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Devwudfw

Zh ghyhors d jhrphwulf surfhgxuh wr jhw doo fruuhodwhg htxloleuld lq d 5� 5 jdph1 Zlwk wklv

surfhgxuh zh fdq dfwxdoo| cvhh* doo wkh fruuhodwhg vwudwhj| sur�ohv ri d jlyhq jdph dqg frpsduh

lw wr wkh frqyh{ kxoo ri wkh Qdvk htxloleulxp sur�ohv1 Jdphv zlwkrxw grplqdqw vwudwhjlhv idoo

lqwr wzr gl�huhqw htxlydohqfh fodvvhv= +l, frpshwlwlyh jdphv/ wkdw kdyh d xqltxh fruuhodwhg

htxloleulxp vwudwhj|/ dqg +ll, frruglqdwlrq dqg dqwlfrruglqdwlrq jdphv/ zkrvh vhw ri fruuhodwhg

htxloleuld lv d sro|wrsh zlwk �yh yhuwlfhv iru zklfk zh surylgh jhqhudo forvhg0irup h{suhvvlrqv1

Lq wklv odwwhu fdvh/ wkhuh duh hlwkhu wkuhh ru irxu yhuwlfhv iru wkh sd|r�v1 Lq frqwudvw/ wkh frqyh{

kxoo ri wkh Qdvk htxloleulxp vwudwhjlhv dqg sd|r�v dozd|v kdyh wkuhh yhuwlfhv1

� ������������

Lq klv 4<:7*v vhplqdo sdshu/ Dxpdqq lqwurgxfhv wkh frqfhsw ri fruuhodwhg htxloleulxp wkdw jhq0

hudol}hv wkh qrq0frrshudwlyh htxloleulxp qrwlrq gxh wr Qdvk e| doorzlqj sod|huv wr frppxqlfdwh

ehiruh wkhlu sod|1 Pruh suhflvho|/ d fruuhodwhg htxloleulxp ri d jlyhq jdph lv d Qdvk htxloleulxp ri

wkh dvvrfldwhg hqodujhg jdph zkhuh sod|huv uhfhlyh sulydwh vljqdov qrw d�hfwlqj sd|r�v ehiruh wkh

sod|/ dqg pdnh wkhlu fkrlfhv edvhg rq wkh vljqdov wkh| kdyh uhfhlyhg1 Iru �qlwh jdphv lq qrupdo

irup/ d fruuhodwhg htxloleulxp fdq eh ghvfulehg e| phdqv ri d glvwulexwlrq ryhu vwudwhj| sur�ohv/ d

fruuhodwhg vwudwhj|1

Fruuhodwhg htxloleuld kdyh pdq| dsshdolqj surshuwlhv14 Lq sduwlfxodu/ wkh vhw ri fruuhodwhg

WWklv sdshu lv dq dqvzhu wr d txhvwlrq e| Suri1 Plfkdho Pdvfkohu> L rzh klp wklv slhfh ri zrun1 L wkdqn Ideul}lr

Jhupdqr/ Vhujlx Kduw dqg Mrugl Pdvvö iru wkhlu frpphqwv1 Ilqdqfldo vxssruw iurp wkh Vsdqlvk Plqlvwu| ri Vflhqfh

dqg Whfkqrorj| wkurxjk judqwv VHF533403<:6 dqg EHF5335035463 lv judwhixoo| dfnqrzohgjhg1 Doo huuruv duh ri

frxuvh plqh1
_Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlwdw Dxwõqrpd gh Edufhorqd/ Hgl�fl E/ 3;4<6 Ehoodwhuud +Edufhorqd,/ Vsdlq1

Hpdlo= dqwrql1fdoyrCxde1hv1 kwws=22vhohqh1xde1hv2dfdoyr1
4Vhh/ h1j1/ Dxpdqq +4<;:, iru udwlrqdolw| irxqgdwlrqv/ Fkzh +5333, iru lvvxhv ri lghqwl�fdwlrq/ Kduw dqg Pdv0Frohoo

+5333, iru wkh olqn ehwzhhq fruuhodwhg htxloleulxp dqg dgdswlyh g|qdplfv/ Pdlodwk hw do1 +4<<:, iru dq lqwhusuhwdwlrq

ri fruuhodwhg htxloleuld dv Qdvk htxloleuld ri orfdo0lqwhudfwlrq jdphv dqg P|huvrq +4<;9, iru d uh�qhphqw ri wklv

htxloleulxp frqfhsw/ hwf1
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htxloleulxp vwudwhjlhv lv d qrq0hpsw| +frpsdfw dqg frqyh{, sro|wrsh zklfk frqwdlqv wkh frqyh{

kxoo ri wkh Qdvk htxloleuld dv d vxevhw15 Krzhyhu/ ghwhuplqlqj h{dfwo| krz erwk vhwv/ dqg wkh

uhvxowlqj vhwv ri sd|r�v/ gl�hu lv vwloo dq rshq txhvwlrq16

Khuh/ zh irfxv rq wkh sduwlfxodu fdvh ri 5 � 5 jdphv1 Iru vxfk jdphv/ zh surylgh d frpsohwh

fkdudfwhul}dwlrq ri wkh vhw ri fruuhodwhg htxloleulxp vwudwhjlhv dqg sd|r�v/ dqg uhodwh wkrvh vhwv

wr wkh frqyh{ kxoo ri wkh vhw ri Qdvk htxloleulxp vwudwhjlhv dqg sd|r�v1 Pruh suhflvho|/ jdphv

zlwkrxw grplqdqw vwudwhjlhv idoo lqwr wkuhh gl�huhqw htxlydohqfh fodvvhv iru wkh vhw ri fruuhodwhg

htxloleulxp vwudwhjlhv= frpshwlwlyh jdphv/ frruglqdwlrq jdphv/ dqg dqwlfrruglqdwlrq jdphv17 Iru

frpshwlwlyh jdphv/ wkh fruuhodwhg htxloleuld dqg Qdvk htxloleuld vhwv frlqflgh dqg duh uhgxfhg wr

rqh vlqjoh srlqw1 Iru frruglqdwlrq dqg dqwlfrruglqdwlrq jdphv/ wkh vhw ri fruuhodwhg htxloleuld lv d

sro|wrsh zlwk �yh yhuwlfhv iru zklfk zh surylgh jhqhudo forvhg0irup h{suhvvlrqv18 Lq frqwudvw/ wkh

frqyh{ kxoo ri wkh Qdvk htxloleuld kdv rqo| wkuhh yhuwlfhv1 Iru vxfk jdphv/ wkh vhw ri fruuhodwhg

htxloleulxp sd|r�v lv d sro|wrsh zlwk hlwkhu wkuhh ru irxu yhuwlfhv zkloh/ djdlq/ wkh frqyh{ kxoo ri

Qdvk htxloleulxp sd|r�v kdv dozd|v wkuhh yhuwlfhv1

Rxu dssurdfk lv jhrphwulf1 Iluvw/ zh sursrvh d sodqdu jhrphwulf uhsuhvhqwdwlrq ri fruuhodwhg

vwudwhjlhv ri 5�5 jdphv1 Wkhq/ zh ghyhors d jhrphwulf surfhgxuh wr jhw doo fruuhodwhg htxloleuld ri

dq| 5� 5 jdph1 Zlwk wklv surfhgxuh zh fdq dfwxdoo| cvhh* doo wkh fruuhodwhg htxloleulxp vwudwhjlhv

ri d jlyhq jdph dqg frpsduh lw wr wkh frqyh{ kxoo ri wkh Qdvk htxloleulxp vwudwhjlhv1

