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I - | |
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Core of w, Core of w, «

v

Figure 1: The core of the game in Example 3 and of its canonical form

We use Definition 1 to obtain the canonical representative of the above
assignment market. For instance,

ajy = wa(MUM')+wa(MUMN\{1,1})

—wa(MUMN\A{1}) —wsMUM\{1'})=(6+2)—2+4) =1,
afy = wa(MUM)+wa(MUM\{2,1})

—wa(M UM\ {2}) —wa(MUM\{1'})=(5+4)—(4+4) =1,

and similarly a5, =0 and aS, = 1. Thus the canonical representative A°
is

17 27
1 1|1
2 0| 1

Notice that the core of this canonical representative is the triangle with
vertices (0, 0; 1, 1), (1, 0; 0, 1) and (1, 1; 0, 0). Again we depict its
projection to the buyers’ space of payoffs to see that this core is a translation
of the core of the original assignment market. Since the origin is in the core
of the canonical form, the vector of translation is the vector of minimal core

payoffs: Clwa) = {(w,v)} + Clwac) .



Moreover, different to the initial market (M U M’ ,wy), the core of the
canonical representative (M U M, wae) is large.

Assignment games with large core have been characterized by Solymosi
and Raghavan (2001) by means of two properties of the assignment matrix:
dominant diagonal and doubly dominant diagonal. An assignment game
(M UM’ ws) with as many buyers as sellers has dominant diagonal if and
only if, once placed an optimal matching in the diagonal, a; > a;; for
all j € M’ and a; > aj; for all j € M. As these authors point out,
this is equivalent to saying that each agent has a null minimal core payoff.
Since the property of having null core payoff does not depend on the optimal
matching placed on the diagonal, it follows that, for all © € M* (M, M),
the assignment game has dominant diagonal if and only if, for all i, € M,
Qi p(iy) = Qi j for all j € M’ and i, (i) = Qipliy) for all 7 € M.

An assignment game with as many buyers and sellers and an optimal
matching placed on the diagonal has doubly dominant diagonal if and only
if a;; + arr > ag + ag; for all 4, j,k € M. It is proved in Nuiiez and Rafels
(2002b) that this property characterizes those matrices with the property of
buyer-seller exactness, that is, those where each matrix entry is attained by
some core element. Since buyer-seller exactness is a property of the game
which does not depend on the optimal matching placed on the diagonal,
for each p € M (M, M’), the assignment game (M U M’ w,) has doubly
dominant diagonal if and only if a;; + aguk) = Giurw) +ax; for all 4,5,k € M.

Recall that the translation of a convex game C' C R™ by the vector
t € R" is the set of vectors x € R" such that z =t +y with y € C.
Formally, {t} +C ={t+y|ye C}.

The next theorem gives a characterization of the canonical representative.

Theorem 4 Let (MUM',wa) be an assignment game with as many buyers
as sellers. The matrixz A° is unique among those matrices A’ such that

1. A’ has dominant diagonal,
2. A" has doubly dominant diagonal and

3. C(wy) is a translation of C(wa) .
PRrROOF: We first prove that A€ satisfies the three properties in the statement
of the theorem. To prove the property of translation of the cores, recall first

that C'(wa) = C(war). Let us see first that both matrices A” and A¢ have
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the same set of optimal matchings (and as a consequence, they have at least
one optimal matching in common). It happens that p € M}‘V(M M'") if and
only if, for all u' € M(M, M) it holds > ;i ai; = > (; iyew @i » and this

is equivalent to

PIEEDBUEDIES DR AP S LD DL

(i.5)€p ieM JEM' (3,9)Ep’ icM jeM’

which is equivalent to > o af; > D e, af; for all p' € M(M,M'),
and this is equivalent to the fact that p is also an optimal matching for
(M, M’ A°).

Now, let us see that C'(wa) = {(u,v)}+C(wae), or equivalently C(war) =
{(u,v)} +C(wye) . Take (u,v) € RM xRM and define (u/,v’) € RM x RM’
by

u; = u; — u,;, for alli € M and vj = v; —v;, forall j € M.

