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Devwudfw

Zh suhvhqw d prgho ri oderu pdunhwv wkdw dffrxqwv iru wkh vrfldo qhwzrun wkurxjk zklfk

djhqwv khdu derxw mrev1 Zh vkrz wkdw dq lpsuryhphqw lq wkh zdjh ru hpsor|phqw vwdwxv ri

hlwkhu dq djhqw*v gluhfw ru lqgluhfw frqwdfwv ohdgv wr dq lqfuhdvh lq wkh djhqw*v hpsor|phqw

suredelolw| dqg h{shfwhg zdjhv/ lq wkh vhqvh ri �uvw rughu vwrfkdvwlf grplqdqfh1 D vlplodu

h�hfw uhvxowv iurp dq lqfuhdvh lq wkh qhwzrun frqwdfwv ri dq djhqw1 Lq whupv ri g|qdplfv dqg

sdwwhuqv/ zh vkrz wkdw erwk zdjhv dqg hpsor|phqw duh srvlwlyho| dvvrfldwhg +d vwurqj irup ri

fruuhodwlrq, dfurvv wlph dqg djhqwv1 Zh dovr dqdo|}h wkh ghflvlrqv ri djhqwv uhjduglqj vwd|lqj

lq wkh oderu pdunhw ru gursslqj rxw1 Li wkhuh duh frvwv wr vwd|lqj lq wkh oderu pdunhw/ dqg zh

frpsduh wzr qhwzrunv ri djhqwv wkdw duh lghqwlfdo h{fhsw wkdw rqh jurxs vwduwv zlwk d zruvh

zdjh vwdwxv/ wkhq wkdw jurxs*v gurs0rxw udwh zloo eh kljkhu wkdq wkh rwkhu*v dqg wkhuh zloo eh d

shuvlvwhqw gl�huhqfh lq zdjhv ehwzhhq wkh jurxsv1

Nh|zrugv= Qhwzrunv/ Oderu Pdunhwv/ Hpsor|phqw/ Xqhpsor|phqw/ Zdjhv/ Zdjh Lqhtxdolw|/

Gurs0Rxw Udwhv1

MHO Fodvvl�fdwlrq Qxpehuv= D47/ M97/ M64/ M:31
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Rqh ri wkh prvw h{whqvlyho| vwxglhg lvvxhv lq oderu hfrqrplfv lv wkh shuvlvwhqw lqhtxdolw| lq zdjhv

ehwzhhq zklwhv dqg eodfnv1 Iru lqvwdqfh/ wkh jds ehwzhhq zklwh dqg eodfn pdohv ehwzhhq wkh djhv

ri wzhqw| dqg �iw| udqjhv iurp 58( wr 73( ghshqglqj rq hgxfdwlrq ohyho/ dqg wklv kdv ydulhg vrph

ryhu wlph +vhh Vplwk dqg Zhofk +4<;<, iru vwdwlvwlfv iurp X1V1 fhqvxv gdwd/ eurnhq grzq dfurvv d

ydulhw| ri glphqvlrqv dqg wlph,1� Lw lv fohdu wkdw sduw ri wkh jds fdq eh h{sodlqhg e| gl�huhqfhv lq

idfwruv vxfk dv wkh txdolw| ri hgxfdwlrq dqg vnloo ohyhov/ exw qrqhwkhohvv/ wkhuh lv vwloo d vljql�fdqw

uhvlgxdo wkdw lv xqh{sodlqhg +iru lqvwdqfh/ vhh Fdug dqg Nuxhjhu +4<<5, dqg Fkdqgud +5333,,1

Pruhryhu/ rqfh rqh dffrxqwv iru wkh idfw wkdw eodfnv gurs rxw ri wkh oderu irufh dw d kljkhu udwh

wkdq zklwhv/ wkh wuxh jds lq zdjhv dfwxdoo| lqfuhdvhv +h1j1/ vhh Khfnpdq/ O|rqv/ dqg Wrgg +5333,,1

Wkh lghd lv wkdw wkh zdjhv iru gurs0rxwv duh ljqruhg zkhq frpsdulqj rqo| hpsor|hg zrunhuv1 Wkh

idfw wkdw sduwlflsdwlrq lq wkh oderu irufh lv gl�huhqw dfurvv jurxsv vxfk dv zklwhv dqg eodfnv lv dovr

zhoo0grfxphqwhg1 Iru lqvwdqfh/ Fdug dqg Nuxhjhu +4<<5, txrwh gurs0rxw udwhv iru eodfnv wkdw duh

518 wr 6 wlphv kljkhu iru eodfnv frpsduhg wr zklwhv +urxjko| 45 wr 46( iru eodfnv frpsduhg wr 7

wr 8( iru zklwhv,> dqg Fkdqgud +5333, �qgv vlplodu vl}hg gl�huhqfhv dqg surylghv d euhdngrzq ri

gl�huhqfhv lq sduwlflsdwlrq udwhv e| hgxfdwlrq ohyho dqg rwkhu fkdudfwhulvwlfv1

Hyhq li rqh eholhyhv dq| lqhtxdolw| lq zdjhv ehwzhhq vrfldo jurxsv wr eh hqwluho| h{sodlqdeoh e|

gl�huhqfhv lq idfwruv vxfk dv hgxfdwlrq/ vnloov/ dqg gurs0rxw udwhv> rqh lv wkhq ohiw wr h{sodlq zk|

wkrvh vkrxog gl�hu12

Wkh sxusrvh ri wklv sdshu lv wr surylgh d frpsuhkhqvlyh wkhru| dffrxqwlqj erwk iru wkh revhuyhg

sdwwhuqv ri zdjhv dqg hpsor|phqw dv zhoo dv gl�huhqfhv lq gurs0rxw sdwwhuqv dqg wkhlu urohv lq

vxvwdlqlqj lqhtxdolw|1 Zh gr wklv e| h{solflwo| prgholqj krz vrfldo qhwzrunv duh xvhg lq wkh

wudqvplvvlrq ri mre lqirupdwlrq1 Dq dqdo|vlv ri vrfldo qhwzrunv surylghv d edvlv iru revhuylqj erwk

kljkhu gurs0rxw udwhv lq rqh udfh yhuvxv dqrwkhu dqg vxvwdlqhg lqhtxdolw| lq zdjhv dqg hpsor|phqw

udwhv hyhq dprqj wkrvh uhpdlqlqj lq wkh oderu irufh1

Rxu prgho exlogv xsrq d zhoo0nqrzq vw|ol}hg idfw= d vljql�fdqw iudfwlrq ri doo mrev duh irxqg

wkurxjk frqwdfwv1 Zkloh hvwlpdwhv ri wkh shufhqwdjh ri mrev irxqg wkurxjk vrfldo frqwdfwv ydu|

dfurvv orfdwlrq dqg surihvvlrq/ wkh| frqvlvwhqwo| udqjh ehwzhhq 58 dqg ;3( ri mrev lq d jlyhq

surihvvlrq1� Zh wdnh dv jlyhq wkdw dq lpsruwdqw vrxufh ri lqirupdwlrq derxw mrev lv d vrfldo

qhwzrun/ dqg zh ghulyh wkh lpsolfdwlrqv iru zdjh g|qdplfv dqg gurs0rxw ghflvlrqv1

Pruh suhflvho|/ zh prgho wkh wudqvplvvlrq ri mre lqirupdwlrq dprqj lqglylgxdov e| d ixqfwlrq

wkdw nhhsv wudfn ri zkr �uvw khdug derxw d mre dqg zkr +li dq|rqh, hyhqwxdoo| hqghg xs jhwwlqj dq

r�hu iru wkdw mre1 Wkh nh| frqglwlrq wkdw zh lpsrvh rq wklv ixqfwlrq lv wkdw wkh h{shfwhg qxpehu
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ri r�huv wkdw d jlyhq djhqw hqgv xs zlwk lv qrqghfuhdvlqj lq wkh zdjh vwdwxv ri rwkhu djhqwv1 Wklv

hperglhv vhyhudo wklqjv1 Iluvw/ dv wkh vwdwxv ri rwkhu djhqwv lpsuryhv/ wkh| kdyh ehwwhu dffhvv wr

lqirupdwlrq derxw mrev1 Vhfrqg/ dv wkh vwdwxv ri rwkhu djhqwv lpsuryhv/ ihzhu ri wkh qhz mrev r�hu

lpsuryhphqwv iru wkrvh djhqwv uhodwlyh wr wkhlu fxuuhqw vwdwxv/ dqg vr wkh| duh pruh olnho| wr sdvv

lqirupdwlrq rq1 Wklug/ dv wkh vwdwxv ri rwkhu djhqwv lpsuryhv/ rxu jlyhq djhqw ehfrphv uhodwlyho|

_qhhglhu%1 Wr wkh h{whqw wkdw djhqwv sd| dwwhqwlrq wr wklv lq sdvvlqj mre lqirupdwlrq/ wklv zrxog

dovr pdnh lw pruh olnho| wkdw wkh jlyhq djhqw khduv derxw mrev1

Zh hpskdvl}h wkdw wkh uhgxfhg irup dssurdfk zh wdnh khuh/ dqg wkh sduvlprq| ri wkh dvvxps0

wlrqv ehlqj pdgh/ dffrpprgdwhv d odujh ydulhw| ri vlwxdwlrqv/ lqfoxglqj khwhurjhqhrxv djhqwv/ mrev

dqg zdjhv/ uhshdwhg dqg vhohfwlyh sdvvlqj ri lqirupdwlrq/ frpshwlqj r�huv iru hpsor|phqw/ udlvhv

gxh wr rxwvlgh r�huv/ ghflvlrqv dv wr zkhwkhu wr vzlwfk mrev/ hwf1

Rxu prgho wdnhv vxfk dq lqirupdwlrq wudqvplvvlrq qhwzrun dqg hpehgv lw lqwr d g|qdplf vhwwlqj

zkhuh zh nhhs wudfn ri mre wxuqryhu1 Dw wkh ehjlqqlqj ri hdfk shulrg/ hdfk djhqw khduv ri qhz mrev

dffruglqj wkurxjk wkh lqirupdwlrq wudqvplvvlrq qhwzrun1 Wklv uhvxowv lq qhz mre r�huv wr ydulrxv

djhqwv/ dqg srvvleo| uhvxowv lq qhz zdjh ohyhov wkurxjk d zhoo0gh�qhg surfhvv1 Qh{w/ dw wkh hqg ri

wkh shulrg/ djhqwv udqgrpo| orvh mrev dffruglqj wr vrph lglrv|qfudwlf euhdnxs suredelolwlhv1 Zdjhv

wkxv iroorzv d Pdunry surfhvv/ zlwk vwdwh wudqvlwlrqv ghshqglqj rq wkh lqirupdwlrq wudqvplvvlrq

qhwzrun1 Jlyhq d glvfuhwh zdjh vsdfh/ zh jhw dq luuhgxfleoh dqg dshulrglf Pdunry surfhvv zlwk d

xqltxh vwhdg|0vwdwh glvwulexwlrq rq zdjhv1 Zh suryh wkdw wklv vwdwlrqdu| glvwulexwlrq lv vwurqjo|

dvvrfldwhg/ wkdw lv/ wkh zdjhv ri dq| sdwk0frqqhfwhg djhqwv duh srvlwlyho| fruuhodwhg xqghu wkh

vwhdg|0vwdwh glvwulexwlrq1e Zh dovr hvwdeolvk srvlwlyh fruuhodwlrq ri zdjhv iru sdwk0frqqhfwhg djhqwv

dfurvv duelwudu| wlph shulrgv/ phdqlqj wkdw/ zlwklq d jlyhq vrfldo jurxs/ lqglylgxdo zdjh g|qdplfv

duh +srvlwlyho|, fruuhodwhg1 Wkhvh uhvxowv duh txlwh urexvw wr wkh ghwdlov ri wkh dfwxdo lqirupdwlrq

wudqvplvvlrq surwrfro ehlqj xvhg1 Wkh surri lv qrw dv hdv| dv rqh pljkw h{shfw/ dv wkhuh lv d

frxqwhuydlolqj h�hfw wkdw sdwk0frqqhfwhg djhqwv duh vrphwlphv lq frpshwlwlrq iru lqirupdwlrq derxw

fhuwdlq mrev1 Wklv hqwdlov vrph zlwklq shulrg qhjdwlyh fruuhodwlrq dprqj wkh vwdwxv ri fhuwdlq

djhqwv1 Vr zh kdyh wr suryh wkdw lq wkh orqj uxq/ wkh orqj uxq ehqh�wv ri lpsuryhg vwdwxv ri

iulhqgv0ri0iulhqgv rxwzhljkv wkh vkruw uxq frpshwlwlrq wkdw wkh| pljkw uhsuhvhqw1

Lq whupv ri hvwdeolvklqj shuvlvwhqw lqhtxdolw| ehwzhhq zdjhv ri gl�huhqw w|shv ri djhqwv/ zh qhhg

wr dqdo|}h gurs0rxw ghflvlrqv1 Wklv lv fohdu vlqfh wkh hujrglflw| ri wkh Pdunry surfhvv jryhuqlqj

zdjhv lpsolhv wkdw dq| vkruw0uxq lqhtxdolwlhv pd| glvdsshdu lq wkh orqj uxq1 Krzhyhu/ rqfh zh

doorz djhqwv wr ghflgh zkhwkhu wr hqwhu wkh oderu pdunhw ru wr gurs rxw/ lqhtxdolwlhv ehwzhhq

djhqwv shuvlvw1 Zh prgho wkh hqwu|2gurs0rxw ghflvlrq dv d vlpxowdqhrxv0pryh jdph1 Wkh ghflvlrq

lv pdgh e| frpsdulqj wkh glvfrxqwhg h{shfwhg �rz ri ixwxuh zdjhv vwhpplqj iurp hqwhulqj wkh

oderu irufh zlwk wkh fruuhvsrqglqj glvfrxqwhg frvwv +vxfk dv hgxfdwlrq frvwv/ rssruwxqlw| frvwv/

vnloov pdlqwhqdqfh/ hwf1,1 Jlyhq wkdw lqglylgxdo zdjhv duh srvlwlyho| dvvrfldwhg dfurvv djhqwv/ hqwu|

ghflvlrqv lq wklv hqwu|2gurs0rxw jdph wxuq rxw wr eh vwudwhjlf frpsohphqwv1 Dsso|lqj wkh wkhru|

ri vxshuprgxodu jdphv/ zh ghgxfh wkdw wzr gl�huhqw vrfldo jurxsv zlwk lghqwlfdo mre lqirupdwlrq
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qhwzrunv exw gl�hulqj lq wkhlu vwduwlqj zdjh dqg hpsor|phqw sur�oh zloo kdyh gl�huhqw gurs0rxwv

udwhv wkdw fdq eh vwulfwo| udqnhg1 Wkhvh gl�huhqfhv lq gurs0rxw sdwwhuqv lq wxuq euhhg shuvlvwhqw

gl�huhqfhv lq zdjhv ehwzhhq wkh wzr jurxsv1 Wklv wkhru| wkxv kljkoljkwv wkh uroh ri froohfwlyh

hpsor|phqw klvwru| lq shuvlvwhqw zdjh lqhtxdolw| dfurvv vrfldo jurxsv1

Wklv sdshu kdv d frpsdqlrq sdshu= Fdoy�r0Duphqjro dqg Mdfnvrq +5334,1 Lq wkdw sdshu zh

h{dplqh d vshfl�f fdvh ri wkh prgho frqvlghuhg khuh1 Lq sduwlfxodu/ zh h{dplqh d vlwxdwlrq zkhuh

doo mrev duh lghqwlfdo dqg wkhuh lv d vlqjoh zdjh ohyho/ dqg mre lqirupdwlrq lv sdvvhg wr dw prvw

rqh djhqw dqg rqo| li wkdw djhqw lv xqhpsor|hg1 Wkhuh zh ghulyh srvlwlyh fruuhodwlrq ehwzhhq wkh

hpsor|phqw ri sdwk0frqqhfwhg djhqwv dqg vkrz wkdw gl�huhqfhv lq vwduwlqj frqglwlrqv fdq uhvxow

lq gl�huhqw gurs0rxw ghflvlrqv dqg shuvlvwhqw lqhtxdolw| lq hpsor|phqw1 Zh dovr surylgh d qxpehu

ri vlpxodwlrq uhvxowv looxvwudwlqj wkh prgho lq wkh frqwh{w ri vrph vlpsoh qhwzrunv1 Wkh pdlq

frqwulexwlrqv khuh uhodwlyh wr wkh frpsdqlrq sdshu duh wzrirog1 Iluvw/ zh frqvlghu d pxfk pruh

jhqhudo prgho erwk lq wkh sdvvlqj ri mre lqirupdwlrq dqg lq wkh vwuxfwxuh ri zdjhv dqg wkhlu uhodwlrq

wr mre r�huv1 Wklv lv qrw d vlpsoh h{whqvlrq/ exw eurdghqv wklqjv lq lpsruwdqw gluhfwlrqv1 Lq idfw/

lw lv lpsruwdqw wr vhh wkh uhvxowv lq wkh pruh jhqhudo prgho ehfdxvh prvw dq| dssolfdwlrq zrxog

