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Abstract

We present a model in which each agent’s sentiments toward others
are determined endogenously on the basis of how they behave relative to
a standard of appropriate behavior. As sentiments change, so too does
the optimal behavior of each individual, which in turn affects other agents’
sentiments toward them. We focus on fixed points of this reciprocal adjust-
ment process. To demonstrate the potential use and implications of such
a model, we present an extended example involving team production. We
then consider various standards of behavior, and we examine stationary
patterns of behavior and sentiments under each.
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1. Introduction

Various behaviors are difficult to explain within the standard, rational choice
framework involving purely selfish individuals. Benevolent acts, such as gift-giving
and volunteerism, as well as malevolent acts, such as vandalism or revenge, impose
a cost on the perpetrator with no apparent benefit. In attempting to exhibit or
model such behavior, a common procedure has been to assume that agents are
affected by the consequences of an act or by the act itself.! For example, if
agents are altruistic, they might engage in behavior to enhance the well-being of
others. Or if they are concerned about their relative position in society, then they
might engage in harmful behavior in order to worsen the position of others and
thereby improve their own relative standing. Alternatively, agents might derive
satisfaction (e.g., a warm glow?) simply from behaving generously, regardless of
the state or even identity of the beneficiary. Etc.

By tailoring the individual to the circumstances in this way (for example, by
specifying preferences accordingly), one can explain a wide range of behavior.
However, if the same individual were then placed in different circumstances, the
model would lose most of its explanatory power. Indeed, as Matthew Rabin points
out in [14], and as is amply demonstrated in the experimental literature, actual
behavior is quite complex; the same individual might be benevolent toward some
agents and malevolent toward others or even benevolent or malevolent toward the
same agent at different times. In particular, Rabin argues that “people like to
help those who are helping them, and to hurt those who are hurting them.” Simi-
larly, Ernst Fehr and Simon Gécher [9] conclude that such reciprocity is a robust
phenomenon in experimentation, even though the cause is still under debate.

Several theoretical models have been proposed to capture reciprocal behavior.
For example, Rabin’s paper contains a 2-agent model in which it is possible to infer
motive from an opponent’s actions. Then, given the same material payoff, agents
might be affected differently, and hence behave differently, depending on what they

Tt is also possible to focus on the indirect (selfish) benefits (e.g., tax advantage, reciprocation,
or recognition and social status). For example, parents might transfer to children at one stage
in order to engender reciprocal transfers at a later stage. (Cf., Becker, Bergstrom, Bernheim)
Similar explanations have been afforded for transfers outside the family. Also, as an insurance
mechanism, one might support social structures that benefit others if one might one day find
oneself in need of assistance.

2That is, the sheer joy of giving without regard to the welfare of the recipient. (See Andreoni

[1.)



perceive to be their opponent’s motive.® In particular, they may wish to punish
those they perceive as acting against their interests and to reward those they
perceive as acting in favor of their interests, regardless of the material outcome.

Similarly, David Levine [13] presents a model in which agents’ preferences con-
sist of a linear combination of their own monetary payoft and the material payoffs
of other agents. Moreover, the extent of their concern for others, i.e., the weight
(positive or negative) on the opponent’s income, is private information. Agents
then modify such weights on the basis of their perception of other agents’ concern
for them, increasing the weights assigned to altruistic agents and decreasing the
weights of those who are spiteful.*

More generally, John Geanakoplos, David Pearce and Ennio Stacchetti [11]
introduced the concept of a psychological game in which a player’s overall payoff
depends not only on their material payoff but on their beliefs as well.?

Such models, by allowing the same individual to exhibit different and possibly
conflicting sentiments, significantly enhance the explanatory power of the the-
ory. However, they still present several inconsistencies with observed phenomena.
First, as presently formulated, such reciprocal models generally pertain to two
agent settings and thus, by definition, exclude third party effects.® However, we
would argue that our impressions of others, and hence sentiments toward them,
are often affected by their treatment of third parties. For example, witnessing
selfless or heroic acts might affect our esteem for the actors even if they have
no impact on one’s own material well-being. Similarly, acts of cruelty are likely
to affect one’s view of the perpetrator even if one is not the target or victim of
aggression.

But even if the extant reciprocal models could be extended to include addi-
tional agents, the focus of the analysis would nevertheless be on the effect of other
agents’ actions on the observer.” Hence, they may be able to explain quid pro quo

3See also Oded Stark and Ita Falk [16].

4Other references include Bolton and Ockenfels [2], Bowles and Gintis [4],Charness and
Haruvy [5], Dufwenberg and Kirchsteiger [6] Falk and Fischbacher [8], and Fehr and Schmidt
[10], among others.

°On this, see also Itzhak Gilboa and David Schmeidler [12].

6Most experiments in this area consider diadic, often ultimatum, games.

"There is some question as to whether such models can be extended. For example, in Rabin’s
model, agent i infers the motive of agent j by noting the effect of j’s behavior on i’s payoff relative
to that which j could have acheived. However, with additional agents, the causal link is broken;
it may no longer be possible to associate the outcome with j’s behavior alone, rather it is jointly
determined by the actions of all others. Thus, the ability to the infer motive of a particular



behavior among agents who meet face to face, but they are less adept at explain-
ing anonymous acts — such as international development or famine relief efforts
— where reciprocation is unlikely to play a role. In light of such efforts, it would
seem that people often help those who are least likely to help them in return.

Here, we present an alternative model in which agents’ sentiments toward
others are determined endogenously on the basis of their behavior, with no attempt
to infer other agents’ motives or sentiments. While the model allows for third party
effects, it is primarily motivated by two general observations. First, it is often the
case that we judge the behavior of others relative to their circumstances. Thus,
for example, if the same two individuals were to engage in the same benevolent
act (possibly with the same motive) — say a charitable contribution of $100 —
but one were rich and the other poor, then our appreciation of the two might be
quite different. Conversely, if both were to fail to act benevolently, our degree of
disappoint in the two might differ as well. Alternatively, our expectations for the
behavior by a healthy individual might differ considerably from those for one who
is ill.

Our second observation is that, in directing our sympathies, we often take into
consideration the role of the individual in determining his or her circumstances,
allowing scope for individual responsibility. For instance, we might have much
less sympathy for someone who squandered considerable personal wealth than for
someone else who is misfortunate through no fault of their own. Or, we might feel
differently toward victims of a famine that results from political versus natural
causes.