We claim that (u,v) € C(war) if and only if (v/,v") € C(wae). To see
that, notice first that, since (u,v) is the vector of minimal core payoffs of
(M UM, wa), if (u,v) € Clwar) then u; > u; and v; > v;, and thus we
get u; > 0 and v; > 0. Conversely, if u; and v; are non- negative, since
this implies u; > u; and v; > v;, non-negativity also holds for u; and v;.
Moreover, since for all i € M and JEM wi+v;=u;+ vj u; —v; and
aj; = aj;—u;—v; , we have that u;+v; > af; if and only if u+] > ag; Take
now i E /\/l* (M, M’) and recall that p is also an optimal matchlng for A"
Then, if (4,7) € pu, we have that u; +v; = aj; if and only if uj + v} = ag

From the argument above follows straightforwardly that, since war is
buyer-seller exact, wae is also buyer-seller exact and thus A€ has doubly
dominant diagonal. Notice only that if (u,v) € C(war) satisfies u; + v; =

aj; , then (u',v') = (u,v) — (u,v) belongs to C(wac) and satisfies u} + v} =
i
It remains to prove that A° has dominant diagonal. Once proved that
C(war) is the translation of C(wac) by the vector (u,v), it follows that,
if we denote by (u®,7¢) and (u® v°) the sellers-optimal and the buyers-
optimal core allocation of (M UM’ wac), then (u,v) = (u,v) + (u°,7°) and
(w,v) = (w,v) + (w,v°) . Then, u;, = u,+uf forall i € M, and v; = v; +v5
for all 7 € M’. Thus, every agent has a null minimal core payoff in the game
w4e which means that A° has dominant diagonal.

Qa

Finally the uniqueness of the matrix A’ satisfying the three requirements
follows easily. On the one hand, if C'(w,) is a translation of C(wa), since
(M UM’ wa) has dominant diagonal and thus null minimal core payoffs,



the vector of translation must be (w,v). Secondly, once C(wy/) is deter-
mined by C(wa) = {(—u, —v)} + C(wa) = C(wac), recall from Nufiez and
Rafels (2002b) that there exists only one assignment game with a given core
and with the property of being buyer-seller exact (or equivalently doubly
dominant diagonal). O

Recall from Solymosi and Raghavan (2001) that having dominant diag-
onal and doubly dominant diagonal characterizes those assignment games
with large core (and also those assignment games which are exact). Then,
the following corollary follows from Theorem 4.

Corollary 5 Let (M U M’ wya) be an assignment game with as many buy-
ers as sellers. The canonical representative (M U M’ wye) is the unique
assignment game with a core that is large and is a translation of C(wa) .

We now ask which is the behavior of the main cooperative solutions to
the assignment game with respect to its canonical representative. Those
solutions tightly related to the core behave as expected: the buyers-optimal
core allocation of the assignment game is the translation, by the vector of
minimal core payoffs, of the buyers-optimal core allocation of the canonical
representative. The same happens with the sellers-optimal core allocation.
Since the T-value of the assignment game is the midpoint between the buyers-
optimal and the sellers-optimal core allocation (Nunez and Rafels 2002a),
the 7-value of the assignment game is also the translation, by the vector of
minimal core payoffs, of the buyers-optimal core allocation of the canonical
representative.

In Izquierdo et al. (2006) we show that the set of max-payoff vectors
coincides with the set of extreme core allocations for those assignment games
with large core. To introduce these vectors some notation is needed. An
ordering # on N = M U M’ is a bijection from {1,2,...,n} to N =
M U M'. We then denote an ordering 6 by (ki ks, ..., k,) where, for all
ie{l,2,...,n}, k; = 0(i) is the agent that occupies place i. The set of
predecessors of agent k, € M UM’ in the ordering 6 is P} = {k € MUM’ |
6-'(k) < 0'(k.) }, and the set of all orderings on N is denoted by Sy .

