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Devwudfw

Zh ghyhors d prgho lq zklfk gholqtxhqwv frpshwh zlwk hdfk rwkhu lq fulplqdo dfwlylwlhv exw pd| ehqh�w

iurp ehlqj iulhqgv zlwk rwkhu fulplqdov e| ohduqlqj dqg dftxlulqj surshu nqrz0krz rq wkh fulph exvlqhvv1

E| wdnlqj wkh vrfldo qhwzrun frqqhfwlqj djhqwv dv jlyhq/ zh vwxg| wkh vxejdph shuihfw Qdvk htxloleulxp ri

wklv jdph lq zklfk lqglylgxdov ghflgh �uvw wr zrun ru wr ehfrph d fulplqdo dqg wkhq wkh fulph h�ruw surylghg

li fulplqdov1 Zh vkrz wkdw wklv jdph dozd|v kdv d sxuh vwudwhj| vxejdph shuihfw Qdvk htxloleulxp wkdw

zh fkdudfwhul}h1 H{ dqwh lghqwlfdo lqglylgxdov frqqhfwhg wkurxjk d qhwzrun fdq hqg xs zlwk yhu| gl�huhqw

htxloleulxp rxwfrphv= hlwkhu hpsor|hg/ ru lvrodwhg fulplqdo ru fulplqdov lq qhwzrunv1 Zh dovr vkrz wkdw

pxowlsoh htxloleuld zlwk gl�huhqw qxpehu ri dfwlyh fulplqdov dqg ohyhov ri lqyroyhphqw lq fulph dfwlylwlhv pd|

frh{lvw dqg duh rqo| gulyhq e| wkh jhrphwu| ri wkh sdwwhuq ri olqnv frqqhfwlqj fulplqdov1

Nh|zrugv= vwudwhjlf lqwhudfwlrqv/ pxowlsoh htxloleuld/ sdluzlvh0vwdeoh qhwzrunv1

MHO Fodvvl�fdwlrq= F:5/ N75/ ]46

WZh duh judwhixo wr Frudolr Edoohvwhu dqg \dqq Eudprxooì iru khosixo frpphqwv1 Zh dovr wkdqn wkh hglwru/ Dqwrqlr Phuor/

dv zhoo dv dq dqrq|prxv uhihuhh iru wkhlu ydoxdeoh vxjjhvwlrqv1 Ilqdqfldo vxssruw iurp Ixqgdflöq Udpöq Duhfhv/ wkh Vsdqlvk

Plqlvwu| ri Hgxfdwlrq +judqwv VHF533403<:6 dqg EHF5335035463,/ dqg wkh Edufhorqd Hfrqrplfv Surjudp FUHD duh judwhixoo|

dfnqrzohgjhg e| Dqwrql Fdoyö0Duphqjro1 \yhv ]hqrx wkdqnv wkh Pduldqqh dqg Pdufxv Zdoohqehuj Irxqgdwlrq iru �qdqfldo

vxssruw1
_Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlwdw Dxwõqrpd gh Edufhorqd/ Hgl�fl E/ 3;4<6 Ehoodwhuud +Edufhorqd,/ Vsdlq1 Hpdlo=

dqwrql1fdoyrCxde1hv1 kwws=22vhohqh1xde1hv2dfdoyr
hFruuhvsrqglqj dxwkru= LXL/ Xqlyhuvlw| ri Vrxwkdpswrq dqg JDLQV1 Dgguhvv ri fruuhvsrqghqfh= LXL/ Wkh Uhvhdufk Lqvwlwxwh

ri Lqgxvwuldo Hfrqrplfv/ Er{ 8834/ 447 ;8 Vwrfnkrop/ Vzhghq1 H0pdlo= |yhv}Clxl1vh
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Vwdun gl�huhqfhv lq fulph udwhv duh frpprqo| revhuyhg dfurvv gl�huhqw vrfldo jurxsv dqg2ru orfdwlrqv glv0

sod|lqj rwkhuzlvh lghqwlfdo hfrqrplf ixqgdphqwdov1 Rqh ri wkh pdlq h{sodqdwlrqv sxw iruzdug wr dffrxqw iru