These observations indicate different treatments in a formal model of behavior.
The former requires that we focus on a fixed point or steady state of a reciprocal
process in which sentiments change in response to behavior and vice versa. The
latter requires that we specify how agents evaluate appropriate behavior. We
incorporate both treatments in our model of endogenous sentiments.

Rather than present a general model, we instead demonstrate the method by
means of an extensive example involving team production. That is, a group of
agents jointly contribute labor to the production of a single consumption good,
and each agent must decide how much labor to supply. We take the distributive
shares of output to be given. Thus, the circumstances of the agents consist of
their productivities as well as their output shares. In other contexts, the nature
of agents’ “circumstances” might differ as might the nature of their contributions.

individual is obfuscated. As a simple example, agent j’s actual motive might be to affect a third
party, k, and the effect on ¢ might be purely incidental.



The manner in which the methodology might be applied in other contexts will
be obvious. But in any event, the focus of attention should be on the method
of preference formation rather than on the specific example. Our objective in
this paper is simply to motivate the approach by demonstrating its potential
explanatory power.

In brief, as in the aforementioned work, we present a model in which agents
have extended preferences defined over the welfare of others, where the welfare
weights are determined endogenously. However, unlike the antecedents, we assume
each agent formulates a standard of appropriate behavior for every other agent in
light of their circumstances. Then agent i modifies its concern for agent 7, i.e.,
its welfare weight, on the basis of the deviation between j’s actual behavior and
that which ¢ thinks is appropriate: if j’s behavior surpasses ¢’s standard, then
¢ increases the weight it attaches to j’s welfare, and if ¢ is disappointed by j’s
behavior, it decreases its weight. In turn, as its weights change, i’s (actual)
behavior will change as well. We then consider stationary patterns of utility
interdependence, that is, stationary patterns of mutual concern.

To completely specify the model, it is necessary that we state what is meant
by “appropriate behavior.” While there may be many such formulations, here we
offer three possibilities. First, we consider the case in which agents take the mean
behavior as the societal norm and judge other agents’ actions accordingly.® In the
second case, to determine what agent ¢ thinks is appropriate behavior for agent
j, we consider what ¢ would do if it were in j’s shoes, that is, if it faced similar
circumstances. And finally, we suppose that each agent has a preconceived notion
of what constitutes a fair labor contribution in light of the circumstances, i.e.,
the agents’ productivities and their output shares. In each of the three cases,
our objective is to demonstrate how sentiments might be reciprocally affected and
what possible stationary patterns might emerge.

The paper is organized as follows. In the next section, we present the team
production problem which we use to develop the basic structure of the model of
endogenous sentiments. We emphasize that this is primarily an organizational
device; the methodology can be greatly extended and applied outside of this par-
ticulat context. Next, in Sections 3-5 we consider, in turn, three possible standards
of behavior. Finally, Section 6 contains concluding remarks and a blueprint for
future work.

8For example, if the norm is to work 40 hours per week, then one might measure agents’
industry relative to this standard.



2. The model

We consider an n-agent team production problem in which agents contribute het-
erogeneous labor to the production of a single output. Let N = {1,...,n} denote
the set of agents. For simplicity, we assume the technology is described by the
Cobb-Douglas production function

Y = f(L) :HLI-B", where 3, > 0 for all i € N, and Zﬁi: 1,
i=1 -

where L = (Lq, ..., L,) denotes the vector of labor inputs and [, measures the
productivity of agent i.

Output is allocated among the agents according to fixed distributive shares in
which i receives 0, = ¢;. Thus, agent i’s “circumstances” can be described by
(B;,0;). We denote (8,0) = ((8;,0:))ien-

FEach agent has direct, or egoistic, preferences for consumption and labor which
are represented by a utility function of the form w;(¢;, L;). In addition to its direct
preferences, it also has an extended, or social, utility function of the form

Ui(e, L) = Zaijuj(cj, Lj), (2.1)

where a;; = 1 and «; < 1 for all j € N. Let a; = (as1,...,0,) and a =

(a1, .oy i)
Substituting for ¢; in (2.1), we write the extended utility function as

Ui(L) = Z aiju;(0; ﬁ L), Ly). (2.2)

The objective of the paper is to study the endogenous determination of the
coefficients ;. Briefly, suppose each agent were to choose its own labor supply.
Other agents would then judge the appropriateness of such decisions and modify
the weight they attach to the utilities of others, i.e., ¢ would modify «;; on the
basis of j’s choice of L; This, in turn, will affect ¢’s own behavior, which would
then affect ay; and hence Ly, for k # i. (For example, agents might work harder
for the common good were they to share a greater sense of concern for others.!?)

9For example, consider a partnership in which the profit shares are negotiated at the outset.
10We test this hypothesis in Section 4, below.



A stationary outcome of the model consists of a vector of sentiments a and labor
supplies L such that no further modification occurs. The focus of the paper is on
such outcomes.

Formally, let L;; denote agent i’s perception/evaluation of what appropriate
behavior for j — in contrast to j’s actual labor supply, L;. Then, as indicated
above, we envision the coefficients a evolving according to a dynamic process.
Treating time as a discrete variable, we assume that in period ¢, L;(t) and L;;(t)
are determined contemporaneously in response to the prevailing coefficients o;;(t).
Agents then modify their coefficients in light of past performance. We may write

aij(t + 1) = gi(au;(t), Li(t) — Li(2)), (2.3)

where g; is assumed to be nondecreasing in both arguments, bounded above by 1
and g;(a,0) = a.!!

As mentioned in the Introduction, we consider three examples of standards
of appropriate behavior: (1) agents’ labor contributions are evaluated relative to
the societal mean, (2) each agent considers what it would do in another agent’s
shoes, i.e., if it were in that agent’s circumstances, and (3) agents are expected to
contribute their fair share of labor.!? We now consider each of these in turn.

3. Mean standard of behavior

In this section, we assume agents take the mean labor supply as the standard
of behavior relative to which they judge the effort of others. That is, those who
supply more labor than the mean are taken to be industrious and are held in
greater esteem, while those who supply less than the mean are seen as shirking
and garner less respect. Also, in this section we will, at times, restrict our attention
to weakly benevolent agents, that is, those for whom «;; is bounded below by 0.
We will indicate when that is the case.

To demonstrate, we consider an example in which agents have identical direct

"'Throughout most of the paper, we allow a;; < 0. However, in sections 3.2 and 3.3 we
restrict our attention to weakly benevolent agents, that is, we impose the additional constraint
Q5 Z 0.