Let (M UM’ ws) be an assignment game. For all § € Sy, the maz-
payoff vector z°(A) € R™ related to 6 is defined by zf (A) = wa(ky) =0
and, for all r € {2,...,n},

.1'9 (A) maXiEPgTﬂM{Oa Ak, — xf(A)} if ky € Mla
LA maxXepo qpr {0, ak,; — (A} i keM.
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Once fixed and ordering, the first agent receives a null payoff and, after
that, each agent receives the maximum profit he can obtain by trading with
one of his predecessors on the opposite side of the market, after paying this
partner what the vector 2’ has already allocated to him.

It is proved in Izquierdo et al. (2006) that, for those assignment games
with as many buyers as sellers, the set of max-payoff vectors coincides with
the set of extreme core allocations of the assignment game if and only if the
assignment matrix is dominant diagonal and doubly dominant diagonal.

Now, as a consequence of Theorem 4, the set of extreme core allocations
of an arbitrary assignment market turns out to be the translation, by the
vector of minimal core payoffs, of the set of max-payoff vectors of its canonical
representative.

Corollary 6 Let (M UM’) be an assignment game with as many buyers as
sellers and let A¢ be its canonical representative. The set of extreme core
allocations s

Ext(C(wa)) = {(u,0)} + {27(A) Y gesy »

where (u,v) is the vector of minimal core payoffs of the game (MUM' wy,) .

4 The kernel

In this section we consider another set-solution concept for coalitional games
that is known as the kernel of the game. We will see that, as it happens with
the core, the kernel of an assignment game is the translation, by the vector of
minimal core payoffs, of the kernel of its canonical representative. The kernel
K(v) of a coalitional game with transferable utility (IV,v) is a set-solution
concept introduced by Davis and Maschler (1965), and it is always nonempty.
In the case of a zero-monotonic game (v(S) = v(T) + 3 ;e p v({i}) , for all
T C ), as it is the case of assignment games, the kernel is given by

K(v) ={z € RN | sz = v(N) and s7;(2) = sj;(2) for all 4, j € N, i # j},
keN

where the maximum surplus sj;(z) of player i over another player j with

respect to the allocation z € RV in the game (N, v) is defined by

sti(z) =max{v(S) = > =z |SCN,i€S,j¢S}.

ij
kes
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Then, the kernel can be understood as the set of all efficient allocations for
which all pair of players are in equilibrium.

The first analysis of the kernel of an assignment game, K(wj,), is carried
out by Rochford (1984) who characterizes the intersection between the kernel
and the core. She points out that, for those (u,v) € C(wya), the maximum
excess s;;(u,v) is attained either at a mixed-pair coalition or at a single-
player coalition, and the same happens to s;;(u,v). Also Granot and Granot
(1992) analyze some properties of the intersection between the kernel and the
core of the assignment game. Once Driessen (1998) proves that the kernel
of an assignment game is included in the core, the above remarks can be
put together to provide a simplified definition of the kernel of an assignment
game.

We will denote by ®(A) the set of pairs (i,5) € M x M’ belonging to
all optimal matching of the market (M, M’ w,). Notice then that, since we
assume A square®, if (i,5) & ®(A) then there exists u; € M* (M, M") such
that p1(¢) # 7 and thus s;;(u,v) = iy, @) — W — V) = 0 for all (u,v) €
C(w,) . Similarly, there exists uy € M* (M, M’) such that u;'(j) #4 and
thus also s;;(u,v) =0.

As a consequence,
K(wa) = {(u,v) € Clwa) | si5(u,v) = s5i(u,0), ¥(i,j) € 2(A) }  (7)

where s;;(u,v) = max{—u;, a;;, —u; —vj, Vj1 € M"\ {j}} and s;i(u,v) =
max{—v;, a;,; — u;, — v, ¥iy € M\ {i}}.

The above expression substantially reduces the number of equality con-
straints that are to be taken into account to obtain the kernel of an assign-

ment game. We are now prepared to prove the relationship between the
kernel of an assignment game and that of its canonical form.