�w lqwr wkh eurdghu fodvv h{dplqhg khuh udwkhu wkdq wkh vshfl�f fdvh h{dplqhg lq wkh frpsdqlrq

sdshu1 Wkh dgghg ihdwxuhv khuh doorz iru wklqjv vxfk dv khwhurjhqhlw| lq mrev/ khwhurjhqhlw| lq

djhqwv +vnloov/ hgxfdwlrq/ hwf1,/ pxowlsoh r�huv/ kljkhu zdjhv gxh wr rxwvlgh r�huv/ vzlwfklqj ri mrev/

sdvvlqj ri lqirupdwlrq wr pruh wkdq rqh djhqw/ frpshwlwlrq ehwzhhq djhqwv iru mrev/ dqg uhshdwhg

sdvvlqj ri lqirupdwlrq1 Vhfrqg/ zh vwxg| zdjh g|qdplfv lq dgglwlrq wr hpsor|phqw dqg gurs0rxw

ghflvlrqv1 Lw lv yhu| lpsruwdqw wr ghulyh lpsolfdwlrqv iru zdjhv dv pxfk ri wkh hpslulfdo hylghqfh

iru lqhtxdolw| uhodwhv wr zdjh gl�huhqfhv ehwzhhq udfhv/ udwkhu wkdq hpsor|phqw1 Pruhryhu/ zh

hvwdeolvk d vwurqj irup ri dvvrfldwlrq ri wkh zdjhv dqg hpsor|phqw ri sdwk0frqqhfwhg djhqwv

udwkhu wkdq vlpsoh fruuhodwlrq1 Krshixoo|/ wkh qhwzrun0edvhg oderu prgho ghyhorshg khuh fdq vhuyh

dv d xvhixo dowhuqdwlyh wr wkh frpshwlwlyh prghov dqg vhdufk prghov wkdw duh wudglwlrqdo wr oderu

hfrqrplfv1

� � ����� �� �������� �� ����� �������

Zh ehjlq zlwk d irupdo ghvfulswlrq ri rxu prgho1

��� ��� ��� 	
 ��!
��� "�����

Wkh udqgrp yduldeoh Z�| nhhsv wudfn ri wkh zdjh ri djhqw l dw wlph w1 Zh qrupdol}h zdjhv wr eh 3

li l lv xqhpsor|hg/ dqg pruh jhqhudoo| Z�| wdnhv rq ydoxhv lq LUn1 Wkh yhfwru z| @ +z�|> = = = > z?|,

uhsuhvhqwv d uhdol}dwlrq ri wkh zdjh ohyhov d wlph w1

Iurp dq djhqw*v zdjh vwdwxv zh fdq ghgxfh wkh djhqw*v hpsor|phqw vwdwxv1 \hw/ iru frqyhqlhqfh/

zh lqwurgxfh d elqdu| udqgrp yduldeoh V�| wkdw nhhsv wudfn ri wkh hpsor|phqw vwdwxv ri djhqw l

dw wlph w1 Zh vhw v�| @ 4 zkhq l lv hpsor|hg/ dqg v�| @ 3 rwkhuzlvh1 Vr/ wkh yhfwru v| 5 i3> 4j?

uhsuhvhqwv d uhdol}dwlrq ri wkh hpsor|phqw vwdwxv dw wlph w1 Lq jhqhudo +zlwk pxowlsoh zdjh ohyhov,/
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V| lv d frduvhqlqj ri Z|1

Zh iroorz wkh frqyhqwlrq ri uhsuhvhqwlqj udqgrp yduldeohv e| fdslwro ohwwhuv dqg uhdol}dwlrqv e|

vpdoo ohwwhuv1 Wkxv/ wkh vhtxhqfh ri udqgrp yduldeohv iZf>Z�>Z2> = = =j frpsulvhv wkh vwrfkdvwlf

surfhvv ri zdjh vwdwxv1

Zh qrz glvfxvv krz zdjhv dqg hpsor|phqw hyroyh ryhu wlph1

��� ����� ������ #����$��

Wkh oderu pdunhw zh frqvlghu lv vxemhfw wr wxuqryhu zklfk surfhhgv uhshdwhgo| wkurxjk wzr skdvhv

dv iroorzv1

� Lq rqh skdvh/ hdfk fxuuhqwo| hpsor|hg zrunhu l lv �uhg zlwk suredelolw| e� 5 +3> 4,/ zklfk lv

uhihuuhg dv wkh euhdnxs udwh1

� Lq wkh rwkhu skdvh/ djhqwv khdu derxw qhz mrev1 Li dq djhqw gluhfwo| khduv derxw d mre

ydfdqf|/ wkhq kh ru vkh hlwkhu nhhsv wkdw lqirupdwlrq ru sdvvhv wkh mre rq wr rqh ri wkhlu

gluhfw frqqhfwlrqv lq wkh qhwzrun1 Suredelolwlhv s��+z, +dv d ixqfwlrq ri wkh odvw shulrg zdjh

vwdwxv z, nhhs wudfn ri wkh suredelolw| wkdw l �uvw khduv derxw d mre dqg wklv mre xowlpdwho|

uhvxowv lq dq r�hu iru djhqw m1 Zh glvfxvv wkhvh s�� ixqfwlrqv lq pruh ghwdlo ehorz1

Dv wkhvh skdvhv rffxu uhshdwhgo| ryhu wlph/ lw lv luuhohydqw zkhwkhu zh lqgh{ shulrgv vr wkdw �uvw

wkh euhdnxs skdvh rffxuv dqg wkhq wkh klulqj skdvh rffxuv/ ru ylfh0yhuvd1 Lw wxuqv rxw wr eh pruh

frqyhqlhqw wr frqvlghu wkh klulqj skdvh �uvw dqg wkhq wkh euhdnxs skdvh1 Wkxv/ rxu frqyhqwlrq

lv wkdw V| dqg Z| duh wkh hpsor|phqw dqg zdjh vwdwxv wkdw rffxuv dw wkh hqg ri shulrg w1 Vr/

lq wkh ehjlqqlqj ri shulrg w wkh vwdwxv lv ghvfulehg e| V|3�>Z|3�1 Qh{w/ djhqwv khdu derxw mrev/

srvvleo| wudqvihu wkdw lqirupdwlrq/ dqg klulqj wdnhv sodfh1 Wklv uhvxowv lq d qhz hpsor|phqw dqg

zdjh sdwwhuq1 Wkhq/ wkh euhdnxs skdvh wdnhv sodfh dqg wkh shulrg hqgv zlwk dq hpsor|phqw dqg

zdjh vwdwxv V|>Z|1

��% " ���&�� �� �����
����� #����
������

Wkhuh duh pdq| srvvleoh yduldwlrqv wr frqvlghu uhjduglqj krz lqirupdwlrq lv wudqvplwwhg dqg krz

lqirupdwlrq d�hfwv zdjhv1 Wkhuh duh dw ohdvw wkuhh lpsruwdqw glphqvlrqv wkdw zh frqvlghu1

Rqh glphqvlrq wr frqvlghu lv zkhwkhu ru qrw dq douhdg| hpsor|hg djhqw fdq pdnh gluhfw xvh ri

lqirupdwlrq derxw d qhz mre1 Lq jhqhudo/ mrev kdyh gl�huhqw fkdudfwhulvwlfv dqg ydoxhv wr gl�huhqw

djhqwv1 Zkhqhyhu wkh qhz mre frqvwlwxwhv dq lpsuryhphqw iru dq douhdg| hpsor|hg djhqw/ wklv

djhqw vzlwfkhv mre/ dqg vr wkh lqirupdwlrq derxw wkh qhz mre lv qrw sdvvhg rq1D Krzhyhu/ wkhuh

pd| dovr eh d suredelolw| wkdw wkh qhz lqirupdwlrq lv qrw ydoxdeoh wr wkh djhqw +h1j1/ wkh qhz mre lv

zruvh wkdq wkhlu fxuuhqw srvlwlrq, dqg vr wkh| zlvk wr sdvv lw rq1 Jhqhudoo|/ wkh kljkhu wkh fxuuhqw

zdjh ri wkh djhqw/ wkh kljkhu wkh suredelolw| wkdw wkh qhz mre zloo qrw jhqhudwh dq lpsurylqj r�hu

dqg wkh djhqw zloo sdvv rq wkh lqirupdwlrq derxw wkh mre1

DW| 4�}�| @*tL Mi |�@| |�i ?i� �LM *i@_t |�i @}i?|<t U�hhi?| �LM |L h@�ti �|t �@}i |L hi|@�? |�i @}i?|�

7



Dqrwkhu glphqvlrq iru frqvlghudwlrq lv wr zkrp dq hpsor|hg djhqw sdvvhv mre lqirupdwlrq1

Wkh djhqw pd| sdvv wkh mre lqirupdwlrq rq rqo| wr xqhpsor|hg frqqhfwlrqv/ ru pd| lqvwhdg vhohfw

dprqj doo ri klv ru khu frqqhfwlrqv lq sdvvlqj rq wkh mre lqirupdwlrq/ ghshqglqj rq wkh fxuuhqw

vwdwxv ri wkhlu frqqhfwlrqv1

Wklug/ lw lv dovr srvvleoh wkdw wkh djhqw sdvvhv wkh mre lqirupdwlrq wr pruh wkdq rqh frqqhfwlrq/

dqg hyhq wkdw wkh| lqgluhfwo| sdvv lw rq wr rwkhuv/ dqg wkdw d qxpehu ri djhqwv hqg xs ehlqj

frqvlghuhg iru wkh mre1

Lq rughu wr fdswxuh doo ri wkhvh yduldwlrqv rq lqirupdwlrq sdvvlqj/ zh prgho wkh mre wudqvplvvlrq

lq d jhqhudo zd| wkdw doorzv iru d zlgh udqjh ri fdvhv1

Wkh mre wudqvplvvlrq dqg r�hu jhqhudwlrq lv ghvfulehg e| d ixqfwlrq s�� = LU
?

n $ ^3> 4`?1 Khuh

s��+Z|3�, lv wkh suredelolw| wkdw l ruljlqdoo| khduv derxw d mre dqg wkhq lw lv hyhqwxdoo| m wkdw hqgv

xs zlwk dq r�hu iru wkdw mre1 Wkh fdvh zkhuh m @ l +wkdw lv/ s��+Z|3�,, uhsuhvhqwv wkh vlwxdwlrq

zkhuh l khduv derxw d mre dqg lv wkh rqh zkr hyhqwxdoo| jhwv dq r�hu iru wkh mre1

Dv hpskdvl}hg deryh/ wkh ixqfwlrq s�� lv d uhgxfhg irup wkdw fdq dffrpprgdwh d yhu| odujh

ydulhw| ri vlwxdwlrqv1 Doo wkdw lv lpsruwdqw iru rxu dqdo|vlv lv wr nhhs wudfn ri zkr �uvw khdug

derxw d mre dqg zkr +li dq|rqh, hyhqwxdoo| hqghg xs jhwwlqj dq r�hu iru wkh mre1 Lq wkh lqwhulp

lw pljkw eh wkdw djhqwv nhhs dq| mre lqirupdwlrq wkh| khdu derxw ru lw pd| eh wkdw wkh| sdvv wkh

lqirupdwlrq rq1 Zkhq sdvvlqj lqirupdwlrq/ djhqwv pd| sdvv lw wr mxvw rqh frqqhfwlrq dw d wlph ru

wkh| pd| whoo vhyhudo frqqhfwlrqv derxw wkh mre1 Wkhvh frqqhfwlrqv pljkw dovr sdvv wkh lqirupdwlrq

rq wr rwkhuv/ dqg lw frxog eh wkdw vhyhudo djhqwv hqg xs lq frpshwlwlrq iru wkh mre1 Dqg ri frxuvh/

doo ri wklv fdq ghshqg rq wkh fxuuhqw vwdwh z1 Uhjdugohvv ri wklv surfhvv/ zh vlpso| fkdudfwhul}h

wkh hqg uhvxow wkurxjk d suredelolw| wkdw dq| jlyhq djhqw m hqgv xs zlwk dq r�hu iru d mre wkdw

zdv �uvw khdug derxw e| djhqw l1

Iru vlpsolflw|/ zh dvvxph wkdw lq d jlyhq shulrg d jlyhq djhqw khduv derxw dw prvw rqh mre

gluhfwo|1 Wklv lv sxuho| d vlpsoli|lqj dvvxpswlrq/ dqg lw lv txlwh fohdu wkdw lw lv lqfrqvhtxhqwldo lq

dq| ri wkh surriv1 Dqg lw lv vwloo srvvleoh wkdw dq djhqw hqgv xs khdulqj derxw vhyhudo mrev/ vrph

ri zklfk duh khdug ri lqgluhfwo|1

Dvvxpswlrqv rq wkh uhgxfhg irup

Ohw s�+z, @
S

�
s��+z,1 Vr/ s�+z, uhsuhvhqw wkh h{shfwhg qxpehu ri r�huv wkdw l zloo jhw

ghshqglqj rq wkh zdjh vwdwh lq wkh odvw shulrg ehlqj z1 Lpsolflw lq wklv lv wkh dvvxpswlrq wkdw

wkh uhdol}dwlrqv xqghu s��+z, dqg s&�+z, duh lqghshqghqw1 Qrwh wkdw wklv lv yhu| gl�huhqw iurp

wkh uhdol}dwlrqv xqghu s�� dqg s�&/ zklfk zloo jhqhudoo| eh qhjdwlyho| fruuhodwhg1 Vr zh duh mxvw

dvvxplqj wkdw m dqg n gr qrw frruglqdwh rq zkhwkhu wkh| sdvv l d mre1 Zh frxog doorz djhqwv

wr frruglqdwh rq zkrp wkh| sdvv lqirupdwlrq wr1 Wklv zrxog frpsolfdwh wkh surriv lq wkh sdshu/

exw zrxog qrw dowhu wkh txdolwdwlyh frqfoxvlrqv1 Lq idfw/ dv zh ohw wkh shulrgv ehfrph vpdoo/ wkh

suredelolw| wkdw pruh wkdq rqh mre dsshduv lq d jlyhq shulrg zloo jr wr }hur lq dq| fdvh/ dqg vr lw

zloo eh fohdu wkdw wkh uhvxowv h{whqg uhdglo|1

Zh ohw s ghqrwh wkh yhfwru ri ixqfwlrqv dfurvv l dqg m1 Ohw z ghqrwh wkh pd{lpxp ydoxh lq wkh

udqjh ri zdjhv1 Wkh ixqfwlrqv s�� duh dvvxphg wr vdwlvi| wkh iroorzlqj frqglwlrqv iru dq| z lq wkh

8



udqjh ri zdjhv=

+4, s�+z, lv qrqghfuhdvlqj lq z3� dqg qrqlqfuhdvlqj lq z�/ dqg

+5, s�+z, A 3 iru dq| z dqg l vxfk wkdw z� ? z�

+6, li s�+z, A s�+z3� > hz�, iru m 9@ l/ wkhq s� lv lqfuhdvlqj lq z� zkhqhyhu z� ? z�1

+4, lpsrvhv wzr uhtxluhphqwv1 Wkh �uvw lv wkdw wkh h{shfwhg qxpehu ri mrev wkdw l khduv derxw

lv zhdno| lqfuhdvlqj lq wkh zdjhv ri djhqwv rwkhu wkdq l1 Wklv hqfrpsdvvhv wkh lghd wkdw rwkhu

djhqwv duh +zhdno|, pruh olnho| wr gluhfwo| ru lqgluhfwo| sdvv lqirupdwlrq rq wkdw zloo uhdfk l li

wkh| duh pruh vdwlv�hg zlwk wkhlu rzq srvlwlrq/ dqg dovr wkdw wkh| pljkw kdyh ehwwhu dffhvv wr

vxfk lqirupdwlrq dv wkhlu vlwxdwlrq lpsuryhv1 Lw dovr hqfrpsdvvhv wkh lghd wkdw rwkhu djhqwv duh

+zhdno|, ohvv olnho| wr frpshwh zlwk l iru dq r�hu li wkh| duh pruh vdwlv�hg zlwk wkhlu rzq srvlwlrq1

Wkh vhfrqg uhtxluhphqw lv vlplodu exw nhhsv wudfn ri l*v zdjh1 Qrwh wkdw wklv doorzv iru l wr eh pruh

olnho| wr gluhfwo| khdu derxw d mre dv l*v vlwxdwlrq zruvhqv +doorzlqj iru d juhdwhu vhdufk lqwhqvlw|,1S