12Here we assume that all agents employ the same standard of behavior, and we demonstrate
several such standards. It would also be interesting to investigate the interactions among agents
with different standards. That will be the subject of our future work.



preferences represented by u(c, L) = ¢(1 — L). Substituting into (2.2) yields

L) = Zaijejf[Lfm —L,). (3.1)

Maximizing (3.1) with respect to L; and simplifying, we obtain the following

reaction function:13
1+ E . 2

Note that under this specification of egoistic preferences, if agents were purely
selfish, i.e., if there were no externality (c;; = 0, for all j # ¢), then i’s labor supply
would be 775 B , which is constant (even taking into consideration the strategic effect
of L; on ¢;) and, in particular, is independent of the output shares. Generally,
however, according to (3.2) agent i’s labor supply would consist of its egoistic
utility maximizing level plus an additional term that reflects the spillover benefit
on other agents.

Turning to the determination of &, as described above, the focus of our study is
on fixed points of the (vector-valued) adjustment rules. Generally, let x(t) denote
the value of a variable x at time ¢, and let T(t) denote the average value of x(t)
among all agents.

Here, we take L;;(t) = L(t); that is, at each point in time, each agent expects
every other agent to supply the mean quantity of labor. Hence, we write

aij(t+1) = gla;(t), Lj(t) = L(t)), (3-3)

where ¢ is subject to the aforementioned restrictions.
Substituting (3.3) into (3.2), we obtain

)

Li(t+1) =

<+Zgam i(t) — Z(DH—Z(l—Lj(tH))). (3.4)

We wish to focus on stationary Nash equilibria as determined by (3.4) and the
corresponding stationary coefficients.!* One type of stationary solution is that in

13Note that the second order condition 2 Z L2 < 0 is satisfied.
14Tn this paper we focus on the characterization of steady state outcomes, and we set aside

the issue of stability of a steady state.



which all agents supply the mean quantity of labor. Alternatively, if we restrict
our attention to (weakly) benevolent agents (c;; > 0, for all , j), then there are
two other types of stationary solutions as well. First, society might be partitioned
into two clusters, A and B, where members of A supply labor above the mean
and members of B supply below the mean. And second, in addition to A and
B, there might be a third group, M, consisting of those who supply precisely the
mean level of effort. In either partitioned outcome, it must be the case that for
all i, a;; = 1 for all j € A, and o;; = 0 for all j € B, j # i.!5 We now consider
each type in turn.

3.1. Equal effort steady states

We first consider solutions in which all agents supply the same quantity of labor.
That is, let (L*,a*) be such a stationary Nash equilibrium together with the
corresponding sentiments. Then L} = L" for alli € N. From (3.4), we have

T _ 1+5 ( +Z )). (3.5)

Let Aj, = ). aj;0; denote agent i’s share-weighted concern for others, and let

Ty = % The expression A, can be interpreted as the evaluation by agent 7 of

the allocation of one unit of output. (We discuss the significance of T}y below.)
From (3.5) we obtain

= = TN (3.6)
and _lA*

I'=—wlo

1+ Ty A7

Notice that (3.6) is incompatible with A}, < 0. Hence, even though we impose

no lower bound on «;; at this stage, there is a natural restriction on the aggregate
extent of malevolence by each individual (at an interior steady state).

(3.7)

15We omit the dependence on t since these represent stationary values. Also, note that
“clustering” in A and B is with respect to sentiments, not labor supply. That is, two agents in
A might supply different quantities of labor (both greater than the mean), but each would earn
maximal respect.



Since (3.6) holds for all ¢ € N, we have the following:

Tz'a o fg
— .
Tjo A

(3.8)

Interpreting (3.8)!%, 3, might be considered the share of total output con-
tributed by agent ¢. Therefore, if agents were rewarded on the basis of their
marginal productivities, it would be the share received by 7 as well. Hence, Tjy
is a measure of the distance between the actual consumption allocation rule 6
and the marginal productivity (MP) or competitive rule 3. We refer to Ty as i’s
treatment under @. Taking the MP reward as the benchmark, we say that agent
1 18 treated better than j under the allocation rule 0, or that 8 favors i over j, if
Tig > Tj9. (Conversely, Tigl represents the amount ¢ contributes relative to its re-
ward and is referred to as i’s real contribution under 6.) We have thus established
the following:

Proposition 3.1. In a steady state with equal effort, agents favored by the allo-
cation rule must exhibit a greater degree of (share-weighted) concern for others.

Indeed, according to (3.7), for each L~ there is a (convex) tradeoff between A%,
and Tigl identifying the pairs that are consistent with L" as a social norm. This is
depicted in Figure 1. Note that as the common effort level increases, so, too, do
the levels of concern and real contribution needed to support it (ZN > f/). Also,
subject to the constraint Af < 1 (from «;; < 1) and the resource constraint on
L;, any of a continuum of social conventions might emerge.

Figure 1.

One implication of (3.8) is that if treatments are sufficiently asymmetric, then
to to support steady state with equal effort some agents must be malevolent. Or
conversely, the treatments must be sufficiently similar in order to support an equal
effort steady state in which all agents are benevolent. This is easily seen for the
case of two agents. It is then useful to compare the two-agent case with that of n
agents.

First, let n = 2 and suppose ¢; = 0.9 (02 = 0.1) and 5, = 0.1 (5, = 0.9).
Then since gz < 1, it follows immediately from (3.8) that ce; < 0. Indeed, in the

6Note that (3.6) and (3.8) impose no restriction on how each agent distributes its average
concern over the other individuals, but depend only on the total. However, this is an artifact of
the present functional forms and fails to be robust.

10



case of two agents, it is easy to identify all compatible treatments. Notice that
(3.8) defines the following linear relationship between ;s and ag;:

Thg 02 (51 )
g = 220, 2 (2 ), 3.9
2= g0 3 (3.9)

Thus, we can characterize the parameter values for which a;5 and as; might
be positive or negative and simultaneously for which a1, s; < 1. For example,
taking @ to be fixed, we can parameterize the consistent values in (3;. This is
depicted in Figure 2.

Figure 2.