Vhfwlrq 5 suhvhqwv doo wkh uhvxowv dqg doo wkh surriv duh jdwkhuhg lq Vhfwlrq 61

� ��� ��� �� ���������� ���������� �� �� � ��
��

Fruuhodwhg htxloleulxp vwudwhjlhv ri �qlwh jdphv Ohw � @
�
Q> +V�,�M� > +x�,�M�

�
eh d

�qlwh q�shuvrq jdph lq vwudwhjlf irup1 Ohw V @ ��M�V� ghqrwh wkh vhw ri q�wxsohv vwudwhjlhv ri �

dqg �+V, ghqrwh wkh vhw ri suredelolw| glvwulexwlrqv rq V1

Wkh ruljlqdo gh�qlwlrq ri d fruuhodwhg htxloleulxp lv lq Dxpdqq +4<:7,1 Khuh/ zh irfxv rq

wkh htxlydohqw gh�qlwlrq lq whupv ri fruuhodwhg vwudwhjlhv surylghg lq Dxpdqq +4<;:,/ zkhuh d

5D sro|wrsh lv wkh frqyh{ kxoo ri �qlwho| pdq| hohphqwv ri U&1 Lw lv wkxv frpsdfw dqg frqyh{11 Dowhuqdwlyho|/ d

sro|wrsh lv d erxqghg sro|khgurq/ zkhuh d sro|khgurq lv wkh qrq0hpsw| lqwhuvhfwlrq ri �qlwho| pdq| kdoivsdfhv1 D

sro|khgurq lv forvhg dqg frqyh{1
6Wr txrwh Ixghqehuj dqg Wluroh +4<<8,= �Rqh pljkw dovr olnh wr nqrz zkhq wkh vhw ri fruuhodwhg htxloleuld gl�huv

cjuhdwo|* iurp wkh frqyh{ kxoo ri wkh Qdvk htxloleuld/ exw klv txhvwlrq kdv qrw |hw ehhq dqvzhuhg� +s1 8;,1 Sduwldo

uhvxowv uhodwlqj erwk vhwv kdyh ehhq dfklhyhg vr idu1 Vhh/ h1j1/ Hydqjholvwd dqg Udjkdydq +4<<9, iru uhvxowv uhodwlqj

wkh h{wuhph srlqwv ri erwk htxloleulxp vhwv/ dqg Prxolq dqg Yldo +4<:;, iru uhvxowv uhjduglqj sd|r�v1
7Jdphv wkdw duh grplqdqw vroydeoh kdyh rqo| rqh Qdvk htxloleulxp lq sxuh vwudwhjlhv zklfk frlqflghv zlwk wkh

xqltxh +ghjhqhudwhg, fruuhodwhg htxloleulxp vwudwhj| ri wkh jdph1 Zh ghdo zlwk jdphv zlwk zhdno| grplqdqw

vwudwhjlhv dw wkh hqg ri Vhfwlrq 51
8 Lq idfw/ wkh vhw ri fruuhodwhg htxloleulxp vwudwhjlhv iru frruglqdwlrq dqg dqwlfrruglqdwlrq jdphv duh lvrprusklf

wr hdfk rwkhu/ dqg erwk w|shv ri jdphv pd| zhoo eh jdwkhuhg lqwr rqh vlqjoh htxlydohqfh fodvv1 \hw/ wkh glvwlqfwlrq

lv xvhixo iru frpsxwdwlrqdo sxusrvhv1
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fruuhodwhg vwudwhj| lv d srlqw lq �+V,1

Gh�qlwlrq 4 D fruuhodwhg vwudwhj| � 5 �+V, lv d fruuhodwhg htxloleulxp ri � li dqg rqo| li/ iru doo

l 5 Q dqg v @ +v�> v3�, 5 V/[
r3�M73�

� +v�> v3�,x� +v�> v3�, �
[

r3�M73�

� +v�> v3�,x�
�
v
�
�
> v3�

�
> iru doo v

�

�
5 V�=

Wkh vhw FH +�, ri fruuhodwhg htxloleulxp vwudwhjlhv ri � lv gh�qhg e| d �qlwh qxpehu ri olqhdu

lqhtxdolwlhv +lqfhqwlyh frqvwudlqwv, rq wkh vhw �+V, ri fruuhodwhg vwudwhjlhv1 Iru �qlwh jdphv/

FH +�, lv d qrq0hpsw| sro|wrsh zklfk frqwdlqv wkh frqyh{ kxoo ri doo wkh Qdvk htxloleuld QH +�,19

Fruuhodwhg vwudwhjlhv wkdw ehorqj wr wkh lqwhuvhfwlrq FH +�, _QH +�, duh surgxfw phdvxuhv1

Iurp qrz rq/ zh irfxv rq 5�5 jdphv1 Ohw Q @ id> ej eh wkh vhw ri sod|huv dqg V@ @ VK @ i3> 4j

wkh vhw ri vwudwhjlhv1 Jlyhq wzr pdwulfhv D @ +d��,E�c��M7@f7K
dqg E @ +e��,E�c��M7@f7K

/ zh ghqrwh

e| � +D>E, wkh 5� 5 jdph zlwk wkh iroorzlqj sd|r�v pdwul{=

3 4

3 dff> eff df�> ef�

4 d�f> e�f d��> e��

Ohw �� @
�
+{�> ===> {e, 5 U

e
n m {� . ===. {e @ 4

�
ghqrwh wkh 6�glphqvlrqdo vlpsoh{ ri Ue1 D fruuh0

odwhg vwudwhj| � @ +�ff> ���> ��f> �f�, 5 �� fdq eh uhsuhvhqwhg wkh iroorzlqj zd|=

�ff �f�

��f ���

zkhuh �ff dqg ��� duh wkh suredelolwlhv dvvljqhg wr wkh v|pphwulf +gldjrqdo, vwudwhj| sur�ohv +3> 3,

dqg +4> 4,/ uhvshfwlyho|/ zkloh ��f dqg �f� duh wkh suredelolwlhv fruuhvsrqglqj wr wkh dv|pphwulf