Zh uhpdun wkdw +4, lv qrw lq frqwudglfwlrq zlwk wkh idfw wkdw vrph djhqwv pljkw eh pruh

txdol�hg wkdq rwkhu djhqwv iru d jlyhq mre1 Vxfk txdol�fdwlrqv fdq eh frpsohwho| exlow lqwr wkh

djhqwv* lghqwlwlhv l/ m/ hwf1/ zklfk duh dffrxqwhg iru lq wkh s��*v1 Frqglwlrq +4, rqo| ghvfulehv krz

fkdqjhv lq djhqwv* fxuuhqw flufxpvwdqfhv d�hfw mre wudqvplvvlrq1

+5, vlpso| uhtxluhv wkdw li dq djhqw lv qrw dw wkhlu kljkhvw zdjh ohyho/ wkhq wkhuh lv vrph

suredelolw| wkdw wkh| zloo rewdlq dq r�hu1 Wklv lv fohduo| vdwlv�hg dv orqj dv wkhuh lv vrph suredelolw|

wkdw wkh| gluhfwo| rewdlq dq r�hu/ dqg lv d yhu| zhdn uhtxluhphqw1

+6, lv d vlpsoli|lqj dvvxpswlrq1 Wklv jxdudqwhhv wkdw li l*v suredelolw| ri khdulqj derxw d mre lv

vrphwlphv vhqvlwlyh wr m*v vwdwxv/ wkhq lw lv vhqvlwlyh wr m*v vwdwxv zkhqhyhu l lv qrw dw wkh kljkhvw

zdjh ohyho1 Wklv vlpso| doorzv xv wr pdnh vwdwhphqwv derxw srvlwlyh fruuhodwlrqv wkdw gr qrw qhhg

wr eh frqglwlrqhg rq sduwlfxodu flufxpvwdqfhv1 Zlwkrxw wklv dvvxpswlrq/ vrph vwulfw lqhtxdolwlhv

vlpso| ehfrph zhdn rqhv lq vrph vshfldo fdvhv1

Ohw xv eulh�| ghvfuleh d ihz h{dpsohv wkdw �w lqwr rxu prgho1

.!B6V,j 4 Krprjhqhrxv mrev dqg djhqwv frqqhfwhg e| d judsk1

Wklv lv wkh vlwxdwlrq frqvlghuhg lq Fdoy�r0Duphqjro dqg Mdfnvrq +5334,1

Wkh qhwzrun ri frqqhfwlrqv dprqj djhqwv lv ghvfulehg e| d qrq0gluhfwhg judsk j/ zklfk lv dq

q � q v|pphwulf pdwul{/ wkdw lv j�� @ j��1 Li j�� @ 4 wkhq l lv olqnhg wr m dqg j�� @ 3 li l lv qrw

olqnhg wr m1 Wkh lqwhusuhwdwlrq lv wkdw li j�� @ 4/ wkhq zkhq l khduv derxw d mre rshqlqj/ l pd|

whoo m derxw wkh mre1 Wkh v|pphwu| ri wkh qhwzrun phdqv wkdw wkh dftxdlqwdqfh uhodwlrqvkls lv d

uhflsurfdo rqh= li l nqrzv m/ wkhq m nqrzv l1

Lq wklv h{dpsoh mrev duh doo lghqwlfdo +h1j1/ xqvnloohg oderu, dqg zdjhv ghshqg rqo| rq zkhwkhu

d zrunhu lv hpsor|hg ru qrw1 Dw wkh ehjlqqlqj ri hdfk shulrg/ djhqw l khduv ri vrph dydlodeoh mre

S�L|i |�@| �| �t TLtt�M*i |L �@�i |�i ThLM@M�*�|) |�@| @? i4T*L)i_ @}i?| _�hiU|*) �i@ht @ML�| @ �LM �@U@?U) Mi

��}�ih Lh *L�ih |�@? |�i t@4i ThLM@M�*�|) uLh @? �?i4T*L)i_ @}i?|c @?_ t|�** Mi UL?t�t|i?| ��|� |�i UL?_�|�L? E���
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vorw zlwk suredelolw| d 5 +3> 4,1 Wkh sdvvlqj ri lqirupdwlrq lv dv iroorzv1 Zkhq l khduv ri d mre

dqg lv xqhpsor|hg/ wkhq l wdnhv wkh mre1 Li l lv hpsor|hg/ wkhq kh udqgrpo| slfnv dq xqhpsor|hg

+gluhfw, dftxdlqwdqfh dqg sdvvhv wkh lqirupdwlrq dorqj1 Li doo gluhfw dftxdlqwdqfhv duh hpsor|hg/

wkhq wkh lqirupdwlrq lv orvw1

s��+v, @

;A?A=
d li m @ l dqg v� @ 3/

@S
&Gr&'f

}�&
li v� @ 4/ j�� @ 4 dqg v� @ 3/ dqg

3 rwkhuzlvh1

.!B6V,j 5 Khwhurjhqhrxv Djhqwv1

Frqvlghu wkh deryh h{dpsoh zlwk vrph yduldwlrqv1 Wkh duulydo udwh d lv vshfl�f wr djhqwv dqg

vr lv ghqrwhg d�1 Lq dgglwlrq/ wkh qhwzrun uhodwlrqvklsv pd| eh zhljkwhg dqg dv|pphwulf/ vr wkdw

wkh j��*v duh qrw qhfhvvdulo| lq i3> 4j1

Khuh s��+v, lv dv iroorzv=

s��+v, @

;A?A=
d� li m @ l dqg v� @ 3>

d�
}��S

&Gr&'f
}�&

li v� @ 4/ j�� 9@ 3 dqg v� @ 3> dqg

3 rwkhuzlvh1

.!B6V,j 6 Uhod|lqj lqirupdwlrq1

Frqvlghu d yduldwlrq rq H{dpsoh 5 zkhuh zh qrz doorz djhqwv wr uhod| lqirupdwlrq lq wkh fdvh

wkdw doo ri wkhlu dftxdlqwdqfhv duh hpsor|hg1 Iru lqvwdqfh/ li doo ri l*v gluhfw dftxdlqwdqfhv duh

hpsor|hg/ wkhq kh sdvvhv wkh lqirupdwlrq udqgrpo| wr rqh ri wkhp/ zkr wkhq slfnv dq xqhpsor|hg

gluhfw dftxdlqwdqfh udqgrpo| +li rqh h{lvwv, dqg uhod|v wkh lqirupdwlrq wr khu1 Rwkhuzlvh wkh mre

lqirupdwlrq lv orvw1

Khuh s��+v, lv dv iroorzv=

s��+v, @

;AAAAAAA?AAAAAAA=

d� li m @ l dqg v� @ 3>

d�
}��S

&Gr&'f
}�&

li v� @ 4/ j�� @ 4 dqg v� @ 3>

d�
S

&G}&� �'f
}�&S

&� �'�
}�&�

}&�S
&��Gr

&��
'f

}&&��
li v� @ 4/ v& @ 4 iru doo n vxfk wkdw j�& 9@ 3/ dqg v� @ 3> dqg

3 rwkhuzlvh1

.!B6V,j 7 Khwhurjhqhrxv mrev

Djdlq/ frqvlghu H{dpsoh 5/ exw qrz zkhuh mrev duh khwhurjhqhrxv dqg zdjhv pd| wdnh rq

gl�huhqw ydoxhv1 Ghqrwh e| z� wkh kljkhvw zdjh dwwdlqdeoh e| djhqw l1 Dw wkh ehjlqqlqj ri hdfk

shulrg/ djhqw l khduv derxw d mre rshqlqj r�hulqj d zdjh z� zlwk suredelolw| d��

�
5 +3> 4,1

Li l gluhfwo| khduv derxw d qhz mre wkdw sd|v d kljkhu zdjh wkdq l*v fxuuhqw mre srvlwlrq/ wkhq

djhqw l nhhsv wkdw lqirupdwlrq1. Li wkh qhz mre grhv qrw r�hu dq| lpsuryhphqw/ wkhq djhqw l

.� }��i? @}i?| 4@) i?_ �T ��|� Lgiht uLh ti�ih@* �LMtc @t �i _�tU�tt ?i |� 5L �L*_�?} L? |L �?uLh4@|�L? _Lit ?L|

?iUitt@h�*) �4T*) |�@| @? @}i?| |@!it |�@| �LM�
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udqgrpo| sdvvhv wkh lqirupdwlrq rq wr rqh ri klv gluhfw dftxdlqwdqfhv zkr fxuuhqwo| kdv d zdjh

orzhu wkdq wkdw ri wkh qhz mre/ zlwk zhljkwv uh�hfwlqj wkh uhodwlyh olqn lqwhqvlwlhv1

Khuh s��+z, lv dv iroorzv +qrz qhhglqj wr eh zulwwhq dv d ixqfwlrq ri wkh yhfwru ri ehjlqqlqj

zdjhv z @ +z�> = = = > z?, udwkhu wkdq mxvw wkh yhfwru ri hpsor|phqw v,=

s��+z, @

;AAA?AAA=
S

�
�

�
:��

d
�
�

�

�
li m @ l >S

�
�

�
G��D�

�

�
:��

#
d
�
�

�

�

}��S
&G�&	�

�

�

}�&

$
li z� A z� dqg j�� 9@ 3> dqg

3 rwkhuzlvh1

Wkhvh duh mxvw d ihz h{dpsohv wr jlyh vrph lghd ri wkh nlqgv ri wklqjv dgplwwhg1 Dv vkrxog

eh fohdu iurp wkh frqglwlrqv rq wkh s�*v/ rqh fdq dovr lqfoxgh wklqjv olnh sdvvlqj lqirupdwlrq wr

vhyhudo djhqwv dw rqfh +wkh s��*v wkhq uhsuhvhqw wkh fkdqfh wkdw dq djhqw rewdlqv dq r�hu zkhq

frpshwlqj zlwk zkrphyhu hovh kdv dovr khdug derxw d jlyhq mre,/ pxowlsoh uhod|v ri lqirupdwlrq/

vlwxdwlrqv zkhuh wkh zhljkwv ghshqg rq djhqwv* fxuuhqw zdjhv/ vlwxdwlrqv zkhuh wkh duulydo udwhv ri

mre lqirupdwlrq +h1j1/ d��

�
lq H{dpsoh 7, ghshqg rq wkh fxuuhqw vwdwh ri zdjhv/111

��' #(� )����
������� �� *+���, ����, ��� 	
 ��!
���

Ghwhuplqdwlrq ri R�huv

Wkh deryh ghvfulehg surfhvv ohdgv wr d qxpehu ri qhz mre rssruwxqlwlhv wkdw hdfk djhqw hqgv

xs dw wkh hqg ri wkh klulqj surfhvv1 Ohw R�| eh wkh udqgrp yduldeoh ghqrwlqj wkh qxpehu ri qhz

rssruwxqlwlhv wkdw l kdv lq kdqg dw wkh hqg ri wkh klulqj surfhvv dw wlph w1 Jlyhq Z|3� @ z/ wkh

glvwulexwlrq ri R| lv jryhuqhg e| wkh uhdol}dwlrqv ri wkh s��+z,*v1
H

Ghwhuplqdwlrq ri Hpsor|phqw

Dv ehiruh/ wkh oderu pdunhw zh frqvlghu lv vxemhfw wr wxuqryhu zklfk surfhhgv uhshdwhgo| wkurxjk

wzr skdvhv= �uvw/ wkh euhdnxs skdvh zkhuh hdfk djhqw l orvhv mre zlwk suredelolw| e�/ wkhq/ wkh klulqj

skdvh zkhuh djhqw l jhwv r�huv1 Wkh hpsor|phqw vwdwxv wkhq hyroyhv dv iroorzv1 Li djhqw l zdv

hpsor|hg dw wkh hqg ri wlph w � 4/ vr V�c|3� @ 4/ wkhq wkh djhqw uhpdlqv hpsor|hg +V�| @ 4,

zlwk suredelolw| +4 � e�, dqg ehfrphv xqhpsor|hg +V�| @ 3, zlwk suredelolw| e�1 Li djhqw l zdv

xqhpsor|hg dw wkh hqg ri wlph w�4/ vr V�c|3� @ 3/ wkhq wkh djhqw ehfrphv hpsor|hg +V�| @ 4, zlwk

suredelolw| +4� e�, frqglwlrqdo rq R�| A 3/ dqg rwkhuzlvh wkh djhqw vwd|v xqhpsor|hg +V�| @ 3,1

Ghwhuplqdwlrq ri Zdjhv

Wkh hyroxwlrq ri zdjhv lv dv iroorzv1 Wkh ixqfwlrq z� = LUn � i3> 4> 5> = = =j $ LUn ghvfulehv wkh

zdjh wkdw l rewdlqv dv d ixqfwlrq ri l*v suhylrxv zdjh dqg wkh qxpehu ri qhz mre rssruwxqlwlhv

wkdw l hqgv xs zlwk dw wkh hqg ri wkh klulqj skdvh1 Wklv ixqfwlrq lv lqfuhdvlqj lq sdvw zdjhv dqg

vdwlv�hv z�+Z�c|3�>R�|, �Z�c|3�1
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Wkhuh pd| vwloo eh d orvv ri zdjhv/ exw wklv rffxuv gxulqj wkh euhdnxs skdvh zkhq dq djhqw

ehfrphv xqhpsor|hg1 Lw lv dovr dvvxphg wkdw z�+Z�c|3�>R�|, lv qrqghfuhdvlqj lq wkh qxpehu ri

qhz r�huv uhfhlyhg/ R�|/ dqg wkdw z�+3> 4, A 3 vr wkdw d qhz mre eulqjv d srvlwlyh zdjh1 Lq jhqhudo/

wkh zdjh pljkw eh h�hfwlyho| lqfuhdvlqj lq wkh qxpehu ri r�huv dq djhqw iru dw ohdvw wzr gl�huhqw

uhdvrqv1 Iluvw/ wkh ehvw pdwfk ri d odujhu vhw ri r�huv lv olnho| wr eh ehwwhu> vhfrqg/ li dq djhqw kdv

vhyhudo srwhqwldo hpsor|huv wkhq frpshwlwlrq ehwzhhq wkhp zloo elg wkh zdjh xs1b

Zh hpskdvl}h wkdw wklv lv qrw dw doo lq frqwudglfwlrq zlwk wkh suhylrxv dvvxpswlrqv rq wkh s�� *v1

Zdjhv duh lqfuhdvlqj lq wkh r�huv wkdw dq djhqw hyhqwxdoo| rewdlqv/ zklfk fdq eh wkrxjkw ri dv

wkh _yldeoh% r�huv1 Dq djhqw pljkw khdu derxw d mre wkdw lv d srru pdwfk iru klp ru khu +h1j1/

wkhlu fxuuhqw orfdwlrq ru srvlwlrq grplqdwhv wkh qhz mre, dqg zrxog qhyhu ohdg wr d yldeoh r�hu1

Lw lv wkhq shuihfwo| udwlrqdo iru wkh djhqw wr sdvv wkh mre lqirupdwlrq rq wr rwkhu djhqwv/ dv pljkw

kdsshq xqghu wkh s�� *v1 Wkh lpsruwdqw glvwlqfwlrq lv wkdw wkh r�huv +R�|*v, wkdw duh nhsw wudfn ri

lq wkh prgho duh rqo| wkh yldeoh rqhv1

Iru vlpsolflw| lq zkdw iroorzv/ zh dvvxph wkdw z� wdnhv rq d �qlwh vhw ri ydoxhv dqg wkdw wkhvh

idoo lq vlpsoh vwhsv vr wkdw li z� A z duh dgmdfhqw hohphqwv ri wkh udqjh ri z�/ wkhq z�
�
@ z�+z> 4,1

Wklv phdqv wkdw zdjhv duh gholqhdwhg vr wkdw dq djhqw pd| uhdfk wkh qh{w kljkhu zdjh ohyho zlwk

rqh r�hu1 Zh dvvxph wkdw wkh kljkhvw zdjh dq djhqw pd| rewdlq lv deryh 3/ wkdw lv z� A 31 Zh

dovr dvvxph wkdw z�+z
�> r, � z�+z> r. 4, iru dq| r dqg z� dqg z vxfk wkdw z�

�
A z�1 Wklv vlpso|

vd|v wkdw kdylqj d kljkhu zdjh vwdwxv lv dw ohdvw dv jrrg dv kdylqj rqh dgglwlrqdo r�hu +dw ohdvw lq

h{shfwdwlrqv,1

Wkh zdjh ri dq djhqw wkhq hyroyhv dffruglqj wr wkh iroorzlqj

Z�| @ z�+Z�c|3�> R�|,V�|

Pxowlso|lqj wkh h{suhvvlrq e| V�| nhhsv wudfn ri zkhwkhu l orvhv klv ru khu mre gxulqj wkh euhdnxs

skdvh1

Qhwzrunv

Lq H{dpsohv 4 wr 7/ wkh qhwzrun ri uhodwlrqvklsv dprqj lqglylgxdov lv prghohg dv d judsk dqg

wkh s ixqfwlrq lv ghwhuplqhg e| jhrphwu| ri wkh judsk1 Lq jhqhudo/ wkh djhqwv* lqwhuuhodwlrqvklsv

pd| eh txlwh frpsolfdwhg dqg pruh hdvlo| ghvfulehg e| wkh s ixqfwlrq wkdq dq| judsk1 Qhyhuwkhohvv

lw zloo vwloo eh xvhixo iru xv wr nhhs wudfn ri vrph _frqqhfwlrq% uhodwlrqvklsv1 Lq sduwlfxodu/ lw lv

khosixo wr nhhs wudfn ri djhqwv l dqg m iru zklfk s�+z, lv vhqvlwlyh wr fkdqjhv lq z� iru vrph z1

Zh zloo vd| wkdw l lv frqqhfwhg zlwk m li s�+z, 9@ s�+z3�> hz�, iru vrph z dqg hz� 1

Ohw xv hpskdvl}h wkdw wkh whup _frqqhfwhg% grhv qrw qhfhvvdulo| phdq wkdw l dqg m sdvv

lqirupdwlrq wr hdfk rwkhu1 Lw pljkw eh wkdw s��+z, @ s��+z, @ 3 iru doo z/ dqg |hw vwloo s�+z, lv

vhqvlwlyh wr z�1 Wklv zrxog kdsshq li s&�+z, ghshqghg rq z�/ dqg khqfh wkh frqqhfwlrq pljkw eh

_lqgluhfw%1 Lq zrugv/ wzr djhqwv zkr duh frqqhfwhg qhhg qrw sdvv hdfk rwkhu lqirupdwlrq> lw lv mxvw
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wkdw wkhlu vwdwxvhv gluhfwo| ru lqgluhfwo| d�hfw hdfk rwkhu*v suredelolw| ri khdulqj derxw d mre1�f

Ohw

Q�+s, @ im m l lv frqqhfwhg zlwk mj

Lw lv qdwxudo wr irfxv rq vlwxdwlrqv zkhuh frqqhfwlrq uhodwlrqvklsv duh dw ohdvw plqlpdoo| uhflsur0

fdo/ vr wkdw l 5 Q�+s, li dqg rqo| li m 5 Q�+s,1 Zh pdlqwdlq wklv dvvxpswlrq lq zkdw iroorzv1 Lq wkh

devhqfh ri vxfk dq dvvxpswlrq/ vrph ri wkh vwdwhphqwv lq wkh uhvxowv wkdw iroorz qhhg wr eh pruh

fduhixoo| txdol�hg1 Jhqhudoo|/ doo ri wkh qrqqhjdwlyh fruuhodwlrq uhvxowv zloo vwloo krog1 Krzhyhu/ iru

vwulfwo| srvlwlyh fruuhodwlrqv wr hqvxh/ lw pxvw eh wkdw lqirupdwlrq fdq kdyh lpsolfdwlrqv wkdw wudyho

vx�flhqwo| wkurxjk wkh qhwzrun wr kdyh rqh djhqw*v vwdwxv d�hfw dqrwkhu/ dqg vr wkh gh�qlwlrq ri

sdwk frqqhfwhg zrxog qhhg wr eh fduhixoo| prgl�hg wr dffrxqw iru gluhfwhg sdwkv1

Zh fdq dovr nhhs wudfn ri ixuwkhu ohyhov ri wklv _frqqhfwlrq% uhodwlrqvkls1 Ohw

Q2
�
+s, @ Q�+s, ^ +^�M��ER�Q�+s,,=

dqg lqgxfwlyho| gh�qh

Q&

�
+s, @ Q&3�

�
+s, ^ +^

�M�&3�
�

ER�
Q�+s,,=

Q?