When 3, = 0.5, the graph of (3.9) would pass through the origin and have

2
slope (e—j) , as depicted by ¢;. As [, increases, the slope and intercept of (3.9)

increase as well. For sufficiently large g—;, (3.9) is no longer consistent with cr;o > 0

when g < 1. ({5 indicates the critical value.) Similarly, for sufficiently small ﬁ—;,

az1 < 0 when ap3 < 1. (¢35 corresponds to the opposite critical value.) We state
this formally as follows.

Proposition 3. 2 Let n = 2, and let (L*, &*) be a stationary outcome with equal
effort. If 61 > Z c 41 then oj; < 0. Conversely, if ajy, > 0 and aj, > 0, then

0, < g; and 0, < < 23
Notice that the above proposition identifies sufficient conditions for one of the
agents to be rna,levolent in a stationary outcome. While it is not possible for both
g 7=+ 1 and BJ > % . 4+ 1 to hold simultaneously for i # j, nevertheless, as is
ObVlOU.S from Flgure 2, 1t is indeed possible for both agents to be malevolent.
For the general case of n > 2 agents, the analogue of (3.9) is

Ty 0 (B 1 -
W Ty 0, [ei 3, ) +3 (ka(% ajk)9k> . (3.10)

Hence, we see that one agent’s tendency to be malevolent toward another agent

when treated relatively unfairly is modified by the latter’s relative share-weighted

concern for others. That is, for given %, agent j is less likely to be malevolent
J

toward ¢ if ¢ is significantly more altruistic than j toward third parties.

11



Next, we examine the utility levels of the agents at a stationary outcome. By
(3.1),
U;(L*) =L (1 = T"A%,. (3.11)
Using (3.6), we obtain
91‘ —%2

ﬁiL . (3.12)

Hence, we obtain the striking result that under the MP allocation rule (0; = j3;)
the outcome is fully egalitarian in terms of social utilities.
The direct utility of individual 7 is

Ui(L*) =

0.Y*1-L)=6,L°(1-1L). (3.13)

Therefore, the egalitarian rule (6; = =) will equate egoistic utilities, irrespec-

tive of the productivities of the agents at the common effort level. Or, conversely,

under the egalitarian allocation rule, social preferences will evolve in such a way

so as to support the choice of a common effort level, irrespective of productivity

differences. To sustain this rule, it must be the case that individuals with low
productivities have more concern for others, as seen by (3.6).

3.2. 2-cluster stationary solutions

If we restrict our attention to weakly benevolent agents, then there are two other
possible stationary solutions, namely, the clustered outcomes mentioned earlier.
In this subsection we consider the case in which society partitions into two clusters
consisting of those who work above average and garner maximal respect/concern
and those who work below and garner the minimum. Again, let (L*, a*) be an
interior stationary Nash equilibrium. Then by (3.2) we have the following;:

15} 1
r=—e 114+ =5N"0.1-L ]|, forac A, 3.14
“ 148, +«9ajez;13< )| fora (3.14)
i#a
By 1
. _ 1+=S5S"0,1-1" ], forbe B. 3.15
b 1+6b ijEZAJ( ]) ( )

12



Define L34, 04 and 8%, respectively, by

Lyt = ) 6L,

jEA

0t = > 0;

jeA

st = > 5

jeA

From (3.14) we obtain
_ B

a ea
Adding over all @ € A and rearranging,
*A __ /6A QA
0 A

1+

Finally, using (3.15), (3.16) and (3.17), we obtain

B 0"
a1+ 54

* ﬁb 1 HA
L = 177 <1+9_b1+6A)’ (3.19)

From the labor supply expressions (3.18) and (3.19), we see that L} is generally

(04 — L;Y). (3.16)

(3.17)

L = (3.18)

increasing in 3, and decreasing in 0;, for i = a,b.1” The former is due to the fact
that an increase in [3; increases the return to L;, both in its effect on ¢’s own
consumption as well as the spillover effect on other agents’ consumption. The
latter, on the other hand, is purely a spillover effect. As noted earlier, if the
externality were not present, (i.e., if U;(c, L) = u;(¢, L)), then labor supply would
be independent of #;. Hence, the fact that, here, labor supply does vary with 6; is
due solely to the fact that an increase in #; decreases the share of output received
by the other agents and thus decreases the (external) return to one’s labor effort.

Also from (3.16) or (3.18), we see that for given 3 and 6*, the labor supplies

among those in A are arrayed linearly in either the agents’ real contributions Tigl

"By assumption, L} < T < L foralla € Aand b e B.

13



or, if we take 0 to be fixed, then in their productivities.!® Also, within A, we have

L* B Ta_gl

a

* =1
La’ Ta’@

for a,d’ € A. (3.20)

That is, labor supply varies inversely with treatment: those who are treated well
under the allocation rule @ (i.e., g—z is large) supply less labor than those who are
treated poorly.

To further explore the labor supply behavior in (3.18) and (3.19), suppose 8
were fixed. Then, as mentioned above, for given % and 6%, L} is linear in 3,
while Lj is strictly concave in 3,. Thus, as depicted in Figure 3, there may be
three possible configurations between the labor supply curves (3.18) and (3.19).

Figure 3.

It may be the case that L; is greater than L for all 3, as in ¢;; that L; is less
than L for all 3, as in {5; or that L; is greater than L for small S and less for
large /3, as in ¢3. Conditions for each of these are easily determined by comparing
the slopes of the respective labor supply schedules at zero and/or one.

Usually, in a 2-cluster steady state, the members of A are those with high
productivity. Indeed that must be the case for the labor supply curve ¢;. That is,
comparing ¢; to L7, it is impossible for agents with greater productivity supplying
labor according to L} to work less than those with lower productivity supplying
labor according to ¢;. However, the other cases ({5 and ¢3) present the interest-
ing possibility that the low productivity agents work more than those with high
productivity in a steady state.!” For example, suppose society were partitioned
such that agents had either low productivity, 3;, or high productivity, 3,,, and the
former supplied labor at point ¢ in Figure 3 while the latter supplied either at d
if the labor supply curve were /5 or e if it were /3.

Proposition 3.3. In a two-cluster steady state, the productivity ranking of the
agents is ambiguous. That is, it is possible that the high productivity agents work
more than the low productivity agents or vice versa.

8For a € A, the individual labor supply is not a linear function of Tgel or f3, since, generally,
changes in 5, or 0, affect either B4, 64 or both. However, for the coalition A as a whole, ﬁA
and 64 are fixed by definition. Therefore, for distinct agents a,a’ € A, their respective labor
supplies do indeed lie along (3.18).