Theorem 7 Let (MUM' wy) be an assignment game with as many buyers
as sellers. Then,

K(wa) = {(u,v)} + K(wae)

where (u,v) is the vector of minimal core payoffs of the game (MUM' wy4) .

PROOF: Since we know from Nunez (2004) that K(wa) = K(war), we will
in fact prove that K(war) = {(w,v)} + K(wae). Moreover, since C(wy) =

3This assumption is not restrictive at all since when we add null rows or columns to
make the matrix square, the kernel of the new market is obtained from the kernel of the
original one by giving a zero payoff to the added dummy agents.
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C(war) = {(u,v)} + C(wac) , and we know that the kernel of the assignment
game is included in the core, we will prove that, for all x € C(war), x €
K(war) if and only if y = 2 — (u,v) € K(wae) . Recall also from the proof of
Theorem 4 that A" and A€ have the same optimal matchings, which implies

D(AT) = B(A°).

Now we prove that, for all (i, j.
si(x) = st (y) and it (x) = 575,
will be considered.

) € ®(A") and all x € C(war) it holds
(y

), where y = x — (u,v). Two cases

Case 1: Assume u; = 0. Take any z € C(wy4-) and consider y = z—(u,v).

If s (x) is attained at the single-player coalition, s, (z) = —u;, .

Tk Jx

Then on one side —z;, = —yl* —u;, = —¥;, . Moreover, for all j € M\ {j.},

in this case sA (x) sAC (y) where y=1x— (u,v).

i i

If s (x) is attained at a mixed-pair coalition, s/ (z) = aj ; — x;, —
xj, = ag j — Yi. — Yj - Moreover, for all j € M’ \{j*,]l} it holds aj ; —
Ty, —Tj > ag —xz* —xj=aj ;—vi, —y;. Finally, af ; —a;, —xj > —x;, =
—Yi, — W, = — VY, - Thus, also in thls case sfi]*(x) = sﬁ;(y) :

Case 2: Assume now that u, > 0. We first claim that, under this assump-
tion, for all € C(war) it holds i (T) # =y,

To prove the claim, assume there exists © € C(war) such that s (z) =

x;, . This means that, for all j € M"\ {j.}, —x;, > aj ; —x;, — x;, which
means that

aj ; < xj forall j € M"\ {j.}. (8)

Define then a payoff vector # € RM x RM' in the following way: Tj =,
forall j € M'"\ {j.}, Z;. = @i, +xj., & = x; for all i € M\ {i.} and

*

We now prove that £ € C(wa-). To do that, fix any optimal matching
p€ M, (M, M') and notice that ¥ > 0 forall ke MUM'; %, +3; =
vi+x; = aj; forall (4,7) € p; Ti+7; > aj; forall i € M\{i.} and j € M';
and, by (8), T, +x; =x; >a;  forall j € M\ {j}. From 7 € C(U}Ar)
follows that u; =0 in contradlctmn with the assumption of Case 2.

Our second claim is that, under the assumption that u; > 0, there exists
J2 # J« such that w; +7;, = aj ;, . If that were not the case u; +v; > aj
for all j # j., we could define e = minj.;, {u,;, +7v; — aj ;, u,, } > 0. Then
the payoff vector (u,v) € RM x RM' | where u;, = u; — ¢, vj, =0, +¢,

1 x

w; = u; forall i € M\ {i,} and v; =7; forall j € M'\{j.}, would belong
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to the core, in contradiction with the definition of w; as the minimal core
payoff of agent i, .

Then, by our first claim, there exists j; € M’ \ {j.} such that

r

sV (r) = max {ai; —

s
i gji*—xj}:a.*. — X
g FEMN\{jx} s

— T =G — Yo — Yin-

*

Moreover, for all j € M'\ {j., ji}, ai

a; ; — yi, — yj - By our second claim, there exists jo € M"\ {j.} such that
w; 05, = ag ;- Then, aj ; —x;, —xj > aj ;,—Ti, —Tj, = w; +0j,—T;, —Tj, =
—;. +u;, = —y;, . This concludes the proof of s/, (z) = s/, (y) in Case 2.