�
+s, wkhq fdswxuhv doo ri sdwkv jhqhudwhg e| wkh lqgluhfw frqqhfwlrq uhodwlrqvklsv ri dq djhqw

l1 Zh vd| wkdw l dqg m duh sdwk frqqhfwhg li m 5 Q?+s,1

Wkh vhwv Q?

�
+s, sduwlwlrq wkh vhw ri djhqwv/ vr wkdw doo wkh djhqwv lq dq| hohphqw ri wkh sduwlwlrq

duh sdwk frqqhfwhg wr hdfk rwkhu1 Zh ghqrwh wkdw sduwlwlrq e| �+s,1

Zh dvvxph wkdw dq| � 5 �+s, frqwdlqv dw ohdvw wzr djhqwv1 Wkxv hdfk djhqw lv frqqhfwhg zlwk

dw ohdvw rqh rwkhu djhqw1 Frpsohwho| lvrodwhg djhqwv kdyh g|qdplfv ri zdjhv dqg hpsor|phqw wkdw

duh wulyldo/ dqg vr zh uhvwulfw rxu dwwhqwlrq wr qrq0lvrodwhg djhqwv iru zkrp qhwzrun uhodwlrqvklsv

pdwwhu1

Dq Hfrqrp|

Jlyhq dq lqlwldo glvwulexwlrq ryhu vwdwhv �f dqg d vshfl�fdwlrq ri Q / s�*v/ dqg e�*v/ wkh vwrfkdvwlf

surfhvv ri hpsor|phqw iV�> V2> = = =j dqg zdjhv iZ�>Z2> = = =j lv frpsohwho| vshfl�hg1 Zh uhihu wr

wkh vshfl�fdwlrq ri +Q> s> e, vdwlvi|lqj wkh surshuwlhv wkdw zh kdyh rxwolqhg dv dq hfrqrp|1 Zh

glvfxvv wkh ghshqghqfh rq wkh lqlwldo glvwulexwlrqv ryhu vwdwhv zkhq qhfhvvdu|1

Zh uhpdun wkdw nhhslqj wudfn ri hpsor|phqw vwdwxv lv uhgxqgdqw jlyhq zdjhv/ exw lw lv vwloo

xvhixo wr glvwlqjxlvk wkhvh lq wkh glvfxvvlrq ehorz1
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Zh ehjlq rxu dqdo|vlv zlwk wzr vwudljkwiruzdug uhvxowv wkdw suhvhqw lqwxlwlyh revhuydwlrqv uhjduglqj

hpsor|phqw dqg zdjh vwdwxv1 Wkhvh duh xvhixo odwhu rq1
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Wkh iroorzlqj ohppdv ghvfuleh wkh Pdunry surfhvv jryhuqlqj wkh hyroxwlrq ri hpsor|phqw dqg

zdjhv dv lw ghshqgv rq wzr ihdwxuhv= wkh fxuuhqw vwdwh ri wkh surfhvv +z|, dqg wkh wudqvlwlrq

suredelolwlhv +s�� *v,1

wj66B 4 Frqvlghu dq| hfrqrp| +Q>s> e,/ wlph w A 3/ wzr zdjh vwdwhv z 5 LU?

n dqg z� 5 LU?

n

dqg dq djhqw l zkr lv xqhpsor|hg lq erwk vwdwhv +z� @ z�
�
@ 3,1 Li z�

�
� z� iru doo m 5 Q2

�
/ wkhq

wkh glvwulexwlrq ri l*v hpsor|phqw/ r�huv/ dqg zdjhv +V�|/ R�|/ dqg Z�|, frqglwlrqdo rq Z|3� @ z�

�uvw rughu vwrfkdvwlfdoo| grplqdwh wkh fruuhvsrqglqj glvwulexwlrqv frqglwlrqdo rq Z|3� @ z1 Li

s�+z
�, 9@ s�+z,/ wkhq wkh �uvw rughu vwrfkdvwlf grplqdqfh lv vwulfw1

Ohppd 4 vd|v wkdw lpsurylqj wkh zdjh vwdwxv ri dq| ri dq djhqw*v frqqhfwlrqv ohdgv wr dq

lqfuhdvh +lq wkh vhqvh ri vwrfkdvwlf grplqdqfh, lq wkh suredelolw| wkdw wkh djhqw zloo eh hpsor|hg

dqg wkh djhqw*v h{shfwhg zdjhv1 Wkh surri ri Ohppd 4 iroorzv iurp wkh idfw wkdw iru dq| l dqg m

wkh ixqfwlrq s�� lv qrqghfuhdvlqj lq z& iru n 9@ l +frqglwlrq +5,,1 Wkh surri dsshduv lq wkh dsshqgl{1

Zh r�hu d sdudooho uhvxow zkhuh wkh vwdwh lv �{hg exw wkh qhwzrun +s��*v, lpsuryhv1

Il{ dq hfrqrp| +Q>s> e, dqg frqvlghu dq dowhuqdwlyh vrfldo vwuxfwxuh s�1 Zh vd| wkdw s� rqh0

shulrg grplqdwhv s dw z 5 LU?

n iurp l*v shuvshfwlyh li s�
&�
+z, � s&�+z, iru doo n1

Zh uhihu wr wkh deryh dv _rqh0shulrg grplqdwlrq% vlqfh l*v shufhlyhg vwdwxv zloo lpsuryh iru wkh

qh{w shulrg xqghu s� frpsduhg wr s1 Krzhyhu/ vlqfh s� dqg s pljkw gl�hu eh|rqg l*v frqqhfwlrqv/

wkh orqj uxq frpsdulvrq ehwzhhq s dqg s� pljkw gl�hu iurp wkh rqh shulrg frpsdulvrq1 Lq H{dpsoh

7/ wklv rqh shulrg grplqdwlrq frqglwlrq lv vdwlv�hg dw z iru vrph l li z� ? z� lpsolhv wkdw/ iru hdfk

n/ j�
&�
� j&� dqg j&� � j�

&�
iru hdfk m 9@ l vxfk wkdw z� ? z�1

wj66B 5 Frqvlghu dq hfrqrp| +Q>s> e, dqg dq dowhuqdwlyh vrfldo vwuxfwxuh s� wkdw rqh0shulrg

grplqdwhv s dw z 5 LU?

n iurp vrph djhqw l*v shuvshfwlyh1 Wkh glvwulexwlrqv ri l*v hpsor|phqw/

r�huv dqg zdjhv +V�|/ R�| dqg Z�|, frqglwlrqdo rq Z|3� @ z xqghu s� �uvw rughu vwrfkdvwlfdoo|

grplqdwh wkh fruuhvsrqglqj glvwulexwlrqv xqghu s1 Li s�
�
+z, 9@ s�+z,/ dqg z� ? z�/ wkhq wkh �uvw

rughu vwrfkdvwlf grplqdqfh lv vwulfw1

Ohppd 5 vwdwhv wkdw dq djhqw*v suredelolw| ri ehlqj hpsor|hg/ h{shfwhg qxpehu ri r�huv dqg

zdjhv doo jr xs +lq wkh vhqvh ri vwrfkdvwlf grplqdqfh, li wkh djhqw*v suredelolw| ri khdulqj mre lqiru0

pdwlrq wkurxjk wkh qhwzrun lpsuryhv1 Djdlq/ wkh vwudljkwiruzdug surri dsshduv lq wkh dsshqgl{1

Qh{w/ zh wxuq wr xqghuvwdqglqj wkh g|qdplfv dqg sdwwhuqv lq erwk hpsor|phqw dqg zdjhv/ dv

zh orrn dfurvv djhqwv dqg2ru dfurvv wlph1
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Zh ehjlq zlwk sdwwhuqv ri zdjhv dv wkh uhvxowv rq hpsor|phqw kdyh dq dgghg frpsolfdwlrq wkdw

zh zloo glvfxvv vkruwo|1
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Ehiruh vwdwlqj d wkhruhp rq zdjh sdwwhuqv/ ohw xv glvfxvv dq lvvxh wkdw dulvhv wkdw zh qhhg wr

dgguhvv1

Frqvlghu d vlwxdwlrq zkhuh djhqwv duh pruh olnho| wr sdvv mre lqirupdwlrq rq wr gluhfw frqqhfwlrqv

zlwk orzhu zdjhv wkdq wr gluhfw frqqhfwlrqv zlwk kljkhu zdjhv/ dv lq H{dpsoh 71 Lq vxfk d vlwxdwlrq/

dq djhqw zkr kdv d orz zdjh/ exw zkrvh zdjh lv vwloo kljkhu wkdq vrph rwkhu djhqwv zkr duh

frpshwlwruv iru lqirupdwlrq derxw d mre/ pljkw hqg xs zlwk d qh{w shulrg h{shfwhg zdjh wkdw lv

orzhu wkdq zkdw wkh| zrxog h{shfw li wkh| txlw wkhlu mre1 Wklv fdq kdsshq ehfdxvh li wkh| zhuh wr

txlw wkhlu mre/ wkhlu gluhfw frqqhfwlrqv zrxog eh pruh olnho| wr sdvv lqirupdwlrq wr wkhp/ dqg wkh|

pljkw kdyh d srvlwlyh suredelolw| ri rewdlqlqj vhyhudo r�huv dw rqfh1

Zkloh wklv pljkw eh dq xqxvxdo fdvh/ lw lv rqh wkdw zh kdyh qrw suhfoxghg xqghu wkh dvvxpswlrqv

rq s1 Wklv gl�fxow| lv ryhufrph zkhq zh orrn dw �qh hqrxjk vxeglylvlrqv ri d shulrg/ dv wkhq

wkh suredelolw| ri rewdlqlqj pruh wkdq rqh r�hu ehfrphv qhjoljleoh frpsduhg wr wkh suredelolw|

ri rewdlqlqj rqh r�hu/ surylghg wkh suredelolw| ri rewdlqlqj dw ohdvw rqh r�hu lv qrw }hur/ zklfk lv

dvvxuhg xqghu +6,1 Wklv lv fdswxuhg lq wkh iroorzlqj gh�qlwlrq1

W 0shulrg Vxeylglvlrqv

D qdwxudo zd| wr dqdo|}h vkruwhqhg shulrgv lv vlpso| e| glylglqj s dqg e e| vrph W 1��

Pruh irupdoo|/ vwduwlqj iurp vrph hfrqrp| +Q>s> e,/ wkh W 0shulrg vxeglylvlrq/ ghqrwhg +Q> sA > eA ,/

lv vxfk wkdw eA
�
@ K�

A
dqg sA

��
@

R��

A
iru hdfk l dqg m1

W 0shulrg vxeglylvlrqv duh dovr wkh qdwxudo zd| wr vruw rxw wkh vkruw uxq frpshwlwlrq iurp wkh

orqjhu uxq ehqh�wv ri lqgluhfw frqqhfwlrqv1 Dv wkh shulrgv vkruwhq/ wkh frpshwlwlyh h�hfwv ehfrph

rxwzhljkhg e| wkh orqjhu uxq ehqh�wv1 Djdlq/ wklv lv wkh qdwxudo dssur{lpdwlrq ri wkh xqghuo|lqj

Srlvvrq duulydo surfhvv1

Dvvrfldwlrq

Zkloh �uvw rughu vwrfkdvwlf grplqdqfh lv zhoo vxlwhg iru fdswxulqj glvwulexwlrqv ryhu d vlqjoh

djhqw*v vwdwxv/ zh qhhg d ulfkhu wrro iru glvfxvvlqj lqwhuuhodwlrqvklsv ehwzhhq d qxpehu ri djhqwv

dw rqfh1 Wkhuh lv d jhqhudol}dwlrq ri �uvw rughu vwrfkdvwlf grplqdqfh uhodwlrqvklsv wkdw dssolhv wr

udqgrp yhfwruv/ wkdw zdv lqwurgxfhg lqwr wkh vwdwlvwlfv olwhudwxuh e| Hvdu|/ Survfkdq/ dqg Zdonxs

+4<9:, xqghu wkh gh�qlwlrq ri dvvrfldwlrq1

D suredelolw| phdvxuh � ghvfulelqj d udqgrp yhfwru +vd| Z gh�qhg rq LU?, lv dvvrfldwhg li

Fry> +i> j, � 3

iru doo sdluv ri qrq0ghfuhdvlqj ixqfwlrqv i = LU? $ LU dqg j = LU? $ LU/ zkhuh Fry+i> j, lv wkh

fryduldqfh H>^i+Z ,j+Z ,`�H>^i+Z ,`H>^j+Z ,`1

Dvvrfldwlrq whoov xv wkdw jrrg qhzv derxw wkh vwdwh +frqglwlrqlqj rq j+z, � g, ohdgv xv wr

kljkhu eholhiv derxw wkh vwdwh lq wkh vhqvh ri grplqdwlrq1 Li Z�> = = = >Z? duh wkh udqgrp yduldeohv

��W? |�i *�4�|c |��t t�4T*) @TThL �4@|it @ UL?|�?�L�t |�4i �L�ttL? @hh��@* ThLUitt�
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ghvfulehg e| dq dvvrfldwhg phdvxuh �/ wkhq zh vd| wkdw Z�> = = = >Z? duh dvvrfldwhg1 Qrwh wkdw

lqghshqghqw udqgrp yduldeohv duh dvvrfldwhg e| gh�qlwlrq1

Qrwh wkdw li Z lv d udqgrp yhfwru ghvfulehg e| d phdvxuh �/ wkhq dvvrfldwlrq ri � lpsolhv wkdw

Z� dqg Z� duh qrq0qhjdwlyho| fruuhodwhg iru dq| l dqg m1 Hvvhqwldoo|/ dvvrfldwlrq lv d zd| ri vd|lqj

wkdw doo glphqvlrqv ri Z duh qrq0qhjdwlyho| lqwhuuhodwhg1 Li Z zhuh mxvw d wzr glphqvlrqdo yhfwru

+h1j1/ wkhuh zhuh mxvw wzr djhqwv,/ wkhq wklv zrxog uhgxfh wr vd|lqj wkdw wkhuh zdv qrq0qhjdwlyh

fruuhodwlrq ehwzhhq wkh djhqwv* zdjh ohyhov1 Wkh gh�qlwlrq fdswxuhv pruh jhqhudo lqwhudfwlrqv

ehwzhhq pdq| djhqwv/ dqg vd|v wkdw jrrg qhzv lq wkh vhqvh ri kljkhu ydoxhv ri Z�> l 5 il�> = = = > l�j

derxw dq| vxevhw ru frpelqdwlrqv ri djhqwv +khuh/ il�> = = = > l�j, lv jrrg +qrw edg, qhzv iru dq| rwkhu

vhw ru frpelqdwlrqv ri djhqwv1 Wklv frqfhsw lv xvhixo lq ghvfulelqj foxvwhulqj dqg jhqhudo irupv ri

srvlwlyh fruuhodwlrqv lq hpsor|phqw dqg zdjhv lq zkdw iroorzv1

Vwurqj Dvvrfldwlrq

Dv zh riwhq zdqw wr hvwdeolvk vwulfwo| srvlwlyh uhodwlrqvklsv/ dqg qrw mxvw qrq0qhjdwlyh rqhv/

zh dovr gh�qh d vwurqj yhuvlrq ri dvvrfldwlrq1 Vlqfh srvlwlyh fruuhodwlrqv fdq rqo| krog ehwzhhq

djhqwv zkr duh sdwk frqqhfwhg/ zh qhhg wr gh�qh d yhuvlrq ri vwurqj dvvrfldwlrq wkdw uhvshfwv vxfk

d uhodwlrqvkls1

Jlyhq lv d sduwlwlrq � ri i4> = = = > qj wkdw fdswxuhv zklfk udqgrp yduldeohv pljkw eh srvlwlyho|

uhodwhg1

D suredelolw| phdvxuh � ghvfulelqj d udqgrp yhfwru rq LU? lv vwurqjo| dvvrfldwhg uhodwlyh wr

wkh sduwlwlrq � li lw lv dvvrfldwhg/ dqg iru dq| � 5 � dqg qrqghfuhdvlqj ixqfwlrqv i dqg j