19 Consider minimum wage workers who hold two or more jobs in order to make ends meet.
According to our model, they might garner more respect than those who work less but earn
more.

14



PROOF. The proof is by example. We omit demonstrating that A might contain
those with high productivity since that is the norm. To show that the reverse is
possible, let N = {1,2,3}?°, and suppose A = {1,2} and B = {3}. Agents 1 and
2 both have productivity 3, = 0.3 and each receives an output share of 6, = 0.1.
Hence, 0" = 0.2 and $* = 0.6, and therefore 8; = 0.4 and 5 = 0.8. From (3.18)
and (3.19), we have L* = L5 = 0.375 and L3 = 0.33, and thus L = 0.36. (This
corresponds to a configuration such as ¢ and e in Figure 3, above.) W

Turning to the welfare of the two groups, it is easy to show that all members
of A enjoy the same extended utility,

QA
1+ 84

*

Ua(L*) -

As for b € B, we have
A

1+

Hence, those individuals who work less than the mean (and hence garner less
respect/esteem) will obtain higher extended utility than those held in greater
esteem.

Up(L*) = 0,Y* + U, (L*) = <9b + A) Y* > U, (LY).

3.3. 3-cluster solutions

Finally, we briefly consider three cluster equilibria. Again, let (L*, a*) be an
interior stationary Nash equilibrium. From (3.2) we have

LZ:lﬁ Z%e Ze L¥) |, for a € A,
@ jeMm @ jeA
j#a
(3.21)
L =1 = ﬁ— Zoz 0,( —}——ZQ L) |, formeM
m 1 +B mj ) )
M jeM ™ jeA
J#Fm
(3.22)

200ne can show that this requires more than two agents.
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L, = 1 + Bb ( Z ;05 ZH > for b€ B. (3.23)

]GA

In keeping with the earlier notation, for S C N, let Ay = jes @0 denote
i’s aggregate share-weighted concern for the members of S. In the event i € S,

let A% = > _jes aj;0; denote i’s weighted concern for the other members. Then

JFi
from (3.21) we obtain
LP =220 — LA+ (1 = TOA). (3.24)

In contrast to (3.16), now the agent’s concern for the members of the middle
group enters positively in its labor supply decision. Consequently, within A, the
agents’ relative labor contributions will depend on their relative concern as well,
rather than solely on their relative treatments (see (3.20)).

Aggregating (3.24) over A, we then establish

LA = ! (B +(1=L7) ) B;A5"). (3.25)

1+6A JjeA

Substituting this into (3.24) and simplifying yields

a 1 -k * Tk * *
L=0e (0 TN + A =T) Y A - A ). (3:26)
0.1+ o

Thus, the labor supply decision by a € A takes into consideration three factors:
the impact on the members of A (as in (3.17)), the impact on the members of
M weighted by the extent of a’s concern for that group, and a third term which
reflects the comparative concern by a for M versus that of the other members of
A. The greater the concern for M by others, the less a need contribute to the
well-being of its members. The latter term thus captures the free-rider effect in
generating spillover benefits for M.

Analogously, we obtain the following expressions for L; and L , respectively:

TG\ 1t Oy " 9b1+ T

]eA
(3.27)
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m 145, Onl+ 3% O m T 1+ BA

A
T g (1 s T T S

jEA
(3.28)

In contrast to (3.26), (3.27) and (3.28) both contain an additional term re-
flecting the agent’s concern for its own well-being. Also, the final term in each
expression no longer depends on the agent’s comparative concern for M, and thus
represents an absolute (versus relative) free-rider effect.

4. Transposition, or "If I were you..."

In this section, we consider an alternative standard of behavior in which agents
determine what they think is appropriate behavior for others by asking what they
themselves would do in similar circumstances. This seems particularly appealing
in describing how people with diverse characteristics might evaluate the behavior
of those with whom they have little in common. For instance, it is easy to imagine
asking oneself how you would behave if you were a member of a disenfranchised
minority, or if you were disabled, or if you had amassed or inherited great wealth,
etc., if none of these were actually the case.

To begin, we describe a procedure for transposing circumstances.”® Then we
focus on particular examples in order to explore possible implications of the al-
ternative rule.

First, recall that to determine L;, agent ¢ solves the program

21

Fi: max Ui(L). (4.1)

The vector of actual behaviors, L, is determined through the simultaneous
solution of (4.1) for all i € N. Let L = (L;);eny denote the resulting labor supply
vector. _

Next, we consider agent i’s evaluation of the appropriateness of L;. To do so,
we ask how would 7 solve the problem confronting agent ;7 One way to formulate
this counterfactual is as follows.

Expanding Uj,

Uj(L) = u;(0;f (L), Ly) + cjiwi(0: f (L), Li) + Z ajpu (O f(L), Li).  (4.2)
ki

2I'We would point out that there may be other plausible procedures.
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From ¢’s perspective, i.e., evaluated according to its own (direct and social)
preferences, (4.2) might appear as

Ui (L) = wi(0;£ (L), L) + cijui(0:f (L), L) + Y cvipur(Onf (L), L), (4.3)

k#i,j

In other words, if ¢ were in j’s position, it might use its own direct preferences
to evaluate the impact of its decision on itself, and its own coefficients «; to
evaluate the impact on others. Also, in constructing U;; we affix the coefficient
a;; to u;(0;f(L), L;). That is, for the purpose of the example, we assume that i
considers what would be appropriate behavior for j if j were to care about ¢ to
the same extent that i cares about j?%2

For L;;, ¢ would solve

Fij : max Uy(L). (4.4)

Solving the n — 1 programs Py, for k # j, together with P;; yields Nash
equilibrium (i.e., consistent) behaviors, which we denote Li. We take Lij = I/

that is, Eé is the optimal quantity of labor ¢ would supply if it were j, as descrlbed
above, and if other agents were to behave optimally according to their actual
extended utilities. N

As before, the discrepancy between j’s actual Nash equilibrium behavior, L;
and ¢’s evaluation of appropriate behavior for j, namely, E;, forms the basis for
its revising «;;. The interaction is then repeated relative to the new altruism
coefficients to yield revised (actual) behaviors and standards for others. Etc. We
again denote steady state labor supplies by L* = (L¥);en.

To demonstrate the consequences of this standard of behavior, we again con-
sider a two agent example. However, since L and L’ might differ for various
reasons — including differences in tastes, ablhtles (and in other contexts resources)
— we consider such characteristics separately in order to explore the implications
of each. That is, we consider two examples, one in which agents have identical
preferences but different abilities, and a second in which their abilities are the
same, but their preferences differ.