wklv sx}}oh lv wkh suhvhqfh ri vrfldo pxowlsolhu h�hfwv rq lqglylgxdo fulph ghflvlrqv1 Vrfldo pxowlsolhu h�hfwv

dulvh zkhq/ dv wkh uhvxow ri vrfldo lqwhudfwlrqv/ lqglylgxdo ghflvlrqv ihhg hdfk rwkhu dqg/ dowrjhwkhu/ jhqhudwh

d suhplxp iru wkh revhuyhg djjuhjdwh rxwfrph14

Lq wkh fulplqrorj|2vrflrorj| olwhudwxuh/ wkh lq xhqfh ri iulhqgv rq fulplqdo ehkdylru kdv ehhq dfnqrzo0

hgjhg iru d orqj wlph +vhh/ h1j1/ Vkdz dqg PfNd| 4<75/ Vxwkhuodqg 4<7:/ Vduqhfnl 5334 dqg Zdu 5335,15

Lq hfrqrplfv/ wkh hpslulfdo hylghqfh froohfwhg vr idu vxjjhvwv wkdw shhu h�hfwv duh/ lqghhg/ yhu| vwurqj lq

fulplqdo ghflvlrqv1 Iru lqvwdqfh/ Fdvh dqg Ndw} +4<<4,/ xvlqj gdwd iurp wkh 4<;< QEHU vxuyh| ri |rxwkv

olylqj lq orz0lqfrph Ervwrq qhljkerukrrgv/ �qg wkdw d 43 shufhqw lqfuhdvh lq wkh qhljkerukrrg mxyhqloh

fulph udwh lqfuhdvhv wkh lqglylgxdo suredelolw| wr ehfrph d gholqtxhqw e| 516 shufhqw1 Dovr/ xvlqj gdwd iurp

wkh Prylqj wr Rssruwxqlw| h{shulphqw/ Oxgzlj hw do1 +5334, hvwlpdwh wkdw uhorfdwlqj idplolhv iurp kljk0

wr orz0sryhuw| qhljkerukrrgv uhgxfhv mxyhqloh duuhvwv iru ylrohqw r�hqfhv e| 63 wr 83 shufhqw ri wkh duuhvw

udwh iru frqwuro jurxsv16

Hyhq wkrxjk wkh hpslulfdo olwhudwxuh hpskdvl}hv wkh uroh ri vrfldo lqwhudfwlrqv lq fulph ehkdylru/ wkhr0

uhwlfdo hfrqrplf prghov dffrxqwlqj iru wklv idfw duh d elw vfdufhu1 Wkh dlp ri wklv sdshu lv suhflvho| wr vwxg|

wkh uroh ri vrfldo qhwzrunv dqg vrfldo vwuxfwxuh lq idflolwdwlqj fulplqdo ehkdylru1

Iru wklv sxusrvh/ zh ghyhors d prgho ri fulph ghflvlrq zkhuh gholqtxhqwv h{huw erwk d srvlwlyh dqg d

qhjdwlyh h{whuqdolw| rq hdfk rwkhu1 Pruh suhflvho|/ zh dvvxph wkdw gholqtxhqwv frpshwh zlwk hdfk rwkhu

lq fulplqdo dfwlylwlhv/ exw ehqh�w iurp ehlqj iulhqgv zlwk rwkhu fulplqdov e| ohduqlqj dqg dftxlulqj surshu

nqrz0krz rq wkh fulph exvlqhvv1 Wkh qhjdwlyh h{whuqdolw| lqgxfhg e| wkh frpshwlwlrq iru wkh errw| lv

joredo/ dqg d�hfwv doo fulplqdov lq wkh fulph srro1 Rq wkh frqwudu|/ wkh srvlwlyh h{whuqdolw| ri nqrz0krz

vkdulqj lv ri orfdo qdwxuh/ dqg lv wdloruhg wr wkh ghwdlov ri wkh orfdo jhrphwu| ri iulhqgvkls olqnv1 Wkurxjkrxw/

wkh qhwzrun ri vrfldo frqwdfwv lv prghoohg e| d judsk zkhuh qrghv vwhp iru wkh sod|huv dqg olqnv uhsuhvhqw