Fry> +i> j, A 3

zkhqhyhu wkhuh h{lvw l dqg m vxfk wkdw i lv lqfuhdvlqj lq z� iru doo z3�/ j lv lqfuhdvlqj lq z� iru doo

z3�/ dqg l dqg m duh sdwk frqqhfwhg xqghu �1

Vwurqj dvvrfldwlrq fdswxuhv wkh lghd wkdw ehwwhu lqirupdwlrq derxw dq| ri wkh glphqvlrqv lq �

ohdgv wr xqdedvkhgo| kljkhu h{shfwdwlrqv uhjduglqj hyhu| rwkhu glphqvlrq lq �1 Rqh lpsolfdwlrq

ri wklv lv wkdw Z� dqg Z� duh srvlwlyho| fruuhodwhg iru dq| l dqg m lq �1

Zh duh qrz uhdg| wr vwdwh rxu �uvw wkhruhp1 Uhfdoo wkdw � +s, lv wkh sduwlwlrq ri wkh djhqwv vr

wkdw doo wkh djhqwv lq dq| hohphqw ri wkh sduwlwlrq duh sdwk frqqhfwhg wr hdfk rwkhu xqghu s1

C�jNij6 4 Frqvlghu dq| hfrqrp| +Q>s> e,1 Wkhuh h{lvwv W � vxfk wkdw iru dq| W � W �/ wkh zdjhv

ri dq| sdwk frqqhfwhg djhqwv duh srvlwlyho| fruuhodwhg xqghu wkh +xqltxh, vwhdg| vwdwh glvwulexwlrq

rq zdjhv fruuhvsrqglqj wr wkh W 0shulrg vxeglylvlrq ri +Q>s> e,1 Pruhryhu/ wkh olplw ri wkh vwhdg|

vwdwh glvwulexwlrqv lv vwurqjo| dvvrfldwhg uhodwlyh wr �+s,1

Wkh wkhruhp vwdwhv wkdw dq| sdwk frqqhfwhg djhqwv kdyh srvlwlyho| fruuhodwhg zdjh ohyhov/ dqg

lq idfw h{klelw vwurqj dvvrfldwlrq/ zklfk lv d surshuw| wkdw surylghv iru srvlwlyh lqwhuuhodwlrqvklsv

ehwzhhq doo gl�huhqw vxejurxsv1 Zh surylgh d ghwdlohg gh�qlwlrq ri vwurqj dvvrfldwlrq lq wkh

dsshqgl{1
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Zh hpskdvl}h wkdw wkh olplw ri wkh vwhdg| vwdwh glvwulexwlrqv dv W ehfrphv odujh lv d yhu|

qdwxudo wklqj wr frqvlghu/ dv lw lv d Srlvvrq eluwk2ghdwk surfhvv zklfk zrxog qdwxudoo| ghvfuleh wkh

mre vhdufk1 Wkh uhdvrq zh zrun zlwk d glvfuhwh wlph dssur{lpdwlrq lv sxuho| iru wudfwdelolw|1

Wkh surri ri Wkhruhp 4 lv orqj dqg dsshduv lq wkh dsshqgl{1 Wkh surri fdq eh eurnhq grzq

lqwr vhyhudo vwhsv1 Wkh �uvw vwhs vkrzv wkdw iru odujh hqrxjk W wkh vwhdg| vwdwh glvwulexwlrq lv

dssur{lpdwho| wkh vdph dv rqh iru d surfhvv zkhuh wkh uhdol}dwlrqv ri s��+z, dfurvv gl�huhqw m*v lv

lqghshqghqw1 Hvvhqwldoo|/ wkh lghd lv wkdw iru odujh hqrxjk W / wkh suredelolw| wkdw mxvw rqh mre lv

khdug derxw ryhuzkhopv wkh suredelolw| wkdw pruh wkdq rqh mre lv khdug derxw1 Wklv lv dovr wuxh

xqghu lqghshqghqfh1 Wkh surri wkhq xvhv d fkdudfwhul}dwlrq ri vwhdg| vwdwh glvwulexwlrqv ri Pdunry

surfhvvhv e| Iuhlgolq dqg Zhqw}ho +4<;7, +dv dgdswhg wr �qlwh surfhvvhv e| \rxqj +4<<6,,1 Zh xvh

wkh fkdudfwhul}dwlrq wr yhuli| wkdw rqh fdq vlpso| nhhs wudfn ri wkh suredelolwlhv ri mxvw d vlqjoh

mre hyhqw wr jhw wkh dssur{lpdwh vwhdg| vwdwh glvwulexwlrq iru odujh hqrxjk W 1 Qh{w/ qrwh wkdw

xqghu lqghshqghqfh ri mre khdulqj/ wkhuh duh qr vkruw0uxq qhjdwlyh frqglwlrqdo fruuhodwlrqv1 Vr

zh fdq wkhq hvwdeolvk wkdw wkh frqfoxvlrqv ri wkh wkhruhp duh wuxh xqghu wkh lqghshqghqw surfhvv1

Ilqdoo|/ zh frph edfn wr vkrz wkdw wkh vdph vwloo krogv xqghu wkh wuxh +ghshqghqw, surfhvv/ iru

odujh hqrxjk W 1

Zkloh Wkhruhp 4 surylghv uhvxowv rq wkh vwhdg| vwdwh glvwulexwlrq/ zh fdq ghgxfh vlplodu

vwdwhphqwv derxw wkh uhodwlrqvklsv ehwzhhq zdjhv dw gl�huhqw wlphv1

C�jNij6 5 Frqvlghu dq| hfrqrp| +Q> s> e,1 Iru �qh hqrxjk vxe0glylvlrqv dqg vwduwlqj xqghu wkh

vwhdg| vwdwh glvwulexwlrq/ wkhuh lv d vwulfwo| srvlwlyh uhodwlrqvkls ehwzhhq wkh zdjh vwdwxvhv ri dq|

sdwk frqqhfwhg djhqwv dqg dw dq| wlphv1 Wkdw lv/ iru dq| dq| wlphv w dqg w� wkhuh h{lvwv W � vxfk

wkdw iru dq| W � W � dqg

FryA
�
Z�|Z�|�

�
A 3>

zkhuh l dqg m duh sdwk frqqhfwhg/ zkhuh FryA lv wkh fryduldqfh dvvrfldwhg zlwk wkh W 0shulrg vxe0

glylvlrq ri +Q> s> e, vwduwlqj dw wlph 3 xqghu wkh vwhdg| vwdwh glvwulexwlrq �A 1

Dowkrxjk Wkhruhp 5 lv vlplodu wr Wkhruhp 4 lq lwv vwuxfwxuh/ lw surylghv gl�huhqw lpsolfdwlrqv1

Wkhruhp 4 dgguhvvhv wkh vwhdg| vwdwh glvwulexwlrq/ ru wkh h{shfwhg orqj uxq ehkdylru ri wkh v|vwhp1

Wkhruhp 5 dgguhvvhv dq| duelwudu| gdwhv lq wkh v|vwhp1�2

Lw lv lpsruwdqw lq Wkhruhp 5 wkdw zh vwduw iurp wkh vwhdg| vwdwh glvwulexwlrq1

'�� 	
 ��!
��� �������� ��� )!��
���

Rqh pljkw frqmhfwxuh +dv zh lqlwldoo| glg, wkdw lw zrxog eh d vlpsoh Fruroodu| wr Wkhruhp 4 iru

hpsor|phqw wr h{klelw wkh vdph srvlwlyh fruuhodwlrq vwuxfwxuh dv zdjhv1 Lw wxuqv rxw wr gluhfwo|

iroorz iurp wkh srvlwlyh fruuhodwlrq +lq idfw wkh vwurqj dvvrfldwlrq, ri zdjhv wkdw hpsor|phqw lv

�2A�iLhi4 � @*4Lt| tii4t |L Mi @ ULhL**@h) Lu A�iLhi4 2c t�?Ui @t �i *i| | @?_ |� MiUL4i *@h}ic |�i _�t|h�M�|�L?t
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qrqqhjdwlyho| fruuhodwhg +lq idfw/ zhdno| dvvrfldwhg, dfurvv djhqwv1 Krzhyhu/ srvlwlyh fruuhodwlrq

ri zdjhv grhv qrw dozd|v wudqvodwh lqwr srvlwlyh fruuhodwlrq ri hpsor|phqw vwdwxv1 Wkdw lv/ lw lv

srvvleoh iru wzr djhqwv wr kdyh srvlwlyho| fruuhodwhg zdjhv dqg |hw kdyh wkhlu hpsor|phqw vwdwxv

eh lqghshqghqw1

Wklv lv looxvwudwhg lq wkh iroorzlqj h{dpsoh1

.!B6V,j 8 Srvlwlyh Fruuhodwlrq ri Zdjhv exw Lqghshqghqfh ri Hpsor|phqw1

Ohw djhqw l*v zdjhv wdnh rq wkuhh ydoxhv i3> 4> 5j dqg djhqw m*v zdjhv wdnh rq wzr ydoxhv i3> 4j1

Ohw l dqg m eh sdwk frqqhfwhg +exw vd| qrw frqqhfwhg,1�� Frqvlghu d olplwlqj vwhdg| vwdwh glvwul0

exwlrq zklfk kdv wkh iroorzlqj pdujlqdo glvwulexwlrq rq Z� dqg Z� =

z� @ 3 z� @ 4

z� @ 5 �
�2

�
e

z� @ 4 �
e

�
�2

z� @ 3 �
S

�
S

Xqghu wklv pdujlqdo glvwulexwlrq/ Z� dqg Z� duh srvlwlyho| fruuhodwhg1 Wkdw lv hdvlo| fkhfnhg

iurp wkh deryh wdeoh1 Qrwh/ krzhyhu/ wkdw V� dqg V� duh lqghshqghqw1 Wkdw lv hdvlo| vhhq vlqfh wkh

deryh glvwulexwlrq uhgxfhv wr wkh iroorzlqj glvwulexwlrq rq hpsor|phqw=

v� @ 3 v� @ 4

v� @ 4 �
�

�
�

v� @ 3 �
S

�
S

Wklv w|sh ri glvwulexwlrq fdqqrw dulvh li s lv d ixqfwlrq ri V udwkhu wkdq ri Z 1 Wkxv/ zlwk wklv

dgghg frqglwlrq zh fdq hvwdeolvk srvlwlyh fruuhodwlrq lq hpsor|phqw1

C�jNij6 6 Frqvlghu dq| hfrqrp| +Q> s> e,1

� Wkhuh h{lvwv W � vxfk wkdw iru dq| W � W � wkh hpsor|phqw ri dq| frqqhfwhg djhqwv lv srvlwlyho|

fruuhodwhg xqghu wkh +xqltxh, vwhdg| vwdwh glvwulexwlrq rq hpsor|phqw fruuhvsrqglqj wr wkh

W 0shulrg vxeglylvlrq ri +Q>s> e,1

� Wkh olplw +dv wkh vxeglylvlrqv ehfrph �qhu, ri wkh +xqltxh, vwhdg| vwdwh glvwulexwlrqv rq

hpsor|phqw vwdwxv lv dvvrfldwhg1�e
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� Li s fdq eh zulwwhq dv d ixqfwlrq ri V/�D wkhq wkh olplw ri wkh +xqltxh, vwhdg| vwdwh glvwulexwlrqv

rq hpsor|phqw lv vwurqjo| dvvrfldwhg uhodwlyh wr �+s,1 Wkxv/ h{lvwv W � vxfk wkdw iru dq| W � W �

wkh hpsor|phqw ri dq| sdwk0frqqhfwhg djhqwv lv srvlwlyho| fruuhodwhg xqghu wkh +xqltxh, vwhdg|

vwdwh glvwulexwlrq rq hpsor|phqw fruuhvsrqglqj wr wkh W 0shulrg vxeglylvlrq ri +Q> s> e,1

Wkhruhp 6 hvwdeolvkhv wkh srvlwlyh lqwhuuhodwlrqvklsv ehwzhhq wkh hpsor|phqw ri dq| froohfwlrqv

ri sdwk frqqhfwhg djhqwv xqghu wkh vwhdg| vwdwh glvwulexwlrq1

Wkh uroh ri wkh dvvxpswlrq wkdw s lv ghshqghqw rqo| rq V lv lpsruwdqw lq hvwdeolvklqj wkh vwurqj

dvvrfldwlrq ri hpsor|phqw ri djhqwv zkr duh sdwk frqqhfwhg +udwkhu wkdq frqqhfwhg,/ dv zdv vkrzq

lq H{dpsoh 81

Zh dovr kdyh dq dqdorj ri Wkhruhp 5/ vwdwlqj wkdw wkh srvlwlyh lqwhuuhodwlrqvklsv ehwzhhq

hpsor|phqw vwdwxvhv krog erwk xqghu wkh vwhdg| glvwulexwlrq dqg dw dq| wlph dorqj wkh g|qdplfv1

C�jNij6 7 Frqvlghu dq| hfrqrp| +Q> s> e, vxfk wkdw s lv d ixqfwlrq ri hpsor|phqw vwdwxv1�S Iru

�qh hqrxjk vxe0glylvlrqv dqg vwduwlqj xqghu wkh vwhdg| vwdwh glvwulexwlrq/ wkhuh lv d vwulfwo| srvlwlyh

uhodwlrqvkls ehwzhhq wkh hpsor|phqw vwdwxvhv ri dq| sdwk frqqhfwhg djhqwv dqg dw dq| wlphv1 Wkdw

lv/ iru dq| wlphv w dqg w� wkhuh h{lvwv W � vxfk wkdw iru dq| W � W �

FryA
�
V�|V�|�

�
A 3

iru dq| sdwk frqqhfwhg l dqg m/ zkhuh FryA lv wkh fryduldqfh dvvrfldwhg zlwk wkh W 0shulrg vxeglyl0

vlrq ri +Q> s> e, vwduwlqj dw wlph 3 xqghu wkh vwhdg| vwdwh glvwulexwlrq �A 1

0 )��  ��� *�� ��� ����/.�� ���1�����!

Frqvlghu wkh iroorzlqj jdph hqgrjhql}lqj wkh qhwzrun vwuxfwxuh1 Ohw g� 5 i3> 4j ghqrwh l*v ghflvlrq

ri zkhwkhu wr vwd| lq wkh oderu pdunhw1 Hdfk djhqw glvfrxqwv ixwxuh zdjhv dw d udwh 3 ? �� ? 4 dqg

sd|v dq h{shfwhg glvfrxqwhg frvw f� � 3 wr vwd| lq1 Djhqwv gursslqj rxw jhw d sd|r� ri }hur1

Dq dxjphqwhg hfrqrp| lv d vshfl�fdwlrq +Q> s> e> f> �,/ zkhuh f lv d yhfwru ri frvwv dqg � lv d

yhfwru ri glvfrxqw udwhv1

Zkhq dq djhqw l h{lwv wkh oderu irufh/ zh uhvhw wkh s*v vr wkdw s��+z, @ s��+z, @ 3 iru doo m dqg

z/ exw gr qrw dowhu wkh rwkhu s&� *v1 Wkh djhqw zkr gursv rxw kdv klv ru khu zdjh vhw wr }hur1�.