22Here, we are considering the concern i would have for the (hypothetical) person occupying
its (own) original position, were it to occupy the position of j. Such a thought experiment is
purely hypothetical and there need be no correct assignation. In any event, our method will
suffice to demonstrate some of the possible implications of the theory.
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4.1. Productivity differences

Returning to the example of the previous section, we consider the simple case in-
volving two agents who have identical private preferences represented by u(c, L) =
c(1-1L).
First, solving (4.1), we obtain the (actual) labor supply decisions as in (3.2):
Bi

0, - L,
L; = T+ 3, (1 + (Yije—i(l - Lj)) Jfori,j=1,2,4# 7. (4.5)

This leads to the Nash equilibrium behaviors:

I = & ((1 + ﬁj)ei — agiagi3;0; + aij9j> |
= T -

0;
Alternatively, from (4.4) and (4.1) we obtain

L..:L
1) 1+/3]

(4.6)

0;
0;
Using (4.5) and (4.7), we obtain the following standards®*:

i <(1 +5:)0; — (iy)*B:0; + aijgi) .
(1+8,)(1+ 5;) - (aij)26i6j

=7,

Again assuming the agents adjust their « coefficients in accordance with (2.3),
an interior steady state associated with (4.6) and (4.8) requires, in general, that
19 = a9 = o and entails the labor contributions

By ((1 + (2)01 — a**Ba01 + 04*92>

01 \ (1+B1)(1+ By) — 2B, 5,

I o_ By ((1 + B1)0s — a*?B,05 + 04*91>
2 0y \ (1+B1)(A+By) —a2B,3, )

Thus, a steady state involves equal (reciprocal) degrees of concern but possibly
different labor contributions based on the agents’ exogenous characteristics or
circumstances. Also, a range of (mutual) stationary sentiments might occur. For

(4.8)

Ly =

(4.9)

23Gince, here, agents have the same egoistic preferences, Ej and E; differ only in the welfare
weights ascribed to the other agent.
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B;
1+8;°

of =1, L = 2%2 In this case, if #; = 0 = %, then L = [3,. This seems to
confirm our intuition that if agents exhibit a greater degree of mutual concern,
they contribute more to the common good (3, > %ﬁl) However, as we shall see
that need not be the case in general.

Exploring the general behavior of L? in (4.9) as a function of ¢;, 8, and o,
we first note that L} is decreasing in 6;.>! This is again a pure spillover effect, as
discussed earlier.

Turning to the role of §,, first, the direct effect of an increase in 3; in (4.5)
is to increase the return to labor, both in its impact on one’s own private utility
as well as the spillover effect on the other agent’s private utility. Moreover, an
increase in (3; will be accompanied by a decrease in 3;, which, in a similar manner,
will decrease the (direct) return to L;. Since L; is negatively related to L7, the
indirect effect on L; is positive as well. Hence, the overall effect of an increase in
f3; is unambiguously positive.?’

Finally, and most interestingly, we consider the role of a*. As with (,, the
direct effect of a* on L; in (4.5) is positive. Now, however, a* has a positive
effect on L; as well, which as mentioned above, negatively affects L;. Hence, the
overall effect on L} is ambiguous. Generally, whether the direct or the indirect
effect dominates depends on the circumstances of the agents, i.e., on (3,0). To
demonstrate, consider the case in which 8, = 5, = 0.5. From (4.9), we have

example, when o* = 0, L} = for i = 1,2, as pointed out earlier. Also, for

e 0.5
' 0,(2.25 — 0.2502)

(156, + o — B0 — 0.56107) . (4.10)

The graph of (4.10) is depicted in Figure 4.

2Note that L} can be written as a + b(%), where a and b are independent of 6;.
25Here, too, it can be shown analytically that % > 0 in the region «, 8, € [0,1]. However,
the details are quite tedious.
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L1

0.5
theta1 0.75

alpha

Figure 4. L7 as a function of ¢, and «, for 5, = 3, = 0.5.

Notice that the effect of a on L7 differs significantly for large 6; versus small.

(Indeed, it is unambiguously the case that % < 0.) For instance, from (4.10),
at 0, = 0.8, we have
. 0.5 9

which has the following graph:

L1

1

alpha

Figure 5. Lj as a function of «, for g, = 8, = 0.5 and 6; = 0.8.

Thus, it is possible that as 1’s concern for 2 increases, 1 might actually reduce
its labor supply!
Alternatively, at #; = 0.4,

0.5

) P —
1709 —0.1a2

0.6 — 0.2a% + 0.6) ,
(
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which is uniformly increasing in «, for all a € [0,1]. Indeed, for each 5, € [0, 1],
there is a critical value of 6; below which L} is monotonic in « and above which
it is nonmonotonic. This critical value is given by the expression

B 1
~ 325,

0; (148, - 57, (4.11)
which is increasing in [3; over [0,1]. That is, the greater is 3, the broader the
range of 0, over which L} is monotonically increasing in «. In the extreme case
of B, = 1, this critical value is 1; in this case Lj is increasing in « for all 6.

Intuitively, the effect of #; on % is similar to the effect of 6; directly on Lj:
the smaller is 0; (i.e., the larger is ), the greater the marginal benefit derived
from the spillover and hence the greater is L}. Moreover, a decrease in ¢, amplifies
the impact of o on Lj.

We encounter a similar anomaly in the effect of o on L] when we reverse the
roles of #; and ;. For instance, suppose ¢; = 0.9. Then from (4.9), we have

B1
By — B — 2B, + a2p2 +2

Li = (0.11111a — 1.08; — 1.0a” + 1.0a%5; + 2.0) .

(4.12)
This is depicted in Figure 6.

1
betal 0.75

Figure 6. L} as a function of 3, and «, for #; = 0.9.

Here, too, the behavior is generally not uniform. For example, at 3, = 0.95,
(4.12) becomes

e 0.95
17 9.0475 — 0.047502

0.11111a — 0.0502 4 1.05) ,
(
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which exhibits the following monotonic behavior:

L1

0.52 T

051 7T

05T

049 T

| |
t t t {
0 0.25 0.5 0.75 1

alpha

Figure 7. L} as a function of «, for §; = 0.9 and 5, = 0.95.