The proof of s (x) = s27 (y) is analogous and thus left to the reader.

We have then seen that = € K(w,) if and only if y =z — (u,v) € K(wac),
which finishes the proof of the theorem. O

. J— . T — . J— . —
= Ti, =Ty 2 G~ T, — T =

5 The nucleolus

The nucleolus is a single—valued solution concept for TU coalitional games.
Let us recall the definition, which is due to Schmeidler (1969). Recall that
an imputation of a game (N,v) is a payoff vector = € R" that is efficient,
Y ien Ti = v(N), and individually rational, x; > v({i}) for all : € N'. The
set of imputations of (N, v) is denoted by I(v). For all imputation x of
(N,v), and all coalition S C N, the excess of coalition S with respect to x
is e(S,z) = v(S) —x(S). Now, for all imputation z, let us define the vector
0(x) € R* 72 of excesses of all coalitions (different from the grand coalition
and the empty set) at x, arranged in a nonincreasing order. That is to say,
forall ke {1,...,2" =2}, Ox(x) = e(Sk, ), where {S1,..., Sk, ..., Sm 2}
is the set of all nonempty coalitions in N different from N, and e(Sk,z) >

e(Ski1,) .

Then the nucleolus of the game (N, v) is the imputation v(v) which min-
imizes 6(z) with respect to the lexicographic order over the set of imputa-
tions: 0(v(v)) <pe, 6(z) for all x € I(v). This means that, for all = € I(v),
either 0(v(v)) = 0(z) or (v (v)) <pe: 0(z). And O(v(v)) <pe O(zx) if there
exists k£ € {1,2,...,n} such that 6;,(v(v)) = 6;(z) whenever i < k and
Oc(v(v)) = ().

It is easy to see that, whenever the core of a game is nonempty, the
nucleolus belongs to it. Moreover, the nucleolus always belongs to the kernel.

An alternative definition of the nucleolus for an arbitrary TU coalitional
game is given by Maschler, Peleg and Shapley (1979) as an iterative process
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that constructs the set of payoffs that lexicographically minimize the vector
of ordered excesses. They prove that this set of minimizers is actually a
single point, called the lezicographic center of the game, which coincides
with the nucleolus. Solymosi and Raghavan (1994) present a definition of
lexicographic center specialized for assignment games, based on the fact that
for assignment games only one—player coalitions and mixed—pair coalitions
play a role in the computation of the nucleolus.

As in Nunez (2004), the definition of lexicographic center of an assignment
game we present here is slightly different from that of Solymosi and Raghavan
(1994); for instance, we define the initial feasible set X° to be the core of
the game. All steps in the proof of Solymosi and Raghavan (1994) can be
followed to prove that our definition of lexicographic center of an assignment
game also consists of only one point and coincides with the nucleolus.

Let (M UM’ wy) be an assignment game and p a fixed optimal match-
ing for (M, M' wya), p € M4(M,M'). Let us consider the set of one-
player coalitions and mixed—pair coalitions, that is C = {{k} | k € M U
MYU{{i,j} | i € M,j € M'}. We iteratively construct a sequence
(A2 20, ... (AT 25+ of partitions of C, with ¥° D X! D ... D ¥stl
and a sequence X° D X! D ... D X**! of sets of payoff vectors such that:
Initially A% = {{4,5} | (4,5) € p} U{{k} | kK € M U M’ not matched by u};
Y0 =C\A% and X°=C(ws) ={z € R x RY" | ¢(S,z) =0 forall S €
A% e(S,z) <0 forall SeX’}.

For r € {0,1,...,s} define recursively

1. o™ = mingexr maxgesr €(S, z),

2. X" ={z € X" | maxgesr (S, z) = a" "},

w

. Y1 ={S eX" | e(S, z) is constant on X"}

4. ZT+1 = 27“ \ ET—FI y AT+1 - AT U ET—FI ;

where s is the last index for which ¥" # (0. The set X*™! is called the
lezicographic center of (M UM’ w,).