Wkhuhiruh/ zkhq dq djhqw gursv rxw/ lw lv dv li wkh djhqw glvdsshduhg iurp wkh hfrqrp|1

Il{ dq dxjphqwhg hfrqrp| +Q> s> e> f> �, dqg d vwduwlqj vwdwh Zf @ z1 D yhfwru ri ghflvlrqv g

lv dq htxloleulxp li iru hdfk l 5 i4> = = = > qj/ g� @ 4 lpsolhv

H
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|

�|
�
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dqg g� @ 3 lpsolhv wkh uhyhuvh lqhtxdolw|1

Wkh _gurs0rxw% jdph lv vxshuprgxodu +vhh Wrsnlv +4<:<,, zklfk ohdgv wr wkh iroorzlqj ohppd1

wj66B 6 Frqvlghu dq| hfrqrp| +Q>s> e,/ vwdwh Zf @ z/ dqg yhfwru ri frvwv f 5 LU?

n1 Wkhuh h{lvwv

W � vxfk wkdw iru dq| W 0shulrg vxeglylvlrq ri wkh hfrqrp| +W � W �,/ wkhuh lv d xqltxh htxloleulxp

gW+z, vxfk wkdw gW+z, � g iru dq| rwkhu htxloleulxp g1

Zh uhihu wr wkh htxloleulxp gW+z, lq Ohppd 6 dv wkh pd{lpdo htxloleulxp1

C�jNij6 8 Frqvlghu dq| dxjphqwhg hfrqrp| +Q>s> e> f> �,1 Frqvlghu wzr vwduwlqj zdjhv vwdwhv/

z� � z zlwk z 9@ z�1 Wkhuh h{lvwv W � vxfk wkdw wkh vhw ri gurs0rxwv xqghu wkh pd{lpdo htxl0

oleulxp iroorzlqj z� lv d vxevhw ri wkdw xqghu z wkdw iru dq| W 0shulrg vxeglylvlrq +W � W �,>

dqg iru vrph vshfl�fdwlrqv ri wkh frvwv dqg glvfrxqw udwhv wkh lqfoxvlrq lv vwulfw1 Pruhryhu/ li

gW+z,� @ gW+z�,� @ 4/ wkhq wkh glvwulexwlrqv ri l*v zdjhv dqg hpsor|phqw Z�| dqg V�| iru dq| w

xqghu wkh pd{lpdo htxloleulxp iroorzlqj z� �uvw rughu vwrfkdvwlf grplqdwh wkrvh xqghu wkh pd{lpdo

htxloleulxp iroorzlqj z/ zlwk vwulfw grplqdqfh iru odujh hqrxjk w li gW+z,� 9@ gW+z�,� iru dq| m zkr

lv sdwk frqqhfwhg wr l1 Lq idfw iru dq| lqfuhdvlqj i = LU?

n $ LU dqg dq| w

HA
�
i+Z|,

��Zf @ z�> gW+z�,
�
� HA ^i+Z|, mZf @ z>gW+z,` >

zlwk vwulfw lqhtxdolw| iru vrph vshfl�fdwlrqv ri f dqg �1

Wkhruhp 8 vkrzv krz shuvlvwhqw lqhtxdolw| fdq dulvh ehwzhhq wzr rwkhuzlvh vlplodu jurxsv zlwk

gl�huhqw lqlwldo hpsor|phqw frqglwlrqv1

.���������

^4` Dolsudqwlv F1G1 dqg N1F1 Erughu +5333, Lq�qlwh Glphqvlrqdo Dqdo|vlv/ Vsulqjhu0Yhuodj1

^5` Duurz/ N1 dqg U1 Eru}hnrzvnl +5333, _Olplwhg Qhwzrun Frqqhfwlrqv dqg wkh Glvwulexwlrq ri

Zdjhv/% plphr= Vwdqirug Xqlyhuvlw|1

^6` Fdoy�r0Duphqjro/ D1 +5333, _Mre Frqwdfw Qhwzrunv/% plphr/ kwws=22

zzz1hfr1xf6p1hv2�dqfdoyr2mreqhw1sgi

^7` Fdoy�r0Duphqjro/ D1 dqg P1R1 Mdfnvrq +5334, _Vrfldo Qhwzrunv lq Ghwhuplqlqj Hpsor|0

phqw= Sdwwhuqv/ G|qdplfv/ dqg Lqhtxdolw|/% plphr= Fdowhfk dqg Xqlyhuvlwdw Dxw�rqrpd gh

Edufhorqd/ kwws=22zzz1kvv1fdowhfk1hgx2�mdfnvrqp2g|qhw1sgi

^8` Fdug/ G1 dqg Nuxhjhu +4<<5, _Vfkrro Txdolw| dqg Eodfn0Zklwh Uhodwlyh Hduqlqjv= D Gluhfw

Dvvhvvphqw/% Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 48405331

4:



^9` Fkdqgud/ D1 +5333, _Oderu0Pdunhw Gursrxwv dqg wkh Udfldo Zdjh Jds= 4<7304<<3/% Dphulfdq

Hfrqrplf Uhylhz/ Sdshuv dqg Surfhhglqjv/ 666066;1

^:` Gdulw|/ Z1D1 dqg S1O1 Pdvrq +4<<;, _Hylghqfh rq Glvfulplqdwlrq lq Hpsor|phqw= Frghv ri

Froru/ Frghv ri Jhqghu/% Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ 45/ 960<31

^;` Hvdu|/ M1G1/ I1 Survfkdq/ dqg G1Z1 Zdonxs +4<9:, _Dvvrfldwlrq ri Udqgrp Yduldeohv/ zlwk

Dssolfdwlrqv/% Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 6;/ 4799047:71

^<` Iduoh|/ U1 +4<<3, _Eodfnv/ Klvsdqlfv/ dqg Zklwh Hwkqlf Jurxsv= Duh Eodfnv Xqltxho| Glvdg0

ydqwdjhgB/% Dphulfdq Hfrqrplf Uhylhz/ Sdshuv dqg Surfhhglqjv/ ;3/ 56:05741

^43` Iuhlgolq/ P1 dqg D1 Zhqw}ho +4<;7, Udqgrp Shuwxuedwlrqv ri G|qdplfdo V|vwhpv/ Vsulqjhu0

Yhuodj/ Qhz0\run1

^44` Judqryhwwhu/ P1 +4<:6, _Wkh Vwuhqjwk ri Zhdn Wlhv/% Dphulfdq Mrxuqdo ri Vrflrorj|/ :;/

4693046;31

^45` Judqryhwwhu/ P1 ^4<:7`+4<<8, Jhwwlqj d Mre= D Vwxg| ri Frqwdfwv dqg Fduhhuv/ 5?_ hglwlrq/

Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr1

^46` Khfnpdq/ M1M1 +4<<;, _Ghwhfwlqj Glvfulplqdwlrq/% Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ 45/ 4340

4491

^47` Khfnpdq/ M1/ W1P1 O|rqv dqg S1H1 Wrgg +5333, _Xqghuvwdqglqj Eodfn0Zklwh Zdjh Gl�huhq0

wldov/ 4<9304<<3/% Dphulfdq Hfrqrplf Uhylhz/ Sdshuv dqg Surfhhglqjv/ 677067<1

^48` Prqwjrphu|/ M1 +4<<4, _Vrfldo Qhwzrunv dqg Oderu Pdunhw Rxwfrphv= Wrzdug dqg Hfrqrplf

Dqdo|vlv/% Dphulfdq Hfrqrplf Uhylhz/ ;4/ 473;0474;

^49` Uhhv/ D1 +4<99, _Lqirupdwlrq Qhwzrunv lq Oderu Pdunhwv/% Dphulfdq Hfrqrplf Uhylhz/ 89/

88<08991

^4:` Vplwk dqg Zhofk +4<;<, _Eodfn Hfrqrplf Surjuhvv diwhu P|ugdo/% Mrxuqdo ri Hfrqrplf Olw0

hudwxuh/ 5:/ 84<08971

^4;` V}hnol/ U1 +4<<8, Vwrfkdvwlf Rughulqj dqg Ghshqghqfh lq Dssolhg Suredelolw|/ Vsulqjhu0Yhuodj

+Ohfwxuh Qrwhv lq Vwdwlvwlfv & <:,/ Qhz \run1

^4<` Wrsnlv/ G1 +4<:<, _Htxloleulxp srlqwv lq qrq}hur0vxp q�shuvrq vxeprgxodu jdphv/% VLDP

Mrxuqdo ri Frqwuro dqg Rswlpl}dwlrq 4:/ ::60:;:1

^53` \rxqj/ K1S1 +4<<6, _Wkh Hyroxwlrq ri Frqyhqwlrqv/% Hfrqrphwulfd 94/ 8:0;71

4;



Dsshqgl{

Surri ri Ohppdv 4 dqg 5= Zh suryh wkh vwdwhphqwv iru wkh glvwulexwlrq ri R�|1 Wkh �uvw rughu

vwrfkdvwlf grplqdqfh vwdwhphqwv iru Z�| dqg V�| wkhq iroorz hdvlo|/ vlqfh Z�| lv vlpso| z+3> R�|,

zlwk suredelolw| 4�e� dqg 3 zlwk suredelolw| e�/ dqg vlploduo| V�| @ 4 zkhq R�| A 3 zlwk suredelolw|

4� e�/ dqg lv 3 rwkhuzlvh1 Zh uhpdun rq wkh vwulfw �uvw rughu vwrfkdvwlf grplqdqfh iru Z�| dqg V�|

dw wkh hqg ri wkh surri1

Il{ vrph z dqg s1 Frqvlghu l vxfk wkdw z� @ 31 Il{ dq| djhqw n 9@ l dqg frqvlghu dq|

F � Q q inj1 Ohw

S &

�
+z, @ +��M�s��+z,,+��M�.E��&�+4� s��+z,,,=

Wkxv/ S &

�
+z, lv wkh suredelolw| wkdw l khduv ri mre r�huv iurp hdfk djhqw lq F dqg qrqh ri wkh

djhqwv lq Q q +F ^ n,1 Zh fdq wkhq zulwh wkh suredelolw| wkdw l rewdlqv dw ohdvw k r�huv dv

Sure +iR�| � kj m s>Z|3� @ z, @
[

�a�.&G���D�

+4� s&�+z,,S
&

�
+z, .

[
�a�.&G���D�3�

s&�+z,S
&

�
+z,=

Vlpsoli|lqj/ zh rewdlq

Sure +iR�| � kj m s>Z|3� @ z, @
[

�a�.&G���D�

S &

�
+z, .

[
�a�.&G���'�3�

s&�+z,S
&

�
+z,= +4,

Wr hvwdeolvk �uvw rughu vwrfkdvwlf grplqdqfh ri d glvwulexwlrq ri R�| frqglwlrqdo rq Z|3� @ z�

ryhu wkdw frqglwlrqdo rq Z|3� @ z +dqg2ru vlploduo| frpsdulqj s� dqg s,/ zh qhhg rqo| vkrz

wkdw Sure +iR�| � kj m s�>Z|3� @ z�, lv dw ohdvw dv odujh Sure +iR�| � kj m s>Z|3� @ z, iru hdfk k1

Vwulfw grplqdqfh iroorzv li wkhuh lv d vwulfw lqhtxdolw| iru dq| k1

Qrwh wkdw iurp +4, zh fdq zulwh Sure +iR�| � kj m s>Z|3� @ z, dv d ixqfwlrq ri wkh s&�*v/ zklfk

duh lq wxuq ixqfwlrqv ri z1 Vlqfh S &

�
+z, lv lqghshqghqw ri s&�+z, iru dq| n 5 Q / lw iroorzv iurp

htxdwlrq +4,/ wkdw Sure +iR�| � kjm s>Z|3� @ z,/ ylhzhg dv d ixqfwlrq ri wkh s&�*v/ lv qrq0ghfuhdvlqj

lq wkh s&�*v1 Pruhryhu/ lw lv lqfuhdvlqj lq s&� zkhqhyhu wkhuh lv vrph k vxfk wkdw S &

�
+z, A 3 iru

vrph F � Q q inj = mFm @ k� 41

Wkxv/ li s�
��
+z�, � s��+z, iru hdfk m 5 Q / wkhq zh kdyh �uvw rughu vwrfkdvwlf grplqdqfh/ dqg

wkdw lv vwulfw li wkh lqhtxdolw| lv vwulfw iru vrph n vxfk wkdw wkhuh lv vrph k vxfk wkdw S &

�
+z, A 3

iru vrph F � Q q inj = mFm @ k � 41 Qrwh wkdw vlqfh s��+z, ? 4 iru doo m 5 Q / lw iroorzv wkdw

4� s��+z, A 3 iru doo m 5 Q 1 Wklv lpsolhv wkdw zkhq k @ 4/ S &

�
+z, A 3 iru F @ > fruuhvsrqglqj wr

mFm @ k � 4 @ 31 Wkxv/ zh jhw vwulfw �uvw rughu vwrfkdvwlf grplqdqfh li zh kdyh s�
��
+z�, � s��+z,

iru hdfk m 5 Q zlwk vwulfw lqhtxdolw| iru dq| m1 Wkhuhiruh/ dq| fkdqjhv zklfk ohdg doo s��*v wr eh dw

ohdvw dv odujh +zlwk vrph vwulfwo| odujhu,/ zloo ohdg wr wkh ghvluhg frqfoxvlrqv uhjduglqj +vwulfw, �uvw

rughu vwrfkdvwlf grplqdqfh1

Wr hvwdeolvk wkh vwulfw sduw ri �uvw rughu vwrfkdvwlf grplqdqfh iru V�| dqg Z�|/ lw lv vx�flhqw wr

frqfoxgh �uvw rughu vwrfkdvwlf grplqdqfh dqg dgglwlrqdoo| wkdw

Sure
�
iR�| � 4j m s�>Z|3� @ z�� A Sure +iR�| � 4j m s>Z|3� @ z, =

4<



Dv dujxhg deryh +wkh fdvh ri k @ 4,/ wklv krogv zkhqhyhu s�
��
+z�, � s��+z, iru doo m zlwk vwulfw

lqhtxdolw| iru vrph m> dv lq wkh suhplvh ri wkh uhvxowv1

Wkh iroorzlqj gh�qlwlrqv dqg ohppdv duh xvhixo lq wkh surri ri Wkhruhpv 6 dqg 41

Frqvlghu wzr suredelolw| phdvxuhv � dqg � rq d vwdwh vsdfh wkdw lv d vxevhw ri LU?1

� grplqdwhv � li

H> ^i ` � HD ^i `

iru hyhu| qrq0ghfuhdvlqj ixqfwlrq i = LU? $ LU1�H Wkh grplqdwlrq lv vwulfw li vwulfw lqhtxdolw| krogv

iru vrph qrq0ghfuhdvlqj i 1

Grplqdwlrq fdswxuhv wkh lghd wkdw _kljkhu% uhdol}dwlrqv ri wkh vwdwh duh olnho| xqghu � wkdq

xqghu �1 Lq wkh fdvh zkhuh q @ 4 lw uhgxfhv wr �uvw rughu vwrfkdvwlf grplqdqfh1

wj66B 7 Frqvlghu wzr phdvxuhv � dqg � rq LU? zklfk kdyh vxssruwv wkdw duh d vxevhw ri d �qlwh

vhw Z � LU?1 � grplqdwhv � li dqg rqo| li wkhuh h{lvwv d Pdunry wudqvlwlrq ixqfwlrq ! =Z $ S+Z ,

vxfk wkdw

�+z�, @
[
�

!����+z,>

zkhuh ! lv d glodwlrq +wkdw lv !��� A 3 lpsolhv wkdw z� � z,1 Vwulfw grplqdwlrq krogv li !��� A 3

iru vrph z� 9@ z1

Wkxv/ � lv ghulyhg iurp � e| d vkliwlqj ri pdvv _xszdugv% xqghu wkh sduwldo rughu � ryhu vwdwhv

z 5Z 1

Surri ri Ohppd 7= Wklv iroorzv iurp Wkhruhp 4;173 lq Dolsudqwlv dqg Erughu +5333,1

Ohw

H @ iH �Z m z 5 H>z�
� z, z�

5 Hj=

H lv wkh vhw ri vxevhwv ri vwdwhv vxfk wkdw li rqh vwdwh lv lq wkh hyhqw wkhq doo vwdwhv zlwk dw ohdvw

dv kljk zdjhv +shuvrq e| shuvrq, duh dovr lq1 Yduldwlrqv ri wkh iroorzlqj xvhixo ohppd dsshdu lq

wkh vwdwlvwlfv olwhudwxuh +h1j1/ vhh Vhfwlrq 616 lq Hvdu|/ Survfkdq dqg Zdonxs +4<9:,,1 Zh lqfoxgh d

surri ri wklv yhuvlrq iru frpsohwhqhvv1

wj66B 8 Frqvlghu wzr phdvxuhv � dqg � rq Z 1

� +H, � � +H,

iru hyhu| H 5 H/ li dqg rqo| li � grplqdwhv �1 Vwulfw grplqdwlrq krogv li dqg rqo| li wkh �uvw

lqhtxdolw| lv vwulfw iru dw ohdvw rqh H 5 H1 Wkh phdvxuh � lv dvvrfldwhg li dqg rqo| li

�+HH�, � �+H,�+H�,

�H ì U@? |@!i |�i ThLM@M�*�|) 4i@t�hit |L Mi �Lhi* 4i@t�hit @?_ .>ds o t�4T*) hiThiti?|t |�i �t�@*
U
U-q
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iru hyhu| H dqg H� 5 H1 Wkh dvvrfldwlrq lv vwurqj +uhodwlyh wr �, li wkh lqhtxdolw| lv vwulfw zkhqhyhu

H dqg H� duh erwk vhqvlwlyh wr vrph � 5 �1�b

Surri ri Ohppd 8= Iluvw/ vxssrvh wkdw iru hyhu| H 5 H=

� +H, � � +H, = +5,

Frqvlghu dq| qrq0ghfuhdvlqj i 1 Ohw wkh hohphqwv lq lwv udqjh eh hqxphudwhg u�> = = = > ug / zlwk

ug A u&3� = = = A u�1 Ohw Hg @ i3�+ug,1 E| wkh qrq0ghfuhdvlqj dvvxpswlrq rq i / lw iroorzv wkdw

Hg 5 H1 Lqgxfwlyho|/ gh�qh H& @ H&n� ^ i3�+u&3�,1 Lw lv dovr fohdu wkdw H& 5 H1 Qrwh wkdw

i+z, @
[
&

+u& � u&3�,L.&
+z,=

Wkxv/

H>+i+Z|,, @
[
&

+u& � u&3�,�+H&,

dqg

HD+i+Z|,, @
[
&

+u& � u&3�,�+H&,=

Wkxv/ e| +5, lw iroorzv wkdw H>+i+Z|,, � HD+i+Z|,, iru hyhu| qrq0ghfuhdvlqj i 1 Wklv lpsolhv wkh

grplqdqfh1

Qrwh wkdw li �+H, A �+H, iru vrph H/ wkhq zh kdyh H>+L.+Z|,, A HD+L.+Z|,,/ dqg vr vwulfw

grplqdqfh lv lpsolhg1

Qh{w ohw xv vkrz wkh frqyhuvh1 Vxssrvh wkdw � grplqdwhv �1 Iru dq| H 5 H frqvlghu i+z, @

L.+z, +wkh lqglfdwru ixqfwlrq ri H,1 Wklv lv d qrq0ghfuhdvlqj ixqfwlrq1 Wkxv/ H>+L.+Z|,, �

HD+L.+Z|,, dqg vr

� +H, � � +H, =

Wr vhh wkdw vwulfw grplqdqfh lpsolhv wkdw � +H, A � +H, iru vrph H/ qrwh wkdw xqghu vwulfw grpl0

qdqfh zh kdyh vrph i iru zklfk

H>+i+Z|,, @
[
&

+u& � u&3�,�+H&, A HD+i+Z|,, @
[
&

+u& � u&3�,�+H&,=

Vlqfh �+H&, � �+H&, iru hdfk H&/ wklv lpsolhv wkdw zh kdyh vwulfw lqhtxdolw| iru vrph H&1