However, at 3, = 0.8, we have

B 0.8

~ 2.16 — 0.1602
which has the following graph:

L (0.11111a — 0.20° + 1.2)

L1

0.4525 T

0457

0.4475 T

0.445 7

| |
t t t 1
0 0.25 0.5 0.75 1

alpha

Figure 8. Lj as a function of «, for ; = 0.9 and 3, = 0.8.

As with 60,, we can identify the values of 3, over which L} is monotonic in a.
This is done by inverting (4.11). Here, however, the regions are reversed relative
to #1; L} is nonmonotonic for low values of 5; and monotonically increasing for
high values. This is summarized in the following figure, which depicts the graph
of the critical equation (4.11) for 64, 3, € [0, 1]. For pairs (3,,6;) lying below the
graph, L7 is monotonic in «; and for those lying above, L} is nonmonotonic.
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Figure 9.

Note that while L can decrease with «, it cannot be the case that an increase
in o leads to a decrease in both L} and Lj simultaneously. Indeed, it is easily
shown that if #; > 0] in (4.11), then 0y < 65 for the corresponding critical value
of f5. Similarly, the regions of 3, and 3, over which the nonmonotonicity occurs
do not overlap.

From (4.5) it is clear that in every case the direct effect of an increase in « is
to increase labor supply. Thus, in general, such counterintuitive behavior arises
because, in the relevant parameter range, the indirect effect (i.e., the effect on
the other agent’s labor supply and the effect of that on one’s own) dominates the
direct effect. This is most pronounced either when one agent appropriates the
lion’s share of output (0; is large and therefore the spillover benefit of L; is small)
or when the other agent is significantly more productive (3, is large). Regarding
the latter, suppose an increase in L; would (indirectly) cause L; to decrease. Then
if 3, is large, this might significantly reduce overall output and hence the portion
allocated to j — especially if 6; is small. Indeed, the adverse effect on output of
the decrease in L; might more than offset the positive effect of the increase in
L;. As a result, j might end up worse off (in terms of its egoistic preferences).
Therefore, the opposite behavior, decreasing L;, might actually make j better off.

Next, for the purpose of comparison, we contrast the outcomes for the two
agents under the MP allocation rule (0; = f3;) versus the egalitarian rule (6; = 1),
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for arbitrary a. First, under the MP rule, (4.9) can be written as

((52 +1)B, — a?B3,8, + 0452)
(Br+1)(Br+1) —a2B,5,
L; _ <(61 + 1)62 - 0526162 + 0661) .
(Br+1)(Br+1) — 25,5,

In this case it is easy to show that the equilibrium labor contributions and
egoistic utilities are ranked in the same order as the agents’ productivities, that
is, Lt > L3 and uy (1L L2 1Y) > wg(0,L7° 132 L3) iff B, > B,. Moreover,
since the agents exhibit the same degree of concern, their social utilities are ranked
in the same fashion.

Alternatively, under the egalitarian rule, (4.9) simplifies as follows:

¥ = 8 ( (52—1—1)—042524—04 >
' ! (51 + 1)(52 +1) —a28,8,

Ly = 52( (B +1) —a®B + >
By +1)(By+1) —a?B15,
Here, the low productivity agent works less and, since ¢; = 05, derives greater
egoistic and social utility.

L =

4.2. Taste differences

We now turn to a second example in which agents have identical productivities but
different tastes. Again, we consider the case of two agents (hence, 5, = 3, = %),
but now we take their egoistic preferences to be represented by u;(c, L) = ¢*(1—L)
and uy(c, L) = ¢3(1 — 2L), respectively. Thus, agent 2 has a taste bias for leisure
relative to agent 1.

As above, the agents’ actual behaviors are determined by solving:

II}%X 9%[/1[/2(1 - Ll) + (11293[/1[/2(1 - 2L2), (413)
n}g}( 93[/1[/2(1 — 2L2) + 04219%L1L2<1 - Ll) (414)

This yields the reaction functions

9% + 0412(93(1 — 2L2)

L, = : 4.15
0> 0%(1— L
L, = »2ton 12( ) (4.16)
462
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Solving (4.15) and (4.16) simultaneously yields the Nash equilibrium (actual)
labor supplies

~ _ 29% -+ 04129% — 051205219%
(4 — 05120421)9% ’
~ 29% —+ 04219% — 051205219%

Ly = . 4.18
2 2(4 — 05120521)9% ( )

(4.17)

Next, to obtain E% we solve (4.15) together with the following program which
describes 1’s perception of the decision problem facing agent 2:

IT}/&X 9§L1L2<1 — LQ) + 06126%L1L2(1 - Ll) (419)
2

This yields the reaction function

03 + 04129?(1 — Ll)

Ll = , 4.20
which together with (4.15) yields
= 29% + &126% — Oﬁgeg (4 21)
2 — 2 2 .
205(2 — i)
Similarly, from
rriaXH%Lng(l - Ll) + 05129%2[/1[12(1 — Lg)
1
we obtain the reaction function
6? 03(1 — 2L
- Aton 2(2 2), (4.22)
407
And this together with (4.16) yields
= 29% -+ 0421(93 — 05519% (423)

b 9%(8 - 04%1)

Equating E% to Ly and E% to Zg, we obtain the stationary coeflicients. These
equations have four roots, only two of which are feasible given the restrictions that
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a2 < 1 and as; < 1. The feasible solutions are ap = —V2, g = —2\/2 and,
for 01 > 0.449, a0 = —%, = (% — %). It is interesting to note that agent
1 is always malevolent in a steady state, even when 6, is large, and agent 2 may
be either benevolent or malevolent. To be precise, the (feasible) stationary values
of ap; for each ; are depicted in the following figure.?® Thus, ay; is generally
negative, although there is a small region (approximately for §; € (0.4494,0.4747))

in which it is positive.

alpha21 1T
thetal
0 0.25 0.5 0.75 1

Note that for the case of 6 = 05 = %, the stationary coefficients are a5 =

Qo1 = —1.27

5. Fair share

Finally, we consider one additional standard in which agents believe that each
person should contribute their “fair share” of labor. While there are various
interpretations of “fair share,” here we take it to mean that each person expects
others to contribute labor in proportion to their output shares.?® Thus, relative

26For 0, € (0,0.449), the stationarity conditions do yield consistent a’s. However, ag; exceeds
1. (In fact, a; is unbounded on the interval).

2TSince 3, = 3, this corresponds to both the egalitarian and the MP rule.