As a consequence, following Solymosi and Raghavan (1994), it can be
shown that, for all r € {0,1,...,s}, the payoff set X" can be written in the
following way:

r M M’
X“:{.QCER+ x RY

e(S,x) =e(S,v(wa)), for all S € AT+
e(S,x) <ot forall S € Xt
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or equivalently

1, = vp(wy) for all {k} € AT

aij — i — x; = a;; — vi(wa) — vj(wa) for all {i,5} € A™!
x> —a't for all {k} € X!

z;+x; > a;; — o for all {i,j} € Xt

r+1 M M’
X =qr€R xRY

where v(wy) is the nucleolus of the game (M U M’ w,). Thus, for each
allocation in X"*!, the excess of a coalition in A" already equals the
excess of this coalition at the nucleolus while, for the coalitions in X!, the

right hand side of the corresponding core constraint has been increased in
_ar+1 )

In the proof of the following theorem we will consider another collection
of payoff sets, one for each step of the iterative procedure. In each step, the
excess of the settled coalitions (S € A™!) will be fixed, and also equal to
the corresponding excess at the nucleolus, while for the unsettled coalitions
(S € X)) we will keep the corresponding core constraints. We then define
a sequence Z° D Z' D ... D Z5+L of sets of payoffs such that: Z° = X0 =
C(wy) and, for each r € {0,1,...,s},

rr = vp(wy) for all {k} € AT

aij — i — x; = a;; — vi(wa) — vj(wa) for all {i,j} € A™
x> 0 for all {k} € X!

x; +x; > a;; for all {i,j} e X!

r4+1 M M’
Z =<¢zxeR xR,

(9)
Notice that, by definition, Z° = X° = C(w4) and X" C Z"*! for all
r € {0,1,...,s}. Moreover, Z5T!' = X**1 and thus Z°"! also coincides
with the nucleolus.

Theorem 8 Let (MUM' ,wa) be an assignment game with as many buyers
as sellers. * Then,

v(wa) = (w,v) + v(wae),

where (u,v) is the vector of minimal core payoffs of the game (MUM' wy) .

PRrROOF: We can assume without loss of generality that w4 is buyer-seller
exact (A = A"), since, by Nunez (2004), v(wa) = v(war). Let us fix
w € MY(M,M'). Since A = A", we have p € M. (M,M'), as it
is justified at the beginning of the proof of Theorem 4. We then denote

It is argued in Nufiez (2004) that making the matrix square does not modify the
nucleolus of the assignment game, if we drop the null payoff to the added dummy agents.
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by (A% X)), ... (AT 35 and X9 ... X*t! the partitions and pay-
off sets which define the lexicographic center of (M U M’ w,), and by
(A2, 329), .. (A1 25+1) and X°, ..., X¥*! the partitions and payoff sets
which define the lexicographic center of (M U M’ wae) .

We prove that for all 0 < r < s+1, A" = A", ¥ =% and X" =
{(u,v)} + X7. We also write e4(S,z) = wa(S) — x(S) and e*(S,y) =
wye(S) —y(S), forall SC MUM and all z € C(wa) or y € C(wae).

The proof is by induction on r. By definition, A? = A® %0 = 30 and
X0 = {(u,v)}+X°. Assume now that, for some r >0, A" = A" X" =3",
and X" = {(u,v)} + X", and let us show that these equalities hold at step
r+ 1. To see this, we prove that, for all x € Z" (the set defined in (9)) and
y=2x— (),

A A° A°
S,x) = S,y) = m S 10

where the last equality follows from the induction assumptions. We will prove
(10) in two steps.

Claim 1: For all x € Z", if maxgey- €2(S,2) = e(S*,z), then e(S*, z) =
et (5%, y) for y =2 — (u,v).
If the above maximum is attained at a mixed-pair coalition S* = {i,j} €

Y7, where i € M and j € M’, the assertion in Claim 1 follows straightfor-
wardly since

(8%, @) = ayy — 2 — 15 = ai; —w; — vy — (v —w;) — (15— y;) = (S, y) .