Wkh surri iru dvvrfldwlrq +dqg vwurqj dvvrfldwlrq, lv d vwudljkwiruzdug h{whqvlrq ri wkh deryh

surri wkdw zh ohdyh wr wkh uhdghu +ru vhh Hvdu|/ Survfkdq dqg Zdonxs +4<9:,,1

wj66B 9 Ohw � eh dvvrfldwhg dqg kdyh ixoo +�qlwh, vxssruw rq ydoxhv ri Z 1 Li i lv qrqghfuhdvlqj

dqg lv lqfuhdvlqj lq Z� iru vrph l/ dqg j lv d qrqghfuhdvlqj ixqfwlrq zklfk lv lqfuhdvlqj lq Z�

iru vrph m/ dqg Fry>+Z�>Z�, A 3/ wkhq Fry>+i> j, A 31

�b. �t ti?t�|��i |L Z �u �|t �?_�U@|Lh u�?U|�L? �t� � ?L?_iUhi@t�?} u�?U|�L? s G U-?
< U- �t ti?t�|��i |L Z M �

Ehi*@|��i |L >� �u |�ihi i �t| % @?_ h%Z t�U� |�@| sE%� �' sE%3Zch%Z� @?_ % @?_ %3Zch%Z @hi �? |�i t�TTLh| Lu >�
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Surri ri Ohppd 9= Zh �uvw suryh wkh iroorzlqj Fodlp1

�,B�6 4 Ohw � eh dvvrfldwhg dqg kdyh �qlwh vxssruw1 Li i lv dq lqfuhdvlqj ixqfwlrq ri Z�zklfk

ghshqgv rqo| rq Z�/ dqg j lv dq lqfuhdvlqj ixqfwlrq ri Z� zklfk ghshqgv rqo| rq Z�/ dqg

Fry> +Z�>Z�, A 3/ wkhq Fry> +i +Z , > j +Z ,, A 31

Surri ri Fodlp 4= Zh zulwh

Fry> +Z�>Z�, @

] n"

3"

] n"

3"
Fry>

�
L`�

+v, > L`�
+w,
�
gvgw> 2f

zkhuh L`�
+v, @ 4 li Z� A v/ dqg L`�

+v, @ 3/ rwkhuzlvh1 E| dvvxpswlrq/ Fry> +Z�>Z�, A 31

Wkhuhiruh/ Fry>

�
L`�

+v, > L`�
+w,
�
A 3 iru d vhw ri v> w*v1 Dovr/

Fry> +i +Z�, > j +Za,, @

] n"

3"

] n"

3"
Fry> +Ls +v, > L} +w,, gvgw> +6,

zkhuh Ls +v, @ 4 li i +Z�, A v/ dqg Ls +v, @ 3/ rwkhuzlvh1 Iru hdfk v dv ghvfulehg deryh/ wkhuh

h{lvwv vrph v� vxfk wkdw L`�
+v, @ 4 li dqg rqo| li Ls +i +v

�,, @ 4/ dqg vlploduo| iru w/ j/ dqg w�1

Wkhuhiruh/ Fry> +Ls +i +v
�,, > L} +j +w

�,,, A 31 Jlyhq wkh �qlwh vxssruw ri Z / wkh vhwv ri vxfk v> w*v

dqg fruuhvsrqglqj v�> w�*v duh xqlrqv ri forvhg lqwhuydov zlwk qrqhpsw| lqwhulruv1 E| dvvrfldwlrq

dovr zh nqrz wkdw Fry> +Ls +i +v,, > L} +j +w,,, � 3 iru dq| v> w1 Vlqfh wklv h{suhvvlrq lv srvlwlyh rq d

vhw zlwk srvlwlyh phdvxuh/ dqg hyhu|zkhuh qrqqhjdwlyh/ lw iroorzv iurp +6, wkdw Fry> +i> j, A 31

Qh{w frqvlghu i wkdw lv lqfuhdvlqj lqZ�/ exw pljkw dovr ghshqg rqZ3�1 Odeho wkh srvvleoh zdjh

ohyhov ri l e| z&

�
zkhuh z�

�
@ 3 dqg zg

�
@ z�1 Ohw � @ plqgD&:�c�3�

i+z&

�
> z3�, � i+z&3�

�
> z3�,1

E| wkh lqfuhdvlqj surshuw| ri i lw iroorzv wkdw � A 31 Gh�qh i �+z&

�
, @ i+3> = = = > 3, . n �

2
1 Ohw

i ��+z, @ i+z, � i �+z�,1 Lw lv hdvlo| fkhfnhg wkdw i �� lv qrq0ghfuhdvlqj1 Vlploduo| gh�qh j� dqg j��

iru j uhodwlyh wr Z�1 Wkhq

Fry+i> j, @ Fry+i ��> j��, .Fry+i ��> j�, .Fry+i �> j��, .Fry+i �> j�,=

E| dvvrfldwlrq/ hdfk h{suhvvlrq lv qrqqhjdwlyh1 E| Fodlp 4 wkh odvw h{suhvvlrq lv srvlwlyh1

Il{ wkh hfrqrp| +Q>s> e,1 Ohw SA ghqrwh wkh pdwul{ ri wudqvlwlrqv ehwzhhq gl�huhqw z*v xqghu

wkh W 0shulrg vxeglylvlrq1 Vr SA

��� lv wkh suredelolw| wkdw Z| @ z� frqglwlrqdo rq Z|3� @ z1

Ohw SA

�.
@
S

��M. SA

��� 1

wj66B : Frqvlghu dq hfrqrp| +Q> s> e,1 Frqvlghu z� 5 Z dqg z 5 Z vxfk wkdw z� � z/ dqg

dq| w � 41 Wkhq wkhuh h{lvwv W � vxfk wkdw iru doo W � W � dqg H 5 H

SA

��.
� SA

�.
=

Pruhryhu/ li z� 9@ z/ wkhq wkh lqhtxdolw| lv vwulfw iru dw ohdvw rqh H1

2f5iic uLh �?t|@?Uic �LhL**@h) � �? 5iU|�L? ��� Lu 53i!*� E�bbD�� �t > �@t �?�|i t�TTLh|c |�iti �?|i}h@*t |h���@**)
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Surri ri Ohppd := Ohw xv vd| wkdw wzr vwdwhv z� dqg z duh dgmdfhqw li wkhuh h{lvwv c vxfk wkdw

z�
3� @ z3� dqg z�

�
A z� wdnh rq dgmdfhqw ydoxhv lq wkh udqjh ri c*v zdjh ixqfwlrq1

Zh vkrz wkdw

SA

��.
� SA

�.
=

iru odujh hqrxjk W dqg dgmdfhqw z dqg z�/ dv wkh vwdwhphqw wkhq iroorzv iurp d fkdlq ri frpsdulvrqv

dfurvv vxfk z� dqg z1 Ohw c eh vxfk wkdw z�
�
A z�1 E| gh�qlwlrq ri wzr dgmdfhqw zdjh yhfwruv/

z�
�
@ z�/ iru doo l 9@ c1

Zh zulwh

SA

��.
@
[
J

SureA
��+Z| 5 HmR| @ r,SureA

��+R| @ r,

dqg vlploduo|

SA

�.
@
[
J

SureA
�
+Z| 5 HmR| @ r,SureA

�
+R| @ r,>

zkhuh SureA
�
lv wkh suredelolw| frqglwlrqdo rq Z|3� @ z1 Qrwh wkdw e| surshuw| +4, ri s/ s��+z

�, �

s��+z, iru doo m 9@ c1 Dovr vlqfh z�
&
@ z& iru doo n 9@ c surshuw| +4, dovr lpsolhv wkdw s��+z

�, � s��+z,

iru doo m 9@ c dqg iru doo l1 Wkhvh lqhtxdolwlhv lpso| wkdw SureA
��+R3�c|, grplqdwhv Sure

A

�
+R3�c|,1 Lw

lv rqo| c/ zkrvh mre survshfwv pd| kdyh zruvhqhg1

Vlqfh z�
�
A z�/ jlyhq rxu dvvxpswlrq rq zdjhv +wkdw z�+z

�> r, � z�+z> r.4, iru dq| r dqg z
� dqg

z vxfk wkdw z�
�
A z�,/ lw lv hqrxjk wr vkrz wkdw iru dq| d/ SureA

��+R3�c| � d, � SureA
�
+R3�c| � d.4,1

Wklv krogv iru odujh hqrxjk W / jlyhq wkh lqghshqghqfh ri gl�huhqw uhdol}dwlrqv ri s�� dqg s�� iru

l 9@ m dqg surshuw| +5, ri s/ dv wkhq wkh suredelolw| ri vrph qxpehu ri r�huv lv ri d kljkhu rughu

wkdq wkdw ri d juhdwhu qxpehu ri r�huv +uhjdugohvv ri wkh vwduwlqj vwdwh,12�

Wr vhh wkh vwulfw grplqdwlrq/ frqvlghu H @ izmz� � z�
�
j1 Vlqfh +iru odujh hqrxjk W , wkhuh lv d

srvlwlyh suredelolw| wkdw c khduv 3 r�huv xqghu z/ wkh lqhtxdolw| lv vwulfw1

Jlyhq d phdvxuh � rqZ / ohw �SA ghqrwh wkh phdvxuh lqgxfhg e| pxowlso|lqj wkh +4�q, yhfwru

� e| wkh +q � q, wudqvlwlrq pdwul{ SA 1 Wklv lv wkh glvwulexwlrq ryhu vwdwhv lqgxfhg e| d vwduwlqj

glvwulexwlrq � pxowlsolhg e| wkh wudqvlwlrq suredelolwlhv SA 1

wj66B ; Frqvlghu dq hfrqrp| +Q> s> e, dqg wzr phdvxuhv � dqg � rq Z 1 Wkhuh h{lvwv W � vxfk

wkdw iru doo W � W �/ li � grplqdwhv �/ wkhq �SA grplqdwhv �SA 1 Pruhryhu/ li � vwulfwo| grplqdwhv

�/ wkhq �SA vwulfwo| grplqdwhv �SA 1

Surri ri Ohppd ;=

^�SA `+H,� ^�SA `+H, @
[
�

SA

�.
+�� � ��, =

E| Ohppd 7 zh uhzulwh wklv dv

^�SA `+H,� ^�SA `+H, @
[
�

SA

�.

#[
��

���!��� � ��

$
=

2�A��t �L*_t ThL��_i_ ��

� 	 ��c M�| �? |�i L|�ih U@tic |�i @}i?| �t @*hi@_) @| |�i ��}�it| �@}i t|@|i @?_ tL |�i

U*@�4 �t �ih��i_�
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Zh uhzulwh wklv dv

^�SA `+H,� ^�SA `+H, @
[
�

[
��

���!���S
A

�.
�
[
�

��S
A

�.
=

Dv wkh vhfrqg whup ghshqgv rqo| rq z/ zh uhzulwh wkdw vxp rq z� vr zh rewdlq

^�SA `+H,� ^�SA `+H, @
[
��

#[
�

���!���S
A

�.
� ���SA

��.

$
=

Vlqfh ! lv d glodwlrq/ !��� A 3 rqo| li z � z�1 Vr/ zh fdq vxp ryhu z � z�=

^�SA `+H,� ^�SA `+H, @
[
��

���

3C [
�D��

!���S
A

�.
� SA

��.

4D =

Ohppd : lpsolhv wkdw iru odujh hqrxjk W / SA

�.
� SA

��.
zkhqhyhu z � z�1 Wkxv vlqfh !��� � 3 dqgS

�D�� !��� @ 4> wkh uhvxow iroorzv1

Vxssrvh wkdw � vwulfwo| grplqdwhv �1 Lw iroorzv iurp Ohppd 7 wkdw wkhuh h{lvwv vrph z 9@ z�

vxfk wkdw !��� A 31 E| Ohppd :/ wkhuh h{lvwv vrph H 5 H vxfk wkdw SA

�.
A SA

��.
1 Wkhq

^�SA `+H, A ^�SA `+H, iru vxfk H/ lpso|lqj +e| Ohppd 8, wkdw �SA vwulfwo| grplqdwhv �SA 1

Zh suryh Wkhruhp 4 dqg wkhq Wkhruhp 6/ dv wkh odwwhu pdnhv xvh ri wkh surri ri wkh iruphu1

Surri ri Wkhruhp 4= Uhfdoo wkdw SA ghqrwhv wkh pdwul{ ri wudqvlwlrqv ehwzhhq gl�huhqw z*v1

Vlqfh SA lv dq luuhgxfleoh dqg dshulrglf Pdunry fkdlq/ lw kdv d xqltxh vwhdg| vwdwh glvwulexwlrq

wkdw zh ghqrwh e| �A 1 Wkh vwhdg| vwdwh glvwulexwlrqv �A frqyhujh wr d xqltxh olplw glvwulexwlrq

+vhh \rxqj +4<<6,,/ zklfk zh ghqrwh �W1

Ohw S
A
eh wkh wudqvlwlrq pdwul{ zkhuh wkh surfhvv lv prgl�hg dv iroorzv1 Vwduwlqj lq vwdwh z/

lq wkh klulqj skdvh hdfk djhqw l khduv derxw d qhz mre +dqg dw prvw rqh, zlwk suredelolw|
R�E��
A

dqg wklv lv lqghshqghqw ri zkdw kdsshqv wr rwkhu djhqwv/ zkloh wkh euhdnxs skdvh lv dv ehiruh zlwk

lqghshqghqw suredelolwlhv K�

A
ri orvlqj mrev1 Ohw �A eh wkh dvvrfldwhg +djdlq xqltxh, vwhdg| vwdwh

glvwulexwlrq/ dqg �W @ olpA �
A +zklfk lv zhoo0gh�qhg dv vkrzq lq wkh surri ri Fodlp 5 ehorz,1

Wkh iroorzlqj fodlpv hvwdeolvk wkh wkhruhp1

�,B�6 5 �W @ �W1

�,B�6 6 �W lv vwurqjo| dvvrfldwhg1

Wkh iroorzlqj ohppd lv xvhixo lq wkh surri ri Fodlp 51

Ohw S eh d wudqvlwlrq pdwul{ iru dq dshulrglf/ luuhgxfleoh Pdunry fkdlq rq d �qlwh vwdwh vsdfh

]1

Iru dq| } 5 ]/ ohw d }0wuhh eh d gluhfwhg judsk rq wkh vhw ri yhuwlfhv ]/ zlwk d xqltxh gluhfwhg

sdwk ohdglqj iurp hdfk vwdwh }� 9@ } wr }1 Ghqrwh wkh vhw ri doo }0wuhhv e| W51

Ohw

s5 @
[
�M95

�
�5�c5��M�S5�5��

�
= +7,
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wj66B < Iuhlgolq dqg Zhqw}ho +4<;7,22= Li S lv d wudqvlwlrq pdwul{ iru dq dshulrglf/ luuhgxfleoh

Pdunry fkdlq rq d �qlwh vwdwh vsdfh ]/ wkhq lwv xqltxh vwhdg| vwdwh glvwulexwlrq � lv ghvfulehg e|

�+}, @
s5S

5�M~ s5�
>

zkhuh s5 lv dv lq +7, deryh1

Surri ri Fodlp 5= Jlyhq z 5Z / zh frqvlghu d vshfldo vxevhw ri wkh vhw ri W�/ zklfk zh ghqrwh

W W
�
1 Wklv lv wkh vhw ri z0wuhhv vxfk wkdw li z� lv gluhfwhg wr z�� xqghu wkh wuhh � / wkhq z� dqg

z�� duh dgmdfhqw1 Dv SA

��c��� jrhv wr 3 dw wkh udwh 4@W zkhq z� dqg z�� duh dgmdfhqw/2� dqg rwkhu

wudqvlwlrq suredelolwlhv jr wr 3 dw d udwh ri dw ohdvw 4@W 2/ lw iroorzv iurp Ohppd < wkdw �A +z, pd|

eh dssur{lpdwhg iru odujh hqrxjk W e|S
�M9 W

�

k
���c���M�S

A

�����

l
Se�S�M9 We� ����c���M�S

A

�����

� =
Pruhryhu/ qrwh wkdw iru odujh W dqg dgmdfhqw z� dqg z��/ SA

����� lv hlwkhu
K�

A
.r+4@W 2, +zkhq z�

�
A z��

�
,

ru
R�E�

��
A

.r+4@W 2, +zkhq z�
�
? z��

�
,/ zkhuh r+4@W 2, lqglfdwhv d whup wkdw jrhv wr }hur dw wkh udwh ri

4@W 21 Iru dgmdfhqw z� dqg z��/ ohw hSA

����� @
K�

A
zkhq z�

�
A z��

�
/ dqg

R�E�
��

A
zkhq z�

�
? z��

�
12e Lw wkhq

iroorzv wkdw

�W+z, @ olp
A<"

S
�M9 W

�

k
���c���M�

hSA

�����

l
Se�S�M9 We�

k
���c���M�

hSA

�����

l = +8,

E| d sdudooho dujxphqw/ wklv lv wkh vdph dv �W+z,1

Surri ri Fodlp 6= Htxdwlrq 8 dqg Fodlp 5 lpso| wkdw

�W+z, @ olp
A<"

S
�M9 W

�

k
���c���M�

hSA

�����

l
Se�S�M9 We�

k
���c���M�

hSA

�����

l =
Pxowlso|lqj wrs dqg erwwrp ri wkh iudfwlrq rq wkh uljkw kdqg vlgh e| W / zh �qg wkdw