+rxw0ri0gldjrqdo, sur�ohv +4> 3, dqg +3> 4,/ uhvshfwlyho|1

Zlwk d vwudljkwiruzdug dssolfdwlrq ri Gh�qlwlrq 4/ � 5 �� lv d fruuhodwhg htxloleulxp vwudwhj|

ri � +D>E, li dqg rqo| li= ;AAAA?AAAA=
�ff +dff � d�f, � �f� +d�� � df�,

��� +d�� � df�, � ��f +dff � d�f,

�ff +eff � ef�, � ��f +e�� � e�f,

��� +e�� � e�f, � �f� +eff � ef�,

+4,

9Qrq0hpswlqhvv ri �. E��/ wkxv/ uhvxowv iurp qrq0hpswlqhvv ri �. E��1 Kduw dqg Vfkphlgohu +4<;<, surylgh d

gluhfw h{lvwhqfh surri iru fruuhodwhg htxloleuld/ erwk iru �qlwh dqg lq�qlwh jdphv/ wkdw uholhv rq olqhdu gxdolw| udwkhu

wkdq rq vwdqgdug �{hg0srlqw dujxphqwv1
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Htxlydohqfh fodvvhv iru 5 � 5 jdphv Ghqrwh e| J wkh vhw ri 5� 5 jdphv/ dqg e| J� wkh

vhw ri 5� 5 jdphv zlwkrxw qhlwkhu zhdno| qru vwulfwo| grplqdwhg vwudwhjlhv1 Zh �uvw irfxv rq J�

dqg ohdyh iru wkh hqg ri wklv vhfwlrq wkh fdvh ri jdphv lq JqJ�1

Iru doo � +D>E, 5 J�/ ohw � @ mdff � d�fm @ md�� � df�m dqg � @ meff � ef�m @ me�� � e�fm1 Wkh

uhtxluhphqw wkdw � +D>E, grhv qrw srvvhvv dq| grplqdwhg vwudwhj| lpsolhv wkdw dff 9@ d�f/ d�� 9@

df�/ eff 9@ ef� dqg e�� 9@ e�f1 Wkhuhiruh/ erwk � dqg � duh zhoo0gh�qhg dqg �>� A 31

Gh�qh wkh wkuhh iroorzlqj jdphv=

3 4

3 �>� 3> 3

4 3> 3 4> 4

3 4

3 ��>�� 3> 3

4 3> 3 �4>�4

3 4

3 ��>� 3> 3

4 3> 3 �4> 4

�
L
+�>�,= frruglqdwlrq �

LL
+�> �,= dqwlfrruglqdwlrq �

L LL
+�>�,= frpshwlwlyh

Ohppd 4 +htxlydohqfh fodvvhv, Ohw � +D>E, 5 J�1 Wkhq/ FH +� +D>E,, @ FH +�
�
+�>�,,/ iru

vrph c 5 iL> LL> LLLj1

Wkh vhw ri fruuhodwhg htxloleuld ri 5� 5 jdphv zlwkrxw grplqdwhg vwudwhjlhv fdq wkxv eh sduwl0

wlrqhg lqwr wkuhh htxlydohqfh fodvvhv iru wkh vhw ri fruuhodwhg htxloleulxp vwudwhjlhv/ fruuhvsrqglqj

wr �
L
/ �

L L
/ dqg �

L LL
�w|sh jdphv1: Wkh fulwhuld wr dvvljq vrph jlyhq jdph � +D>E, 5 J� wr lwv

fruuhvsrqglqj htxlydohqfh fodvv duh wkh iroorzlqj=

FH +� +D>E,, @

;A?A=
FH +�

L
+�>�,, li dqg rqo| li dff A d�f> d�� A df�> eff A ef�> dqg e�� A e�f>

FH +�
L L
+�>�,, li dqg rqo| li dff ? d�f> d�� ? df�> eff ? ef�> dqg e�� ? e�f>

FH +�
L LL
+�> �,, rwkhuzlvh1

Zh qrz fkdudfwhul}h FH +�
�
+�> �,,/ iru doo �>� A 3 dqg c 5 iL> LL> LLLj1

Lw lv uhdglo| fkhfnhg wkdw FH +�
L L L
, @ QH +�

L LL
,/ wkdw lv/ wkh vhw ri fruuhodwhg htxloleuld dqg Qdvk

htxloleuld ri �
L L L

frlqflgh dqg duh uhgxfhg wr rqh vlqjoh srlqw lq ��1
; Zh wkxv irfxv rq FH +�

L
,

dqg FH +�
L L
,1

:Jhupdqr +5336, sursrvhv d jhqhudo surfhgxuh wr rewdlq htxlydohqfh fodvvhv iru jhqhudo qrupdo0irup �qlwh jdphv

wkdw dssolhv wr gl�huhqw htxloleulxp frqfhswv dqg edvhg rq wkh jhrphwu| ri wkh fruuhvsrqghqfhv ri wkh htxloleulxp

frqfhsw ehlqj frqvlghuhg1 Jhupdqr*v fodvvl�fdwlrq dssolhg wr wkh fruuhodwhg htxloleuld ri 2 f 2 jdphv |lhogv wkuhh

gl�huhqw fodvvhv= E�� jdphv wkdw duh grplqdqfh vroydeoh +wkdw zh ohdyh iru wkh hqg ri wklv vhfwlrq,/ E��� �
LL L
3w|sh

jdphv/ dqg E���� �
L
dqg �

L L
3w|sh jdphv1 Iru rxu sxusrvh/ dowkrxjk �

L
dqg �

L L
3w|sh jdphv duh htxlydohqw xs wr d

uhodehoolqj ri wkh dfwlrqv dydlodeoh wr wkh sod|huv/ wkh glvwlqfwlrq zh pdnh lv vwloo xvhixo dv lw doorzv wr glvwlqjxlvk

ehwzhhq gldjrqdo dqg rxw0ri0gldjrqdo suredelolw| ydoxhv iru fruuhodwhg vwudwhjlhv/ zklfk kdv vrph lpsolfdwlrqv iru wkh

jhrphwu| ri wkh htxloleulxp vhw dqg sd|r�v1 Ohppd 5 pdnhv wklv srlqw pruh suhflvh1
;Wkh vhw ri Qdvk htxloleuld ri �

LL L
Ekc q� lv uhvwulfwhg wr wkh pl{hg vwudwhj|= sod| f zlwk suredelolw| �* E� n k� iru

wkh froxpq sod|hu dqg �* E� n q� iru wkh urz sod|hu1 Wkh fruuhvsrqglqj fruuhodwhg htxloleulxp glvwulexwlrq lv wkh

surgxfw phdvxuh ri wkh pl{hg vwudwhj| sod|1 Prxolq dqg Yldo +4<:;, uhihu wr vxfk jdphv dv vwudwhjlfdoo| }hur0vxp

jdphv1
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Iru doo } @ +}�> }2> }�> }e, 5 U
e/ ohw � +}, @ +}�> }e> }�> }2,/ vr wkdw � lv d shupxwdwlrq vzdsslqj

wkh �uvw wzr frruglqdwhv zlwk wkh odvw wzr frruglqdwhv zkloh suhvhuylqj wkh lqqhu rughu iru wkh sdluv

ri frruglqdwhv ehlqj vzdsshg1

Ohppd 5 +gxdolw|, Ohw �> � A 31 Wkhq/ � 5 FH +�
L
+�>�,, li dqg rqo| li � +�, 5 FH +�

LL
+�> 4@�,,1

Lq zrugv/ jlyhq d fruuhodwhg htxloleulxp vwudwhj| iru vrph frruglqdwlrq jdph zlwk sdudphwhuv

� dqg �/ wkh vwudwhj| rewdlqhg e| vzdsslqj wkh gldjrqdo suredelolwlhv zlwk wkh rxw0ri0gldjrqdo

whupv lv d fruuhodwhg htxloleulxp vwudwhj| iru wkh dqwlfrruglqdwlrq jdph zlwk sdudphwhuv � dqg