Assume then that, for some x € Z", maxgesr €(S, 1) = —x4 for some
S* = {i*} € 3" (let us assume without loss of generality that i* € M ). If
u;» = 0, then also e?(S*,z) = —x; = —y;= = e°(S*,y) . Assume otherwise
that w;. > 0.

Since —x;+ > a;; — x; — x; for all {i,j} € X7, we get

(ZL‘Z' — .CEl*) + X Z Qi for all {Z,j} e, (11)

Define then the graph G = (V, E) with the set of vertices V = M U M’
and the set of edges F = {{i,j} | {i,j} € A"}. Let Cj« be the connected
component of G containing player ¢* and denote by V;« the vertices in this
component. Notice that:

a) For all k € V., {k} ¢ A". To see that, assume there exists k € V.
such that {k} € A". Since ¢* and k are in the same component, there
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exist ky, ko, ...,k € Vi» such that the edges {k,k1}, {ki,ka},..., {ki,i*} all
belong to E. But then, from {k} € A" and {k,k} € A" follows that
{k1} € A" and then recursively that {ko},...,{k/} and {i*} also belong to
A", in contradiction with {i*} € ¥".

b) For all i € VixNM , x4 < x;. This follows from the fact that maxgesr (S, z) =
—xp > —x; for all {i} € X",

We now define an allocation & € RM x RM’ by

Ti=w;i—xp, forallie VN M; Z;,=uz;, forallie M, i & Vi ;
Tj=xj+xp, forall jeVi.NM';, z;=x;, forallje M j& V.

Let us check that # € C(wya). It is obvious from b) that z; > 0 for all
ke M UM . Secondly, if (i,7) € p then {i,j7} € A" and either both
players belong to the component V;« or none of them does. If i,5 € Vi«
then 7, +%; = x; — 2 + 2+ 2+ = x; +x; = a;; since v € Z" C C(wy). If
i ¢ Vi and j & Vi« , then also T;+%; = x;4+x; = a;; since v € Z" C C(wa).

Finally, if (i,j) & p, there are four possibilities. If i € Vi« and j € Vi«
then again 7,47, = x;—x;+x; 4+ = x4+, > a;; since v € Z" C C(wy).
If ¢+ Vi~ and j ¢ V;-, then, since o € Z" is a core allocation, Z; + z; =
i +x; > a;. If i € Ve and j & V-, this means that {i,j} € ¥ and thus
by (11) we get &; + Z; = x; — x4+ + x; > a;;. And in the last case, that is
it ¢ V- and j € Vv, we also get &; + T; = x; + ©; + 2+ > a;; + Tix > a4
since x € Z" belongs to the core.

Once proved that Z € C(wy), notice that Z;» = 0 in contradiction with
w;« > 0. This proves Claim 1. It now remains to prove the following claim.

Claim 2: Forall z € Z", if maxgeyr e(S,2) = eA(S*, z), then e (S*,y) =
maxgexr €2 (S,y), where y = x — (u,v).

On the one side, for all {i,j} € X", where i« € M and j € M’,
e (5%, y) = eA(S*,x) > ay; — x; — x; = af; — y; — y; , where the first equality
holds from Claim 1. On the other side, for all {i} € X" (let us assume
without loss of generality that i € M) we have eA°(S*,y) = e4(S*,x) >
—x; = —y; — u; . If u; =0, we have that e?°(S*,y) > —;.

Otherwise, that is if u, > 0, notice that Z" preserves the same lattice
structure as the core of the assignment game and thus there exists a sellers-
optimal allocation in Z", that we denote by (u",7"). Since Z" C C(wa),
it holds w} > w; > 0. Since (u",?") is an extreme point of Z", {i} € X"
and u; > 0, some other constraint of Z” involving agent ¢ must be tight
at (u",7"), apart from those related to coalitions in A" . This means that
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there exists {i,7} € X" such that uj + 7} = a;;. Then,

eM(S%y) = NS )
Z —{L‘Z—f-U:

> a i —Xj = U +v — T — T
2 =T+ U= Y

This proves Claim 2.