�W+z, @

S
�M9 W

�

k
���c���M�

eS�����

l
Se�S�M9 We�

k
���c���M�

eS�����

l > +9,

zkhuh eSA lv vhw dv iroorzv1 Iru dgmdfhqw z� dqg z�� +ohwwlqj l eh wkh djhqw iru zkrp z�
�
9@ z��

�
,eSA

����� @ e� zkhq z�
�
A z��

�
/ dqg s�+z

�, zkhq z�
�
? z��

�
/2D dqg eSA

����� @ 3 iru qrq0dgmdfhqw z� dqg z��1

Wkh surri ri wkh fodlp lv wkhq hvwdeolvkhg yld wkh iroorzlqj vwhsv1

225ii ��@T|ih Sc wi44@ ���( @?_ @*tL tii vL�?} E�bb�� uLh |�i @_@T|@|�L? |L _�tUhi|i ThLUittit�
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Vwhs 4= �W lv dvvrfldwhg1

Vwhs 5= �W lv vwurqjo| dvvrfldwhg1

Surri ri Vwhs 4= Zh vkrz wkdw iru dq| W dqg dq| dvvrfldwhg �/ �S
A
lv dvvrfldwhg1 Iurp wklv/

lw iroorzv wkdw li zh vwduw iurp dq dvvrfldwhg �f dw wlph 3 +vd| dq lqghshqghqw glvwulexwlrq,/ wkhq

�f+S
A
,& lv dvvrfldwhg iru dq| n1 Vlqfh �A @ olp& �f+S

A
,& iru dq| �f +dv �A lv wkh vwhdg|0vwdwh

glvwulexwlrq,/ dqg dvvrfldwlrq lv suhvhuyhg xqghu +zhdn, frqyhujhqfh/2S wklv lpsolhv wkdw �A lv

dvvrfldwhg iru doo W 1 Wkhq djdlq/ vlqfh dvvrfldwlrq lv suhvhuyhg xqghu +zhdn, frqyhujhqfh/ wklv

lpsolhv wkdw olpA �
A @ �W lv dvvrfldwhg1

Vr/ ohw xv qrz vkrz wkdw iru dq| W dqg dq| dvvrfldwhg �/ � @ �S
A
lv dvvrfldwhg1 E| Ohppd 8/

zh qhhg wr vkrz wkdw

�+HH�,� �+H,�+H�, � 3 +:,

iru dq| H dqg H� lq H1 Zulwh

�+HH�,� �+H,�+H�, @
[
�

�+z,
�
S
A

�..� � S
A

�.
�+H�,

�
=

Vlqfh Z| lv lqghshqghqw frqglwlrqdo rq Z|3� @ z/ lw lv dvvrfldwhg12. Khqfh/

S
A

�..� � S
A

�.
S
A

�.� =

Vxevwlwxwlqj lqwr wkh suhylrxv h{suhvvlrq zh �qg wkdw

�+HH�,� �+H,�+H�, �
[
�

�+z,
�
S
A

�.
S
A

�.� � S
A

�.
�+H�,

�
=

ru

�+HH�,� �+H,�+H�, �
[
�

�+z,S
A

�.

�
S
A

�.� � �+H�,
�
= +;,

Xqghu wkh surshuwlhv ri wkh s��*v/ erwk S
A

�.
dqg

�
S
A

�.� � �+H�,
�
duh qrq0ghfuhdvlqj ixqfwlrqv ri

z1 Wkxv/ vlqfh � lv dvvrfldwhg/ lw iroorzv iurp +;, wkdw

�+HH�,� �+H,�+H�, �

%[
�

�+z,S
A

�.

&%[
�

�+z,
�
S
A

�.� � �+H�,
�&

=

Wkhq vlqfh
S

�
�+z,

�
S
A

�.� � �+H�,
�
@ 3 +e| wkh gh�qlwlrq ri �,/ wkh deryh lqhtxdolw| lpsolhv +:,1

Surri ri Vwhs 5= Zh kdyh douhdg| hvwdeolvkhg dvvrfldwlrq1 Wkxv/ zh qhhg wr hvwdeolvk wkdw iru

dq| i dqg j wkdw duh lqfuhdvlqj lq vrph z� dqg z� uhvshfwlyho|/ zkhuh l dqg m duh sdwk frqqhfwhg/

Fry>W+i> j, A 3=

E| Ohppd 9 lw vx�fhv wr yhuli| wkdw

Fry>W+Z�>Z�, A 3

2S5iic uLh �?t|@?Uic �D �? 5iU|�L? ��� Lu 53i!*� E�bbD��
2.5iic uLh �?t|@?Uic �2 �? 5iU|�L? ��� Lu 53i!*� E�bbD��
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Iru dq| wudqvlwlrq pdwul{ S / ohw S��� @
S

�� S���z�
�
z�
�
/ dqg vlploduo| S�� @

S
�� S���z�

�
1 Wkxv

wkhvh duh wkh h{shfwhg ydoxhv ri wkh surgxfw Z�Z� dqg wkh zdjh Z� frqglwlrqdo rq vwduwlqj dw z

lq wkh suhylrxv shulrg/ uhvshfwlyho|1

Ohw

FryA
��
@
[
�

�A +z,S
A

���
�
[
�

�A +z,S
A

��

[
��

�A +z�,S
A

���
=

Lw vx�fhv wr vkrz wkdw iru hdfk l> m iru doo odujh hqrxjk W

FryA
��
A 3=

Wkh pdwul{ S
A
kdv gldjrqdo hqwulhv S

A

��
zklfk whqg wr 4 dv W $ 4 zkloh rwkhu hqwulhv whqg

wr 31 Wkxv/ zh xvh d forvho| dvvrfldwhg pdwul{/ zklfk kdv wkh vdph vwhdg| vwdwh glvwulexwlrq/ exw

iru zklfk vrph rwkhu hqwulhv gr qrw whqg wr 31

Ohw

SA

��� @

+
WS

A

��� li z 9@ z�

4�
S

��� �'� WS
A

���� li z� @ z1

Rqh fdq gluhfwo| fkhfn wkdw wkh xqltxh vwhdg| vwdwh glvwulexwlrq ri SA lv wkh vdph dv wkdw ri S
A
/

dqg wkxv dovr wkdw

FryA
��
@
[
�

�A +z,SA

���
�
[
�

�A +z,SA

��

[
��

�A +z�,SA

���
=

Qrwh dovr wkdw wudqvlwlrqv duh vwloo lqghshqghqw xqghu SA 1 Wklv lpsolhv wkdw vwduwlqj iurp dq| z/

wkh glvwulexwlrq SA

�
lv dvvrfldwhg dqg vr

SA

���
� SA

��
SA

��
=

Wkhuhiruh/

FryA
��
�
[
�

�A +z,SA

��
SA

��
�
[
�

�A +z,SA

��

[
��

�A +z�,SA

���
=

Qrwh wkdw SA

��
frqyhujhv wr hS��/ zkhuh hS�� lv wkh uhvfdohg yhuvlrq ri eS +gh�qhg lq wkh surri ri

Fodlp 5,/

hS��� @

+
W eS��� li z 9@ z�

4�
S

��� �'� W
eS���� li z� @ z1

Lw iroorzv wkdw

olp
A<"

FryA
��
�
[
�

�W+z, hS�� hS�� �[
�

�W+z, hS��[
��

�W+z�, hS���=

Wkxv/ wr frpsohwh wkh surri/ lw vx�fhv wr vkrz wkdw[
�

�W+z, hS�� hS�� A[
�

�W+z, hS��[
��

�W+z�, hS��� = +<,

Ylhzlqj hS�� dv d ixqfwlrq ri z/ wklv lv htxlydohqw wr vkrzlqj wkdw Fry+ hS��> hS��, A 31 Iurp Vwhs 4

zh nqrz wkdw �W lv dvvrfldwhg1 Zh dovr nqrz wkdw hS�� dqg hS�� duh erwk qrq0ghfuhdvlqj ixqfwlrqv

ri z1

5:



Iluvw ohw xv frqvlghu wkh fdvh zkhuh m 5 Q�+s,1
2H Zh nqrz wkdw hS�� lv lqfuhdvlqj lq z�/ dqg dovr/

jlyhq wkh dvvxpswlrqv rq s/ wkdw hS�� lv lqfuhdvlqj ql z� iru m 5 Q�+s,1 Vlploduo|/ hS�� lv lqfuhdvlqj
lq z� 1 +<, wkhq iroorzv iurp Ohppd 9 +zkhuh zh dsso| lw wr wkh fdvh zkhuh Z� @Z�,/ dv erwk hS��
dqg hS�� duh lqfuhdvlqj lq z� 1

Qh{w/ frqvlghu dq| n 5 Q�+s,1 Uhshdwlqj wkh dujxphqw deryh/ vlqfh hS�� lv lqfuhdvlqj z� zh

dsso| Ohppd 9 djdlq wr �qg wkdw Z� dqg Z& duh srvlwlyho| fruuhodwhg1 Uhshdwlqj wklv dujxphqw

lqgxfwlyho| ohdgv wr wkh frqfoxvlrq wkdw Z� dqg Z& duh srvlwlyho| fruuhodwhg iru dq| l dqg n wkdw

duh sdwk frqqhfwhg1

Wkh Wkhruhp 4 qrz iroorzv iurp Fodlp 6 vlqfh �A $ �W1

Surri ri Wkhruhp 6= Iru wkh fdvh zkhuh s ghshqgv rqo| rq V/ wkh surri lv dq dqdorj ri wkh

surri ri Wkhruhp 41 Iru wkh pruh jhqhudo fdvh/ wkh dvvrfldwlrq ri wkh olplwlqj glvwulexwlrq iroorzv

gluhfwo| iurp wkh surri ri Wkhruhp 41 Wkh uhpdlqlqj lwhp lv wr vkrz wkdw lq wkh jhqhudo fdvh/

wkhuh lv d odujh hqrxjk W vr wkdw dq| wzr lqgluhfwo| frqqhfwhg djhqwv kdyh srvlwlyho| fruuhodwhg

hpsor|phqw xqghu wkh vwhdg| vwdwh1

Frqvlghu l dqg m 5 Q�+s,1 Zh fdq zulwh V dv d ixqfwlrq ri Z 1 Iru �W gh�qhg rq Z / ohw

�W+v�, @
[

�G7�E��'r�

�W+z,=

Qrwh wkdw �W ylhzhg dv d phdvxuh rq V� lv dvvrfldwhg vlqfh �W ylhzhg dv d phdvxuh rq Z lv

dvvrfldwhg/ dqg vlqfh V�+z, lv qrq0ghfuhdvlqj +vhh Hvdu|/ Survfkdq dqg Zdonxs +4<9:,,1

Qh{w/ ohw

H hSr�� @[
�

�W+zmv�,
[
��

hS���V�+z
�, +43,

Vr/ +uhfdoolqj wkdw V� wdnhv rq ydoxhv lq i3> 4j, wklv lv wkh h{shfwhg ydoxh ri V� frqglwlrqdo rq wkh

odvw shulrg V�|3� @ v�/ xqghu wkh glvwulexwlrq �W1 Qrwh wkdw xqghu wkh vwhdg| vwdwh glvwulexwlrq �W/

iru dq| n

H^V&` @
[
r�

�W+v�,H hSr�&=
Wkhq/ iroorzlqj vwhsv vlplodu wr wkrvh lq Vwhs 5 zh fdq zulwh2b

Fry>W+V�> V�, �
[
r�

�W+v�,H hSr��H hSr�� �[
r�

�W+v�,H hSr�[
r
�

�

�W+v�
�
,H hSr�

�
� =

Wkh uhpdlqghu ri wkh surri wkhq iroorzv wkh vdph olqhv dv wkdw ri Wkhruhp 41 H hSr�� lv fohduo|
lqfuhdvlqj lq v�1

�f Wkhuh zh qhhg wr hpsor| +43,1 Zh qrwh wkdw xqghu dvvrfldwlrq �W+zmv�, lv
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qrqghfuhdvlqj lq v� +zulwh v� @ 4 dv wkh lqglfdwru ixqfwlrq zklfk lv qrqghfuhdvlqj,1 Ilqdoo|/ vlqfh

m 5 Q�+s, zh nqrz wkdw H hSr�� lv lqfuhdvlqj lq v�1

Surri ri Wkhruhpv 5 dqg 7= Zh vkrz Wkhruhp 5/ dv wkh rwkhu wkhq iroorzv iurp d vlplodu

dujxphqw1 Zh nqrz iurp Fodlp 6 wkdw �W lv vwurqjo|

dvvrfldwhg1 Wkh uhvxow wkhq iroorzv e| lqgxfwlrq xvlqj Ohppd ;/�� dqg wkhq wdnlqj d odujh

hqrxjk W vr wkdw �A lv forvh hqrxjk wr �W iru wkh ghvluhg vwulfw lqhtxdolwlhv wr krog1

Surri ri Ohppd 6= Frqvlghu zkdw kdsshqv zkhq dq djhqw l gursv rxw1 Wkh uhvxowlqj z� lv

grplqdwhg e| wkh z li wkdw djhqw grhv qrw gurs rxw1 Ixuwkhupruh/ iurp Ohppd ; iru odujh hqrxjk

W / wkh qh{w shulrg zdjh glvwulexwlrq ryhu rwkhu djhqwv zkhq wkh djhqw gursv rxw lv grplqdwhg

e| wkdw zkhq wkh djhqw vwd|v lq/ li rqh zhuh wr dvvxph wkdw wkh djhqw zhuh vwloo deoh wr sdvv

mre lqirupdwlrq rq1 Wklv grplqdwlrq wkhq hdvlo| h{whqgv wr wkh fdvh zkhuh wkh djhqw grhv qrw

sdvv dq| mre lqirupdwlrq rq1 Lwhudwlyho| dsso|lqj wklv/ wkh ixwxuh vwuhdp ri zdjhv ri rwkhu djhqwv

lv grplqdwhg zkhq wkh djhqw gursv rxw uhodwlyh wr wkdw zkhuh wkh djhqw vwd|v lq1 Wklv gluhfwo|

lpsolhv wkdw wkh gurs0rxw jdph lv vxshuprgxodu1 Wkh ohppd wkhq iroorzv iurp wkh wkhruhp e|

Wrsnlv +4<:<,1

Surri ri Wkhruhp 8= Ohw z � z� dqg g 5 i3> 4j?1 Zh �uvw vkrz wkdw iru odujh hqrxjk W

HA
�
i+Z|,

��Zf @ z�> g
�
� HA ^i+Z|, mZf @ z> g ` =

Ohppd : lpsolhv wkdw iru d �qh hqrxjk W 0shulrg vxeglylvlrq dqg iru hyhu| qrq0ghfuhdvlqj i /

HA
�
i+Z�,

��Zf @ z�> g
�
� HA ^i+Z�, mZf @ z> g ` =

Ohppd ; dqg d vlpsoh lqgxfwlrq dujxphqw wkhq hvwdeolvk wkh lqhtxdolw| iru doo w � 41 Wkh lqhtxdolw|

lv vwulfw zkhqhyhu i lv lqfuhdvlqj dqg z� A z1

Qh{w/ ohw g � g�1 Iru d �qh hqrxjk W 0shulrg vxeglylvlrq dqg iru hyhu| qrq0ghfuhdvlqj i / jlyhq

wkdw gurs0rxwv kdyh zdjhv vhw wr wkh orzhvw ohyho lw iroorzv wkdw

HA
�
i+Z�,

��Zf @ z>g�
�
� HA ^i+Z�, mZf @ z> g `

Dv ehiruh/ wkh lqhtxdolw| h{whqgv wr doo w � 4 e| lqgxfwlrq1 Djdlq/ i lqfuhdvlqj dqg g� A g lpso| d

vwulfw lqhtxdolw|1

Frpelqlqj wkhvh revhuydwlrqv/ zh �qg wkdw iru odujh hqrxjk W zkhq z� � z dqg g� � g

HA
�
i+Z|,

��Zf @ z�> g�
�
� HA ^i+Z|, mZf @ z> g ` +44,

Frqvlghu wkh pd{lpdo htxloleulxp gW+z,1 E| +44,/ iru odujh hqrxjk W dqg doo w

HA
�
Z�|

��Zf @ z�> gW+z,
�
� HA ^Z�| mZf @ z>gW+z,`
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Wkxv/ [
|

�|
�
HA

�
Z�|

��Zf @ z�> gW+z,
�
�
[
|

�|
�
HA ^Z�| mZf @ z> gW+z,`

Li gW+z,� @ 4/ wkhq[
|

�|
�
HA

�
Z�|

��Zf @ z�> gW+z,
�
�
[
|

�|
�
HA ^Z�| mZf @ z>gW+z,` � f�

dqg vr dovr iru doo g� � gW+z,/ li l lv vxfk wkdw gW+z,� @ 4/ wkhq[
|

�|
�
HA

�
Z�|

��Zf @ z�> g�
�
� f�= +45,

Vhw g�
�
@ gW+z,� iru dq| l vxfk wkdw g

W+z,� @ 41 Il{lqj g� iru vxfk l*v/ �qg d pd{lpdo htxloleulxp dw

z� iru wkh uhpdlqlqj l*v/ dqg vhw g� dffruglqjo|1 E| +45,/ lw iroorzv wkdw g� lv dq htxloleulxp zkhq

frqvlghulqj doo djhqwv1 Lw iroorzv wkdw g� � gW+z,1 Jlyhq wkh gh�qlwlrq ri pd{lpdo htxloleulxp/ lw

wkhq iroorzv wkdw gW+z�, � g� � gW+z,1
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