4@�1 Dqg ylfh0yhuvd1 Wkh fodvv ri frruglqdwlrq jdphv dqg wkh fodvv ri dqwlfrruglqdwlrq jdph duh

wkxv lvrprusklf wr hdfk rwkhu1 Zh uhvwulfw rxu dqdo|vlv wr wkh iruphu1

Wkh vhw ri fruuhodwhg htxloleulxp vwudwhjlhv ri 5�5 frruglqdwlrq jdphv Ohw �>� A 3

dqg frqvlghu �
L
+�> �,1 Wklv jdph kdv wkuhh Qdvk htxloleuld fruuhvsrqglqj wr wkh iroorzlqj fruuhodwhg

vwudwhj| sur�ohv=

4 3

3 3

3 3

3 4

�
E�nk�E�nq�

k

E�nk�E�nq�
q

E�nk�E�nq�
kq

E�nk�E�nq�

QH lq sxuh vwudwhjlhv +3> 3, QH lq sxuh vwudwhjlhv +4> 4, QH lq pl{hg vwudwhjlhv

Wkh vhw ri Qdvk htxloleulxp vwudwhjlhv ri �
L
/ ghqrwhg e| QH +�

L
,/ dqg wkh frqyh{ kxoo ri wklv vhw/

ghqrwhg e| fry +QH +�
L
,,/ duh doo fruuhodwhg htxloleulxp vwudwhjlhv ri �

L
/ wkdw lv/ fry +QH +�

L
,, �

FH +�
L
,1 Exw wkh lqfoxvlrq pd| eh vwulfw1 Zh �uvw surylgh d frpsohwh fkdudfwhul}dwlrq ri FH +�

L
,

dqg wkhq frpsduh erwk vhwv1

Iru doo �>� A 3/ gh�qh wkh iroorzlqj vhwv=

G +�> �, @
�
+{> |, 5 U2

n m {. | .plq i�{> |@�j.plq i�{> |@�j � 4
�

R +�>�, @
�
+{> |, 5 U2

n m {. | .pd{ i{@�> |@�j.pd{ i�{>�|j � 4
�

Zh kdyh wkh iroorzlqj uhvxow1

Sursrvlwlrq 4 Ohw �> � A 31 Wkhq/ FH +�
L
+�> �,, @ +G +�>�,�R +�>�,, _��1

Frqvlghu wkh iroorzlqj wdeoh1

� �ff ��� ��f �f�

�
W
�
+�> �, 4 3 3 3

�
W
(
+�>�, 3 4 3 3

�
W
.
+�>�, �

E�nk�E�nq�
kq

E�nk�E�nq�
q

E�nk�E�nq�
k

E�nk�E�nq�

�
W
8
+�> �, �

�nqnkq
kq

�nqnkq
q

�nqnkq 3

�
W
C
+�> �, �

�nknkq
kq

�nknkq 3 k

�nknkq

+5,

D jhrphwulf fkdudfwhul}dwlrq ri wkh vhw ri fruuhodwhg htxloleuld wkdw kljkoljkwv wkh gl�huhqfhv

ehwzhhq QH +�
L
, dqg FH +�

L
, lv wkh iroorzlqj1

8



Sursrvlwlrq 5 FH +�
L
+�>�,, lv d sro|wrsh ri �� zlwk �yh yhuwlfhv gh�qhg lq +5,1<

Qrwh wkdw wkh fruuhodwhg vwudwhjlhv �W
�
+�> �,/ �W

(
+�>�, dqg �

W
.
+�> �,/ wkdw fruuhvsrqg wr wkh

Qdvk htxloleuld ri �
L
+�> �,/ duh doo yhuwlfhv ri FH +�

L
+�> �,,1 Wklv lv frqvlvwhqw zlwk Hydqjholvwd dqg

Udjkdydq +4<<9, zkr hvwdeolvk wkdw hyhu| h{wuhph srlqw ri d pd{lpdo Qdvk vhw lv dq h{wuhph srlqw

ri wkh vhw ri fruuhodwhg htxloleuld1 �W
8
+�>�, dqg �

W
C
+�> �, duh dgglwlrqdo yhuwlfhv ri wkh fruuhodwhg

htxloleulxp vhw qrw ehorqjlqj wr wkh frqyh{ kxoo ri wkh Qdvk htxloleuld1

Sursrvlwlrqv 5 surylghv d vlpsoh wrro wr frqvwuxfw wkh fruuhodwhg htxloleulxp sro|wrsh ri dq|

frruglqdwlrq jdph � +D>E, 5 J�1 Lw vx!fhv wr frpsxwh � dqg � dqg jhw wkh �yh yhuwlfhv ri

FH +� +D>E,, zlwk +5,1 Li � +D>E, 5 J� lv dq dqwlfrruglqdwlrq jdph/ wkh gxdolw| uhvxow lq Ohppd

5 lpsolhv wkdw wkh yhuwlfhv ri FH +� +D>E,, duh wkh vdph wkdw lq +5, zkhuh � lv uhsodfhg e| 4@�

dqg wkh rxw0ri0gldjrqdo suredelolwlhv duh vzdsshg zlwk wkh gldjrqdo whupv1

H{dpsoh 41 Frqvlghu wkh iroorzlqj jdph/ �S��S&e?/ nqrzq dv wkh cfklfnhq jdph*=

3 4

3 9> 9 5> :

4 :> 5 3> 3

Wklv jdph idoov lqwr wkh htxlydohqfh fodvv ri jhqhudo dqwlfrruglqdwlrq jdphv/ zlwk � @ 3=8 @ �1

Wkh �yh yhuwlfhv ri wkh fruuhodwhg htxloleulxp sro|wrsh duh wkh iroorzlqj1

� �ff ��� ��f �f�

�
W
�

3 3 4 3

�
W
(

3 3 3 4

�
W
.

e
b

�
b

2
b

2
b

�
W
8

�
2 3 �

e
�
e

�
W
C

3 �
D

2
D

2
D

<D srlqw ri d sro|khgurq lv fdoohg dq h{wuhph srlqw ru d yhuwh{ li lw lv qrw d frqyh{ frpelqdwlrq ri wzr rwkhu

hohphqwv ri wkh sro|khgurq1
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Iljxuh 4 vkrzv wkh vhw ri fruuhodwhg htxloleulxp vwudwhjlhv ri �S��S&e? rq ��1

µ10

1

1µ00

1 µ11

EF

G

C

D

Iljxuh 41 Wkh fruuhodwhg htxloleulxp vhw ri �S��S&e?1

Lq Iljxuh 4/ F dqg G fruuhvsrqg wr wkh wzr Qdvk htxloleuld lq sxuh vwudwhjlhv ri �S��S&e?/ zkloh H

lv wkh Qdvk htxloleulxp lq +frpsohwho|, pl{hg vwudwhjlhv1 Wkh frqyh{ kxoo ri wkh Qdvk htxloleuld

fruuhvsrqgv wr wkh cvolfh* FGH ri FH
�
�
S��S&e?