Now, once proved that for all z € Z", maxges: e(S, 7) = maxgesr €2 (S, )
where y = z—(u,v) , notice that since X" C Z" | the above coincidence holds
for all z € X”. Then, since by induction hypothesis X" = {(u,v)} + X"
and ¥ =Y,

o' = min max e (S, z) = min maxe? (S, y) = a" .
T€XT Sexr yeXr Sexr
As a consequence,
XrJrl — {I c Xr | gnz%xeA(S, .13) — aT'Jrl} =
e T

= {(wv)}+{yeX"| ISIgf@AC(S, y)=a*} = {(w )} + X

Moreover, since —y; = —x; +u;, —y; = —x; +7; and a;; — v; — x; =
aj; — yi — y; , where y = 2z — (u,v), we have that e?(S,z) is constant on
X7+ if and only if eA°(S, ,y) is constant on X"*'. Thus, ¥,y = ¥4,

Ar—i—l Ar—i—l and Er—i—l ET'H

Thus, when X" reduces to one single point for some r > 0, the same
happens to X7, As a consequence, the algorithms to compute the lexi-
cographic center of (M U M’ w,) and (M U M’ wae) finish at the same
time, that is s = §. Then, X*!' = {u,v)} + X¥*' or equivalently
v(wa) = (u,v) + v(wae) . 0

6 Concluding remarks

In this paper we have related to every assignment market a canonical form,
the core of which is the translation of the core of the original market. We
first want to remark that in the characterization of this canonical form A¢
(Theorem 4) the buyer-seller exact representative A" plays a fundamental
role since it guarantees that the minimal core payoffs of agents ¢ € M and
j € M' can be subtracted from the worth of the mixed-pair coalition and
still have a non-negative profit.
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Secondly, the usefulness of the canonical form A€ lies on the fact that
the computation of some solutions for the canonical form gives, by means of
translation, the same solution for the original market.

This is the case of the extreme core allocations. We know a simple pro-
cedure to compute these extreme points which is only valid for assignment
games with large core (see Izquierdo et al., 2006). However, once the ex-
treme core points of the canonical representative have been obtained, their
translation by the vector of minimal core payoffs are the extreme core points
of the original market.

Since the 7-value of the assignment game is the midpoint between the
buyers-optimal and the sellers-optimal core allocations, this 7-value is the
translation, by the vector of minimal core payoffs, of the 7-value of the
canonical representative. Also the kernel of the assignment game is proved
in the paper to be the translation by the vector of minimal core payoffs of
the kernel of its canonical representative. And the same happens to the
nucleolus. Thus, if we had a simple procedure to compute the nucleolus or
the kernel of those assignment games with large core, we would obtain by
translation the same solution applied to the original assignment market.

Other solution concepts, when applied to assignment markets, do not be-
have so regularly with respect to the canonical representative: this is the case
of the Shapley or the stable sets. As for the Shapley value of an assignment
game, it is well-known that it usually does not belong to the core. How-
ever, Hoffmann and Sudhélter (2005) have recently proved that exactness
(that is to say, being dominant diagonal and doubly dominant diagonal) is
a sufficient condition to guarantee that the Shapley value of the assignment
game is a core allocation. We can then define a single-valued solution, the
translated Shapley value ¢'(wy), for the assignment game as the translation
of the Shapley value of its canonical representative, ¢(wac), by the vector
of minimal core payoffs, that is, ¢'(wa) = (u,v) + ¢(wac). By Theorem
4, ¢'(wa) is a core selection but it will not coincide, in general, with the
Shapley value of the assignment game (M UM’ wy).

Finally, it seems that the use of the canonical representative will allow us
to prove how to determine, just from the assignment matrix, the dimension
of the core of an assignment game. Also, this canonical representative seems
to be a useful tool to prove the existence of an stable set for an arbitrary
assignment market. But these will be the subjects of subsequent papers.
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