gluhfw iulhqgvkls uhodwlrqvklsv1 Iroorzlqj wkh vwdqgdug fulph prgho +Ehfnhu/ 4<9;,/ hdfk lqglylgxdo kdv wr

pdnh d fkrlfh ehwzhhq ehfrplqj d fulplqdo dqg sduwlflsdwlqj lq wkh oderu pdunhw +wkhvh wzr dfwlylwlhv ehlqj

pxwxdoo| h{foxvlyh, e| lpsohphqwlqj d frvw0ehqh�w dqdo|vlv1 Wkh jhrphwu| ri wkh qhwzrun olqnv dqg wkh

orfdo srvlwlyh h{whuqdolwlhv wkh| lqgxfh duh d nh| ghwhuplqdqw ri lqglylgxdo fulph ghflvlrqv1

Lq wkh �uvw sduw ri wkh sdshu/ wkh vrfldo qhwzrun frqqhfwlqj djhqwv lv h{rjhqrxvo| jlyhq1 Zh dqdo|}h

wkh vxejdph shuihfw Qdvk htxloleulxp ri wklv jdph lq zklfk lqglylgxdov ghflgh �uvw wr zrun ru wr ehfrph

4Zlwk uhvshfw wr zkdw zrxog eh revhuyhg li lqglylgxdo rxwfrphv zhuh phuho| mx{wdsrvhg wr hdfk rwkhu/ zlwkrxw furvv

lq xhqfhv ri dq| vruw1
5Iru lqvwdqfh/ lq wkhlu vhplqdo vwxg|/ Vkdz dqg PfNd| +4<75, vkrz wkdw gholqtxhqw er|v lq fhuwdlq duhdv ri XV flwlhv kdyh

frqwdfw qrw rqo| zlwk rwkhu gholqtxhqwv zkr duh wkhlu frqwhpsrudulhv exw dovr zlwk roghu r�hqghuv/ zkr lq wxuq kdg frqwdfw

zlwk gholqtxhqwv suhfhglqj wkhp/ dqg vr rq 111 Wklv frqwdfw phdqv wkdw wkh wudglwlrqv ri gholqtxhqf| fdq eh dqg duh wudqvplwwhg

grzq wkurxjk vxffhvvlyh jhqhudwlrqv ri er|v dqg dfurvv phpehuv ri wkh vdph jhqhudwlrq/ lq pxfk wkh vdph zd| wkdw odqjxdjh

dqg rwkhu vrfldo irupv duh wudqvplwwhg1
6Wzr pruh uhfhqw sdshuv e| Fkhq dqg Vkdslur +5336, dqg Ed|hu/ Slqwr� dqg Sr}hq +5336, �qg dovr vwurqj shhu h�hfwv lq

fulph e| lqyhvwljdwlqj wkh lq xhqfh lqglylgxdov vhuylqj wlph lq wkh vdph idflolw| kdyh rq wkh vxevhtxhqw fulplqdo ehkdylru ri

r�hqghuv1 Wkh iruphu vkrzv wkdw zruvhqlqj sulvrq frqglwlrqv vljql�fdqwo| lqfuhdvhv srvw0uhohdvh fulph1 Wkh odwwhu surylghv

vwurqj hylghqfh wkdw/ iru pdq| w|shv ri fulphv/ ohduqlqj lv vljql�fdqwo| hqkdqfhg e| dffhvv wr shhuv zlwk h{shulhqfh zlwk wkdw

fulph1
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d fulplqdo dqg wkhq wkh fulph h�ruw surylghg li fulplqdov1 Iru jhqhudo qhwzrunv zlwk duelwudu| jhrphwu|/7

zh jlyh d ixoo fkdudfwhul}dwlrq ri wkh htxloleuld ri wkh fulph ghflvlrq jdph dqg hvwdeolvk h{lvwhqfh1 Rqh ri

rxu pdlq uhvxow lv wr vkrz wkdw gl�huhqw htxloleuld zlwk gl�huhqw qxpehu ri dfwlyh fulplqdov dqg gl�hulqj