�
1 Wkh yhuwlfhv I dqg J duh fruuhodwhg htxloleuld

qrw ehorqjlqj wr wklv frqyh{ kxoo1

Wkh jhrphwu| ri fruuhodwhg htxloleulxp sd|r�v ri 5 � 5 frruglqdwlrq jdphv Ohw

� +D>E, 5 J� vxfk wkdw FH +� +D>E,, @ FH +�
L
+�>�,,1 Iru doo � 5 FH +�

L
+�>�,, ghqrwh e|

x +�, @ +x@ +�, > xK +�,, wkh fruuhodwhg htxloleulxp sd|r�v iru sod|huv d dqg e1 Zh kdyh=+
x@ +�, @ �ffdff . ���d�� . ��fd�f . �f�df�

xK +�, @ �ffeff . ���e�� . ��fe�f . �f�ef�

+6,

Ghqrwh e| FHS +� +D>E,, @
�
+x@ +�, > xK +�,, 5 U

2 m � 5 FH +� +D>E,,
�
wkh vhw ri fruuhodwhg htxl0

oleulxp sd|r�v ri � +D>E,1 Zh kdyh wkh iroorzlqj uhvxow1

Sursrvlwlrq 6 Ohw � +D>E, 5 J� eh d frruglqdwlrq jdph1 Wkhq/ FHS +� +D>E,, lv d sro|wrsh

ri U2 zlwk hlwkhu wkuhh ru irxu gl�huhqw yhuwlfhv1 Wkh sxuh Qdvk htxloeulxp sd|r�v x +�W
�
+�>�,,

dqg x +�W
(
+�>�,, duh dozd|v yhuwlfhv/ dqg hlwkhu x +�W

8
+�>�,,/ ru x +�W

C
+�>�,, ru erwk duh wkh rwkhu

yhuwlfhv1

D vnhwfk ri wkh surri lv dv iroorzv1 Iluvw/ dq| yhuwh{ ri wkh sro|wrsh ri sd|r�v lv qhfhvvdu0

lo| rewdlqhg zlwk d yhuwh{ ri wkh sro|wrsh ri vwudwhjlhv1 Wkhuhiruh/ FHS +� +D>E,, kdv dw prvw

:



�yh gl�huhqw yhuwlfhv1 Vhfrqg/ e| Sursrvlwlrq 5/ wkh frpsohwho| pl{hg vwudwhj| Qdvk htxloleulxp

�
W
.
+�> �, lv d yhuwh{ ri FH +� +D>E,,1 \hw/ lw lv d vwdqgdug uhvxow wkdw wkh pl{hg htxloleulxp

sd|r�v ri frruglqdwlrq jdphv duh +vwulfwo|, Sduhwr0grplqdwhg e| vrph fruuhodwhg htxloleulxp sd|0

r�v143 Revhuylqj wkdw wkh vdph uhvxow dssolhv wr d vxlwdeoh wudqvirupdwlrq ri � +D>E,/ zh ghgxfh

wkdw pl{hg htxloleulxp sd|r�v lv dq lqwhulru srlqw ri wkh sro|wrsh ri fruuhodwhg htxloleulxp sd|0

r�v1 Pruhryhu/ wkh pl{hg Qdvk htxloleulxp sd|r�v x +�W
.
+�>�,, dqg wkh sxuho| fruuhodwhg sd|r�v

x +�W
8
+�>�,, dqg x +�W

C
+�> �,, duh Sduhwr0udqnhg/ zlwk wkh fruuhodwhg sd|r�v ehlqj wkh h{wuhpdo

rqhv1

Sursrvlwlrqv 5 dqg 6 dowrjhwkhu surylgh vlpsoh wrrov wr frqvwuxfw wkh sro|wrsh ri wkh fruuhodwhg

htxloleulxp vwudwhjlhv dqg sd|r�v ri dq| 5� 5 frruglqdwlrq jdph1 Wrjhwkhu zlwk Ohppd 5/ wkh|

dovr fryhu wkh idplo| ri 5� 5 frruglqdwlrq jdphv1

H{dpsoh 51 Wkh sro|wrsh ri fruuhodwhg htxloleulxp sd|r�v ri �S��S&e? lv glvsod|hg lq Iljxuh

5 �juh|0vkdghg duhd1 Wkh frqyh{ kxoo ri wkh Qdvk htxloleulxp sd|r�v/ gholqhdwhg zlwk d gdvkhg

olqh/ lv lqfoxghg lq FHS
�
�
S��S&e?

�
1

(7,2)

(2,7)

(21/4,21/4)

(18/5,18/5)

(14/3,14/3)

x
d0

x
e

Iljxuh 51 Wkh fruuhodwhg htxloleulxp sd|r�v ri �S��S&e?1

Frpsxwlqj wkh yhuwlfhv ri wkh fruuhodwhg htxloleulxp sro|wrsh zlwk +5, lv d fuxfldo vwhs wr

lghqwli|lqj wkh vhw ri sd|r�v wkdw fdq eh dfklhyhg zlwk d fruuhodwhg htxloleulxp lq 5 � 5 jdphv1

Lghqwli|lqj wklv vhw ri sd|r�v/ lq wxuq/ lv fuxfldo wr glvwlqjxlvk ehwzhhq wkh sd|r�v ehorqjlqj wr

wkh frqyh{ kxoo ri wkh Qdvk htxloleulxp sd|r�v dqg wkdw fdq eh dfklhyhg wkurxjk mrlqwo| frqwuroohg

orwwhulhv/44 iurp wkh csxuho|* fruuhodwhg htxloleulxp sd|r�v wkdw uhtxluh rwkhu w|shv ri phfkdqlvpv

43Vhh/ h1j1/ Prxolq dqg Yldo +4<:;,1
44Vhh Dxpdqq dqg Pdvfkohu +4<<8, iru ghwdlov rq mrlqwo| frqwuroohg orwwhulhv1

;



wr eh lpsohphqwhg145

Jdphv zlwk grplqdwhg vwudwhjlhv Lw lv vwudljkwiruzdug wr fkhfn wkdw vwulfwo| grplqdwhg

vwudwhjlhv fdqqrw eh xvhg zlwk srvlwlyh suredelolw| lq dq| fruuhodwhg htxloleulxp ri d �qlwh jdph1

Wkh vhw ri fruuhodwhg htxloleuld ri d grplqdqfh vroydeoh 5� 5 jdph wkxv frlqflghv zlwk wkh vhw ri

Qdvk htxloleuld ri wkdw jdph1

Frqvlghu qrz wkh fdvh ri zhdno| grplqdwhg vwudwhjlhv1 Jdphv zlwk zhdno| grplqdwhg vwudwhjlhv

duh vxfk wkdw hlwkhu � @ 3/ ru � @ 3 ru erwk1 Ghqrwh e| G +�> �, dqg R +�>�, wkh h{whqvlrqv ri

G +�>�, dqg R +�>�,/ uhvshfwlyho|/ wr U2
n gh�qhg dv iroorzv=+

G +�>�, @ G +�>�, / iru doo �> � A 3

G +3> �, @
�
+{> |, 5 U2

n m +4 . �,{. | � 4
�

dqg wkh qdwxudo h{whqvlrq wr � @ 3/;AAAA?AAAA=
R +�>�, @ R +�>�, / iru doo �> � A 3