28 This does not preclude consideration of productivity differences since that may be taken into
consideration in determining the division rule 6. Indeed, the example might be quite fitting in
the context of a partnership where profit shares are negotiated and contractually predetermined
but labor inputs are ongoing.
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to agent i’s own labor supply, L;, L;; is defined implicity by

L; 0
— = 5.1
Again, for the purpose of demonstration we consider the case of two agents
with identical private preferences u(c,1 — L) = ¢(1 — L).
First, given a5 and as;, the actual Nash equilibrium labor supplies L are
given by (4.6). Substituting into (5.1), we have that at a stationary outcome (i.e.,
Lj = Lyj),

B (L4 B) — (ad) (038 + aif?) g,
B (14 8) = (as) (@B + oz, t) 02

(14 8;) — (afy)(a31)B; + 0[{29—3 &
( ‘) =0 (5.2)

(1+8) — (as)(01)B1 +an ) &

In general, the patterns of utility interdependence consistent with (5.2) are
quite complex. Therefore, we focus only on special cases.

Proposition 5.1. If0, = 3, = % fori = 1,2, then any mutual pattern of concern,

afy = ab, € (—o0, 1] is stable.

More generally, under the MP allocation rule (5.2) specializes as follows:

(B2~ )1 — (aia) o) = 03, 2L — afy 22 (53
By 51
Therefore, if both agents are benevolent (aj; € (0,1), for i # j) or if one
is benevolent and the other malevolent, then 1 — (af,)(a3;) > 0. In this case,
B, > B, if and only if o5, 87 > of,B3. That is, in order to support equilibrium
labor supplies in which each agent contributes its fair share under the MP rule, it
must be the case that the more productive agent is also the more altruistic.
One might also enquire of the pattern of mutual concern that prevails in steady
state equilibrium. Using the fact that 3, =1 — (3, we plot the values of o], and
a3, consistent with (5.3):
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Thus, for example, at o, = 0.2 the steady state values of a3, as a function of
B, are depicted in the following figure:

Note, in particular, that for 8, € (0.575, 1), the steady state value of a3}, < 0.
Indeed, this pattern is general. For all af, € [0,1], agent 2 is malevolent for
sufficiently large [3;. Furthermore, the range of such /3 is decreasing in aj,; that
is, when aj, = 0, agent 2 is malevolent for all 5, € (0.5,1), and for aj, = 1, the
range of such f is (%, 1).

In this case, where agents are rewarded according to their productivities, it is
not surprising that 2 is malevolent toward 1 when g—; is sufficiently large. How-
ever, it is interesting that for given «j, this tendency is nonmonotonic. That is,
while 2 is malevolent for sufficiently large (3,, eventually the extent of malevolence

diminishes. In the limit, as 5; — 1 (8, — 0), 2’s malevolence vanishes.
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Alternatively, under the egalitarian rule, (5.2) reduces to:

B1(1+ajy) = Ba(1 + ag). (5.4)

Again substituting 5, = 1 — 3;, we can identify the steady state patterns of
concern as follows: .
Bi(2+aj,) —1

1-75
The graph of (5.5) is depicted in the following figure.

*
Qg =

(5.5)

At of, = 0.5, for example, o}, and 3, vary as follows:

lalpha21 17

057

0.6 0.8

beta1
057

Here, too, benevolence and malevolence might coexist in a steady state. In
this case, however, it is the more productive agent who is malevolent toward the
less productive, in accordance with our intuition.

It is interesting to note that under both the MP and the egalitarian allocation
rules, the expectation of fair play can generate animosity when such expectations
are not fulfilled.
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6. Conclusion

In this paper we have presented a model in which agents have extended pref-
erences defined over the welfare of others and such sentiments are determined
endogenously on the basis of how agents behave relative to a standard of appro-
priate behavior. The model allows scope for consideration of the fact that different
agents might have different means or abilities and thus may be held to different
standards. Also, in general, the model allows for consideration of the role of the
individual in determining his or her circumstances.

Unlike similar models involving reciprocity, here agents make no attempt to
infer the motives or sentiments of other agents, but rather simply observe their
behavior. As such, the model easily allows for third party effects on sentiments;
that is, sentiments might change even without direct contact with, or consequence
from, another agent.

To demonstrate the potential of such a model in explaining the emergence of
different patterns of sentiments, we developed an example involving team pro-
duction, and we considered three possible standards of behavior. In each case,
we identified and/or characterized stationary outcomes, often with surprising re-
sults. For example, our results suggest a variety of ways in which benevolent and
malevolent agents might stably coexist. Moreover, the pattern of sentiment might
differ depending upon the particular standard employed. Also, under the mean
standard, the relative industry and pattern of concern in a clustered steady state
is ambigous: high productivity agents might work more and be held in greater
esteem than low productivity agents or the pattern might be reversed.

We were also able to demonstrate several anomolies. For example, under
the transposition norm, it is possible that the agents’ mutual degree of concern
might increase and yet they would contribute less to the common good. Or, if
agents have the same productivities but have different tastes, then even if they
receive the same output shares, the unique (interior) stationary outcome might
entail mutual malevolence. Also, under the fair standard, it is possible that the
degree of malevolence might decline as the disparity between agents productivities
increases.

The model thus appears to provide an explanation for a wide variety of be-
haviors and sentiments among the same set of individuals and to yield a rich and
diverse set of predictions.

Within the context of our example, various extensions are possible. First, we
have considered only the case in which agents use the same standard to evaluate
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the behavior others. In subsequent work we intend to study the interactions
among agents who employ different standards. Also, an important direction that
we have thus far overlooked is that agents might take into consideration the effect
of their actions on other agents’ sentiments and hence actions, and they might
choose to behave in such a way as to influence them.

Beyond the example presented here, the methodology is quite general and
might apply to any case in which behavior is endogenous. An important conse-
quence of this framework is that it profoundly changes the relationship between the
individuals in society and the institutional environment.?* Whereas economists
typically take the institutional structure as given and analyze agents’ behavior
therein, to the extent that institutions influence behavior and behavior affects
the sentiments of the agents, the institutions themselves might affect the social
composition. This allows scope for considering such compositional effects in the
design of social policy. For example, it is possible that some policies might lead
to more social cohesion and others to fragmentation or disenfranchisement. In
Esteban and Kranich [7], we have begun to explore one such investigation in the
context of redistributive taxation. But the potential applications are vast.
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