ohyhov ri lqyroyhphqw lq fulph dfwlylwlhv pd| frh{lvw1 Wkxv h{ dqwh lghqwlfdo lqglylgxdov frqqhfwhg wkurxjk

d qhwzrun fdq hqg xs zlwk yhu| gl�huhqw htxloleulxp rxwfrphv= hlwkhu hpsor|hg/ ru lvrodwhg fulplqdo ru

fulplqdov lq qhwzrunv1 Wklv h{ srvw khwhurjhqhlw| lv dphqdeoh wr wkh suhvhqfh ri jhrphwulf dv|pphwulhv

lq wkh orfdwlrqv khog e| lqglylgxdov lq wkh ruljlqdo qhwzrun +vrph ehlqj lqlwldoo| yhu| zhoo0frqqhfwhg/ vrph

qrw,/ dqg wr wkh fruuhvsrqglqj judsk0wkhruhwlfdo uhvwulfwlrqv lqkhulwhg e| wkh jhrphwu| ri wkh vxe0judskv

ri wkh ruljlqdo judsk18 Zh dovr vkrz wkdw wkh djjuhjdwh fulph ohyho lqfuhdvhv zlwk wkh ghqvlw| ri qhwzrun

olqnv/ dqg frqfoxgh rq wkh pxowlsolhu h�hfw ri wkh vrfldo vhwwlqj dqg lwv wljkwqhvv rq revhuyhg fulph ohyhov/

zklfk zh uhihu wr dv wkh qhwzrun h�hfw rq fulph1 Wkh vrfldo qhwzrun lv wkxv d fkdqqho erwk iru htxloleulxp

pxowlsolflw| dqg iru pxowlsolhu h�hfwv19

Zh wkhq ghdo zlwk wkh lvvxh ri hqgrjhqrxv qhwzrun irupdwlrq/ dqg vkrz wkdw doo frpsohwh qhwzrunv

+zkhuh doo sod|huv duh gluhfwo| olqnhg wr hyhu| rwkhu sod|hu, dv zhoo dv doo lqgxfhg qhwzrunv wkdw duh frpsohwh

duh sdluzlvh vwdeoh1:

Wr olqn vrfldo lqwhudfwlrqv zlwk fulph lv qrw qhz dv lw kdv ehhq grqh lq sduwldo htxloleulxp vhwxsv

+Vdk/ 4<<4/ dqg Jodhvhu/ Vdfhugrwh dqg Vfkhlqnpdq/ 4<<9/ 5335,/ lq g|qdplf jhqhudo htxloleulxp prghov

+
Lpurkrur�jox/ Phuor dqg Uxshuw/ 5333/ dqg Orfkqhu/ 5335, dqg lq vhdufk0wkhruhwlf iudphzrunv +Exughww/

Odjrv dqg Zuljkw/ 5336/ 5337/ dqg Kxdqj/ Odlqj dqg Zdqj/ 5337,1 Zkdw lv qhz/ krzhyhu/ lv wr vwxg| wkh

lpsdfw ri wkh qhwzrun vwuxfwxuh dqg lwv jhrphwulf ghwdlov rq lqglylgxdo dqg djjuhjdwh fulplqdo ehkdylru/

dqg wr vkrz wkdw wkh vrfldo vhwwlqj lv d qhz sodxvleoh fkdqqho iru htxloleulxp pxowlsolflw|1

Lq Vdk +4<<4,/ wkh vrfldo vhwwlqj rqo| d�hfwv wkh lqglylgxdo shufhswlrq ri wkh frvwv ri fulph/ dqg lv wkxv

frqgxflyh wr d kljkhu ru d orzhu vhqvh ri lpsxqlw|1 Lq rxu prgho/ wkh vrfldo qhwzrun ohdgv wr d kljkhu ru d

orzhu uhdo lpsxqlw| ru yxoqhudelolw| wr sxqlvkphqw dv lw d�hfwv wkh dydlodeoh nqrz0krz ru fulph whfkqrorj|1