R +3> �, @
�
+{> |, 5 U2

n m +4 . 4@�,{. +4 . �, | � 4
�

R +�> 3, @
�
+{> |, 5 U2

n m +4 . �,{. +4 . 4@�, | � 4
�

R +3> 3, @
�
+{> |, 5 U2

n m {. | � 4
�

Zh kdyh wkh iroorzlqj uhvxow1

Fruroodu| 4 Ohw �>� � 31 Wkhq/ FH +�
L
+�>�,, @

�
G +�>�,�R +�>�,

�
_��1

Ohw � +D>E, 5 JqJ� zlwkrxw vwulfwo| grplqdqw vwudwhjlhv1 Wkhuhiruh/ � +D>E, kdv zhdno|

grplqdqw vwudwhjlhv1 Vpdoo shuwxuedwlrqv ri sd|r�v |lhog d jdph lq J�/ zlwkrxw qhlwkhu zhdno| qru

vwulfwo| grplqdqw vwudwhjlhv1 Sursrvlwlrq 4/ wrjhwkhu zlwk Ohppd 5/ dqg wkh fulwhuld iru dvvljqlqj

dq htxlydohqfh fodvv wr dq| jdph lq J� surylgh d ixoo fkdudfwhul}dwlrq ri wkh vhw ri fruuhodwhg

htxloleulxp vwudwhjlhv iru wkh shuwxuehg jdph1 FH +� +D>E,, lv wkhq rewdlqhg e| d olplw dujxphqw

dv wkh sd|r�v* shuwxuedwlrqv ydqlvk146

45Vxfk dv/ iru lqvwdqfh/ wkh orqj phgldwhg wdon ri Ohkuhu +4<<7,/ ru wkh rqh0vkrw sxeolf phgldwhg wdon ri Ohkuhu

dqg Vrulq +4<<:,1
46Vxssrvh/ iru lqvwdqfh/ wkdw � E�c�� lv d jhqhudo frruglqdwlrq jdph h{fhsw wkdw @ff ' @�f/ wkdw lv/ 3 lv d zhdno|

grplqdwhg vwudwhj| iru sod|hu @1 Wkh vhw ri fruuhodwhg vwudwhjlhv lv wkhq ghgxfhg iurp Iljxuh 7 lq Vhfwlrq 6 e| ohwwlqj

k ' f1 Lq sduwlfxodu/ >
f�

' f iru dq| > M �. E� E�c���1 Lq wkh odqjxdjh ri P|huvrq +4<;9,/ wkh vwudwhj| sur�oh

Efc ��/ wkdw lqfoxghv wkh zhdno| grplqdwhg vwudwhj| iru @/ lv dq xqdffhswdeoh dfwlrq1

<



� ������

Surri ri Ohppd 4= Vxssrvh �uvw wkdw dff A d�f/ d�� A df�/ eff A ef�/ dqg e�� A e�f1 Wkhq/ +4,

lv htxlydohqw wr ;AAAA?AAAA=
�ff� � �f�

��� � ��f�

�ff� � ��f

��� � �f��

> +7,

lpso|lqj wkdw FH +� +D>E,, @ FH +�
L
+�> �,,1 Wkh fdvhv zkhuh dff ? d�f/ d�� ? df�/ eff ? ef�/

dqg e�� ? e�f/ ru dff ? d�f/ d�� ? df�/ eff A ef�/ dqg e�� A e�f/ duh vlplodu1

Surri ri Ohppd 5= Ohw � @ +�ff> ���> ��f> �f�, 5 FH +�
L
+�> �,,1 Vshfldol}lqj +4,/ wklv lv

htxlydohqw wr ;AAAA?AAAA=
�ff� � �f�

��� � ��f�

�ff� � ��f

��� � �f��

/

;AAAA?AAAA=
���f� � ����

��f� � ��ff�

���f@� � ��ff

��f� � ����@�

htxlydohqw wr � +�, @ +��f> �f�> �ff> ���, 5 FH +�
L L
+�> 4@�,,1

Surri ri Sursrvlwlrq 4= Ohw +�ff> ���, 5 U
2
n1 Wkhq/ +�ff> ���, duh wkh gldjrqdo suredelolwlhv

ri vrph fruuhodwhg htxloleulxp vwudwhj| ri �
L
+�>�, li dqg rqo| li wkhuh h{lvwv vrph +��f> �f�, 5 U

2
n

vxfk wkdw � @ +�ff> ���> ��f> �f�, vdwlv�hv +7,/ dqg �ff . ��� . ��f . �f� @ 41 Qrwh wkdw +7, lv

htxlydohqw wr +
plq i�ff�>���@�j � ��f

plq i�ff�>���@�j � �f�

Wkhuhiruh/ lw lv srvvleoh wr �qg wzr rxw0ri0gldjrqdo suredelolwlhv +��f> �f�, vdwlvi|lqj wkh deryh

uhtxluhphqwv li dqg rqo| li +�ff> ���, 5 G +�>�,1

Ohw qrz +��f> �f�, 5 U
2
n1 E| Ohppd 5/ +��f> �f�, duh wkh rxw0ri0gldjrqdo suredelolwlhv ri vrph

fruuhodwhg htxloleulxp vwudwhj| ri �
L
+�>�, li dqg rqo| li wkhuh duh wkh gldjrqdo suredelolwlhv ri vrph

fruuhodwhg htxloleulxp vwudwhj| ri �
L L
+�> 4@�,1 Vshfldol}lqj +4, iru �

LL
+�> 4@�, zh kdyh=+

�ff � pd{ i��f@�>�f�@�j

��� � pd{ i��f�>�f��j

iru � @ +��f> �f�> �ff> ���, 5 FH +�
L L
+�> 4@�,,1 Zlwk d vlplodu uhdvrqlqj wkdq ehiruh/ zh gh0

gxfh wkdw +��f> �f�, duh wkh rxw0ri0gldjrqdo suredelolwlhv ri vrph fruuhodwhg htxloleulxp vwudwhj| ri

�
L
+�> �, li dqg rqo| li +��f> �f�, 5 R +�> �,1

Surri ri Sursrvlwlrq 5= Zh �uvw ghvfuleh d sodqdu jhrphwulf uhsuhvhqwdwlrq ri ��1

Frqvlghu d vtxduhg Hgjhzruwk er{ ri vl}h xqlw|1 Dq| } @ +}�> }2> }�> }e, 5 �� fdq eh uhsuhvhqwhg

rq wkh Hgjhzruwk er{ dv d frxsoh ri srlqwv +]_> ]J,/ zkhuh ]_ @ +}�> }2, +uhvs1 ]J @ +}�> }e,,

43



fruuhvsrqgv wr wkh �uvw wzr +uhvs1 odvw wzr, frruglqdwhv ri }1 Ohw � @ }� . }21 Wkhq/ }� . }e @

4 � +}� . }2, @ 4 � �1 Wkhuhiruh/ iru d jlyhq ]_/ wkh vhw ri srvvleoh orfl iru ]J lv jlyhq e| wkh

vhjphqw
�
+{�> {e, 5 U

2 m {� . {e @ 4� �
�
147 Vhh Iljxuh 61

0

0

{
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{
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{
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{
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}
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}
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{
4
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5
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]
g

{
6
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7
=1-δ

}
6

}
7

]
r

Iljxuh 61 D sodqdu jhrphwulf uhsuhvhqwdwlrq ri ��1

Xvlqj wkh suhylrxv sodqdu uhsuhvhqwdwlrq iru hohphqwv ri ��/ d fruuhodwhg htxloleulxp vwudwhj|

� @ +�ff> ���> ��f> �f�, lv lghqwl�hg e| d frxsoh ri srlqwv +P_>PJ, rq wkh Hgjhzruwk er{/ zkhuh

P_ @ +�ff> ���, duh wkh gldjrqdo suredelolwlhv dqgPJ @ +��f> �f�, wkh rxw0ri0gldjrqdo suredelolwlhv1

Ohw �>� A 31 Wkh juh|0vkdghg duh lq Iljxuh 7 uhsuhvhqwv FH +�
L
+�>�,, dv fkdudfwhul}hg e|