Dv lq Jodhvhu/ Vdfhugrwh dqg Vfkhlqnpdq +4<<9,/ fulplqdo lqwhufrqqhfwlrqv dfw dv d vrfldo pxowlsolhu rq

djjuhjdwh fulph1 Frqwudu| wr wklv sdshu/ wkrxjk/ rxu prgho grhv qrw srvlw dq| h{ dqwh khwhurjhqhlw| dfurvv

djhqwv/ qhlwkhu lw lv uhvwulfwhg wr wkh sduwlfxodu fdvh ri uhjxodu odwwlfhv1 Udwkhu/ wkh lqwhudfwlrq vwuxfwxuh

lv prghoohg dv d jhqhudo judsk wkdw frqqhfwv h{ dqwh krprjhqrxv lqglylgxdov1 Rxu uhvxowv wkhq uhodwh wkh

ghwdlov ri wkh jhrphwu| ri wkh qhwzrun olqnv wr lqglylgxdo dqg djjuhjdwh rxwfrphv1 Lq sduwlfxodu/ zh vkrz

wkdw wkh vrfldo pxowlsolhu h�hfw rq fulph lqfuhdvhv zlwk wkh ghqvlw| ri wkh sdwwhuq ri frqqhfwlrqv1;

7Frqvlghu d srsxodwlrq ri ? djhqwv1 Wkhq erwk wkh frpsohwh judsk +lq zklfk hdfk djhqw lv lq gluhfw uhodwlrqvkls zlwk hyhu|

rwkhu djhqwv vr wkdw hdfk kdv ?3� gluhfw frqwdfwv, dqg wkh flufoh +lq zklfk hdfk djhqw kdv wzr gluhfw frqwdfwv, duh h{dpsohv ri

uhjxodu qhwzrunv zkhuh doo djhqwv kdyh wkh vdph qxpehu ri gluhfw frqwdfwv dqg/ wkxv/ krog v|pphwulf srvlwlrqv lq wkh qhwzrun1

E| frqwudvw/ lq d vwdu0vkdshg qhwzrun +zkhuh rqh fhqwudo djhqw lv lq gluhfw frqwdfw zlwk doo wkh rwkhu shulskhudo djhqwv zkr/ lq

wxuq/ duh rqo| frqqhfwhg wr wklv fhqwudo djhqwlq wkh vwdu,/ djhqwv krog yhu| dv|pphwulf srvlwlrqv/ dv rqh djhqw kdv ?3 � gluhfw

olqnv zkloh doo wkh rwkhu djhqwv rqo| kdyh 4 gluhfw olqn1 Jhqhudo qhwzrunv zlwk duelwudu| jhrphwu| hqfrpsdvv doo wkhvh fdvhv1
8Wkdw pd| dulvh hyhq zkhq wkh ruljlqdo judsk lv uhjxodu/ dv lq wkh h{dpsoh zlwk ? ' e djhqwv rq d flufoh1
9Qhwzrunv ri frqwdfwv dovr sod| d fhqwudo uroh lq oderu pdunhwv e| glvvhplqdwlqj lqirupdwlrq dprqj zrunhuv dqg e| pdwfklqj

mre0vhhnhuv zlwk ydfdqflhv1 Fdoyö0Duphqjro +5337, dqg Fdoyö0Duphqjro dqg Mdfnvrq +5337d/ 5337e, sursrvh uhvshfwlyho| d

vwdwlf dqg d g|qdplf prgho ri wkh oderu pdunhw wkdw dffrxqwv iru wkh vrfldo qhwzrun wkurxjk zklfk djhqwv khdu derxw mrev/

dqg glvsod|lqj pxowlsolflw| ri htxloleuld dqg vrfldo pxowlsolhu h�hfwv1
:D qhwzrun lv sdluzlvh0vwdeoh li qr sod|hu jdlqv e| fxwwlqj dq h{lvwlqj olqn/ dqg qr wzr sod|huv jdlq e| iruplqj d qhz olqn1
;Dqrwkhu uhodwhg frqwulexwlrq lv Yhuglhu dqg ]hqrx +5337, zkhuh wkh irfxv lv rq wkh jhrjudsklfdo vsdfh1 Li hyhu|erg| eholhyhv