47~_ ' E5�c 52� lv vlpso| wkh surmhfwlrq ri 5 rq wkh vxevhw
�
E%�c %2� M U

2
� %� n %2 $ �c %� D fc %2 D f

�
dqg ~J '

E5�c 5e� wkh surmhfwlrq ri 5 rq wkh vxevhw
�
E%�c %e� M U

2
� %� n %e $ �c %� D fc %e D f

�
1
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Sursrvlwlrq 41

{
5

0

0

{
4

{
6

{
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1

1

α/(1+α)(1+β)

α/(1+α+αβ)

β/(1+α)(1+β)β/(1+β+αβ)

αβ/(1+α)(1+β)

1/(1+α)(1+β)

H
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G
g

J
g

I
g

F
r
/G

r

H
r

I
r

J
r

{
5
= αβ{

4

αβ/(1+β+αβ)

αβ/(1+α+αβ)

F
g

Iljxuh 71 Wkh vhw ri fruuhodwhg htxloleulxp vwudwhjlhv ri �
L
+�>�,1

Lq Iljxuh 7/ +F_> FJ, dqg +G_>GJ, fruuhvsrqg wr wkh wzr Qdvk htxloleuld lq sxuh vwudwhjlhv ri �
L
/

dqg +H_> HJ, lv wkh Qdvk htxloleulxp lq +frpsohwho|, pl{hg vwudwhjlhv ri �
L
1 Ilqdoo|/ +I_> IJ, dqg

+J_> JJ, fruuhvsrqg wr wkh yhuwlfhv �W
8
dqg �

W
C
lq +5,/ uhvshfwlyho|1

Ohw Y @ iF>G>H>I>Jj1 Iru doo l 5 Y/ ohw �W
�
@
�
�
W
_c�
> �

W
Jc�

�
/ zkhuh �W

_c�
+uhvs1 �W

Jc�
, ghqrwhv wkh

gldjrqdo +uhvs1 rxw0ri0gldjrqdo, suredelolwlhv ri �W
�
1 Zh vkrz wkdw Y lv wkh vhw ri yhuwlfhv ri wkh

sro|wrsh FH +�
L
+�>�,,1

Jlyhq vrph D � U
e/ ohw Su_ +D, @ i+{�> {2, m < +{�> {e, = +{�> {2> {�> {e, 5 Dj1 Wklv lv wkh sur0

mhfwlrq ri D rq wkh �uvw wzr frruglqdwhv ri Ue1 Vlploduo|/ gh�qh wkh surmhfwlrq ri D rq wkh wzr

vhfrqg frruglqdwhv dv SuJ +D, @ i+{�> {e, m < +{�> {2, = +{�> {2> {�> {e, 5 Dj1

Zh surfhhg lq wzr vwhsv1

Vwhs 4= Zh �uvw suryh wkdw dq| � 5 FH +�
L
+�>�,, lv d frqyh{ frpelqdwlrq ri �W

�
> l 5 Y 1 Ohw

� @ +�
_
> �

J
, 5 FH +�

L
+�>�,,1 Qrwlqj wkdw SuJ FH +�

L
+�>�,, @ fry +FJ>HJ> IJ, ^ fry +FJ> HJ> JJ,/

zh fdq dvvxph/ zlwkrxw orvv ri jhqhudolw|/ wkdw �
J
5 fry +FJ>HJ> IJ,1 Ohw wkxv ��/ l 5 iF>H>Ij

vxfk wkdw �� � 3/ �� .�. .�8 @ 4/ dqg �
J
@ ���

W
Jc�

.�.�
W
Jc.

.�8�
W
Jc8

1 Iru doo � 5 ^3> 4`/ gh�qh=

�
_
+�> �, @ ����

W
_c�

. +4� �,���
W
_c(

. �.�
W
_c.

. �8�
W
_c8

Wkh vhw i�
_
+�> �, m � 5 ^3> 4`j lv d vhjphqw wkdw ehorqjv wr wkh vhw ri gldjrqdo suredelolwlhv wkdw/

wrjhwkhu zlwk �J/ irup d fruuhodwhg vwudwhj| +wkdw lv/ wkh vxp ri wkh fruuhvsrqglqj suredelolwlhv lv

45



htxdo wr rqh,1 Zh ghqrwh e| �_ +3> �, dqg �_ +4> �, lwv hqgsrlqwv1 Vhh Iljxuh 81
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g
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{µ d(ρ,λ): ρ±[0,1]}

µd(1,λ)

µd(0,λ)

Iljxuh 81 Wkh vhjphqw i�
_
+�> �, = � 5 ^3> 4`j1

Zh suryh wkdw/ lq idfw/ i�_ +�> �, m � 5 ^3> 4`j @ ih�_ m +h�_> �J, 5 FH +�
L
+�> �,,j1 Ohw � 5 ^3> 4`1 Wkh

fruuhodwhg vwudwhj| +�
_
+�> �, > �

J
, fdq eh zulwwhq dv=

+�
_
+�> �, > �

J
, @ ����

W
�
. +4� �,���

W
(
. �.�

W
.
. �8�

W
8
>

Lw lv wkxv d frqyh{ frpelqdwlrq ri fruuhodwhg htxloleulxp vwudwhjlhv1 Dv vxfk/ lw lv dovr dq htxloleulxp

vwudwhj|1 Wkhuhiruh/ i�_ +�> �, m � 5 ^3> 4`j � ih�_ m +h�_> �J, 5 FH +�
L
+�>�,,j1 Zh qrz hvwdeolvk

htxdolw|1 Wkh hqgsrlqw �
_
+3> �, lv d frqyh{ frpelqdwlrq ri �W

_c�
> �

W
_c.

dqg �
W
_c8

zlwk zhljkwv htxdo

wr/ uhvshfwlyho|/ �� > �. dqg �8 1 Wkhuhiruh/+
�ff +3> �, @ �.�

W
ffc. . �8�

W
ffc8

��f +3> �, @ �.�
W
�fc. . �8�

W
�fc8

=

Qrwh wkdw +vhh Iljxuh 7, H dqg I duh vxfk wkdw+
�
W
ffc.� @ �

W
ffc.@� @ �

W
�fc.

�
W
ffc8� @ �

W
ffc8@� @ �

W
�fc8

=

lpso|lqj +�
_
+3> �, > �

J
, vdwlv�hv wkh htxloleulxp frqglwlrq plq i�ff�>���@�j � ��f zlwk htxdolw|1

Dq| fruuhodwhg vwudwhj| +h�_> �J, vxfk wkdw h�ff ? �ff +3> �, ylrodwhv wklv frqglwlrq1 Zlwk d vlplodu

uhdvrqlqj iru �
_
+4> �, zh ghgxfh wkdw=

i�
_
+�> �, m � 5 ^3> 4`j @ ih�

_
m +h�

_
> �

J
, 5 FH +�

L
+�>�,,j
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Wkhuhiruh/ wkhuh h{lvwv d xqltxh e� 5 ^3> 4` vxfk wkdw �_ @ �_ +e�> �,1 Zlwk vxfk e�/ zh kdyh=
� @ e����W� . +4� e�,���W( . �.�

W
.
. �8�

W
8
=

Vwhs 5= Lw lv fohdu iurp Iljxuh 8 wkdw/ iru doo l 5 Y/ �W
�
fdq qrw eh rewdlqhg dv d frqyh{

frpelqdwlrq ri wkh �W
�
> m 5 Yq ilj1

Surri ri Sursrvlwlrq 6= Zh �uvw vkrz wkdw wkh vhw ri yhuwlfhv ri FHS +�
L
+�> �,, lv d vxevhw ri

ix +�W
�
, m l 5 Yj1 Vxssrvh qrw1 Ohw � 5 FH +�

L
+�>�,, vxfk wkdw x +�, lv d yhuwh{ ri FHS +�

L
+�> �,,/

dqg � @5 i�W
�
m l 5 Yj1 Ohw ��/ l 5 Y vxfk wkdw �� � 3/

S
�MO �� @ 4 dqg � @

S
�MO ���

W
�
1 Jlyhq wkdw

� @5 i�W
�
m l 5 Yj/ dw ohdvw wzr �� duh qrq }hur1 E| +6,/ zh kdyh x +�, @

S
�MO ��x +�

W
�
, zlwk dw ohdvw

wzr �� qrq }hur/ zklfk lv d frqwudglfwlrq1

Vhfrqg/ zh vkrz wkdw wkh frpsohwho| pl{hg Qdvk htxloleulxp sd|r�v duh qrw d yhuwh{ ri

FHS +� +D>E,, zkhqhyhu � +D>E, lv hlwkhu d frruglqdwlrq ru dq dqwlfrruglqdwlrq jdph1 Erwk jhq0

hudo frruglqdwlrq dqg dqwlfrruglqdwlrq jdphv duh vxfk wkdw +dff . d�� � df� � d�f, +eff . e�� � ef� � e�f, A

31 Fruroodu| 7/ s1 543/ dqg Wdeoh 4/ s1 544 ri Prxolq dqg Yldo +4<:;, lpso| wkdw/ iru vxfk jdphv/

wkh frpsohwho| pl{hg htxloleulxp sd|r�v duh +vwulfwo|, Sduhwr0grplqdwhg e| vrph fruuhodwhg htxl0

oleulxp sd|r�v1 Ohw � +D>E, eh d jhqhudo frruglqdwlrq jdph dqg x +�, wkh sd|r�v fruuhvsrqglqj

wr vrph � 5 ��1 Ohw � eh wkh frpsohwho| pl{hg Qdvk htxloleulxp ri � +D>E, |lhoglqj sd|r�v x +�,1

E| wkh suhylrxv revhuydwlrq/ wkhuh h{lvwv vrph �� 5 FH +� +D>E,, vxfk wkdw x +��, � x +�,/ zkhuh

� lv wkh frpsrqhqw0zlvh rughulqj/ dqg zlwk dw ohdvw rqh vwulfw lqhtxdolw|1

Ohw qrz

D
W @

%
d�f d��

dff df�

&
dqg E

W gh�qhg vlploduo|1 Wkhq/ � +�DW
>�EW, lv d jhqhudo frruglqdwlrq jdph zlwk +frpsohwho|,

pl{hg Qdvk htxloleulxp sd|r�v �x +�,1 Xvlqj djdlq wkh suhylrxv revhuydwlrq/ wkhuh h{lvwv vrph ���

5 FH +� +�DW
>�EW,, zkrvh sd|r�v Sduhwr0grplqdwh �x +�,1 Vshfldol}lqj +4, iru � +�DW

>�EW,/

rqh fdq fkhfn wkdw � +���, 5 FH +� +D>E,, dqg �x +� +���,, � �x +�,/ wkdw lv/ wkh pl{hg Qdvk

htxloleulxp sd|r�v ri � +D>E, Sduhwr0grplqdwh wkrvh vwhpplqj iurp � +���,1

Surri ri Fruroodu| 4= wkh uhvxow ghulyhv iurp d vlpsoh olplw dujxphqw rq shuwxuehg sd|r�v/

wkdw zh ohdyh wr wkh uhdghu1

����������

^4` Dxpdqq/ U1 M1 +4<:7, �Vxemhfwlylw| dqg Fruuhodwlrq lq Udqgrpl}hg Vwudwhjlhv/� Mrxuqdo ri

Pdwkhpdwlfdo Hfrqrplfv 4/ 9:0<91

^5` Dxpdqq/ U1 M1 +4<;:, �Fruuhodwhg Htxloleulxp dv dq H{suhvvlrq ri Ed|hvldq Udwlrqdolw|/�

Hfrqrphwulfd 88/ 404;1
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^6` Dxpdqq/ U1M1 dqg P1 Pdvfkohu +4<<8, Uhshdwhg Jdphv zlwk Lqfrpsohwh Lqirupdwlrq/ Fdp0

eulgjh= PLW Suhvv1

^7` Fkzh/ P1 V10\1 +5333, �Lghqwli|lqj Jdphv e| wkhlu Fruuhodwhg Htxloleuld/� plphr= XFOD1

^8` Hydqjholvwd/ I1 V1 dqg W1 H1 V1 Udjkdydq +4<<9, �D Qrwh rq Fruuhodwhg Htxloleulxp/� Lqwhu0

qdwlrqdo Mrxuqdo ri Jdph Wkhru| 4/ 680741

^9` Ixghqehuj/ G1 dqg M1 Wluroh +4<<8, Jdph Wkhru|/ Fdpeulgjh= PLW Suhvv1

^:` Jhupdqr/ I1 +5336, �Rq Vrph Jhrphwu| dqg Htxlydohqfh Fodvvhv ri Qrupdo Irup Jdphv/�

plphr1

^;` Kduw/ V1 dqg D1 Pdv0Frohoo +5333, �D Vlpsoh Dgdswlyh Surfhgxuh Ohdglqj wr Fruuhodwhg Htxl0

oleulxp/� Hfrqrphwulfd 8/ 445:044831

^<` Kduw/ V1 dqg G1 Vfkphlgohu +4<;<, �H{lvwhqfh ri Fruuhodwhg Htxloleuld/� Pdwkhpdwlfv ri Rs0

hudwlrqv Uhvhdufk 47/ 4;0581

^43` Ohkuhu/ H1 +4<<7, �Phgldwhg Wdon/� Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru| 58/ 4::04;;1

^44` Ohkuhu/ H1 dqg V1 Vrulq +4<<:, �Rqh0Vkrw Sxeolf Phgldwhg Wdon/� Jdphv dqg Hfrqrplf Eh0

kdylru 53/ 464047;1

^45` Pdlodwk/ J1 M1/ Vdpxhovrq/ O1 dqg D1 Vkdnhg +4<<:, �Fruuhodwhg Htxloleuld dqg Orfdo Lqwhu0

dfwlrqv/� Hfrqrplf Wkhru| </ 884089;1

^46` Prxolq/ K1 dqg M10S1 Yldo +4<:;, �Vwudwhjlfdoo| ]hur0Vxp Jdphv= Wkh Fodvv ri Jdphv Zkrvh

Frpsohwho| Pl{hg Htxloleuld Fdqqrw eh Lpsuryhg Xsrq/� Lqwhuqdwlrqdo Mrxuqdo ri Jdph

Wkhru| :/ 53405541

^47` P|huvrq/ U1 E1 +4<;9, �Dffhswdeoh dqg Suhgrplqdqw Fruuhodwhg Htxloleuld/� Lqwhuqdwlrqdo

Mrxuqdo ri Jdph Wkhru| 48/ 46604871
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