wkdw eodfnv duh pruh fulplqdo wkdq zklwhv +hyhq li wkhuh lv qr edvlv iru wklv,/ wkh| vkrz wkdw h{ dqwh lghqwlfdo djhqwv zkr rqo|

gl�hu e| wkh froru ri wkhlu vnlq +eodfnv yhuvxv zklwhv, pd| kdyh yhu| gl�huhqw rxwfrphv lq whupv ri fulph ehkdylru ehfdxvh ri

dpsoli|lqj h�hfwv1 Lw lv ehfdxvh wkh dxwkruv frqvlghu wkh frpsohwh lqwhudfwlrqv ri wkuhh pdunhwv +fulph/ oderu dqg krxvlqj, dqg
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Lpurkrur�jox/ Phuor dqg Uxshuw +5333, dqg Orfkqhu +5335, erwk sursrvh g|qdplf jhqhudo htxloleulxp

prghov lq zklfk vrfldo lqwhudfwlrqv duh lqwurgxfhg yld srolwlfdo hfrqrp| +pdmrulw| yrwlqj, dqg hgxfdwlrq

uhvshfwlyho|1 Rxu dssurdfk lv txlwh gl�huhqw vlqfh wkh prgho lv vwdwlf dqg wkh vrfldo vhwwlqj lv prghohg e| d

qhwzrun ri uhodwlrqvklsv lq zklfk iulhqgv jlyh lqirupdwlrq rq krz wr uhgxfh wkh suredelolw| wr eh fdxjkw1

Ilqdoo|/ uhfhqw vwxglhv xvh vhdufk0pdwfklqj prghov wr dqdo|}h fulph ehkdylru +Exughww/ Odjrv dqgZuljkw/

5336/ 5337/ dqg Kxdqj/ Odlqj dqg Zdqj/ 5337,1 Doo wkhvh prghov jhqhudwh pxowlsoh htxloleuld/ dv lq rxu

iudphzrun1 Krzhyhu/ wkh phfkdqlvpv dw zrun duh txlwh gl�huhqw1 Lq wkh vhdufk dssurdfk/ wkh vwudwhjlf

lqwhudfwlrq lq zdjh vhwwlqj fdq eh wkh vrxufh ri pxowlsoh htxloleuld +Exughww/ Odjrv dqg Zuljkw/ 5336/

5337,/< zkloh lq rxu prgho/ lw lv pdlqo| wkh vwuxfwxuh ri wkh qhwzrun wkdw lv uhvsrqvleoh iru lw1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Lq wkh qh{w vhfwlrq/ zh suhvhqw wkh prgho1 Vhfwlrq 6 ghdov zlwk

h{rjhqrxv qhwzrunv zkloh hqgrjhqrxv qhwzrunv duh vwxglhg lq vhfwlrq 71 Ilqdoo|/ vhfwlrq 8 frqfoxghv1 Doo

surriv duh uhohjdwhg wr wkh dsshqgl{1

� ��� 
����

Wkh qhwzrun Q @ i4> = = = > qj lv d �qlwh vhw ri djhqwv1 Djhqwv duh frqqhfwhg e| d qhwzrun ri vrfldo

frqqhfwlrqv1 Zh uhsuhvhqw vrfldo frqqhfwlrqv e| d judsk j/ zkhuh jlm @ 4 li l nqrzv m dqg jlm @ 3 rwkhuzlvh1

Olqnv duh wdnhq wr eh uhflsurfdo/ vr wkdw jlm @ jml1 E| frqyhqwlrq/ jll @ 31

Lqglylgxdo dfwlrqv Djhqwv pd| hlwkhu eh fulplqdov ru sduwlflsdwh lq wkh oderu irufh1 Djhqwv lq wkh

oderu irufh hduq d zdjh z/ zkloh wkrvh lqyroyhg lq fulplqdo dfwlylwlhv uhfhlyh dq h{shfwhg sd|r� htxdo wr=

gl @ sl +|l � i, . +4� sl, |l @ |l � sli>

zkhuh |l lv l*v errw|/ sl klv suredelolw| wr eh fdxjkw dqg i wkh fruuhvsrqglqj �qh1

Djhqwv fkrrvh ehwzhhq hqwhulqj wkh oderu pdunhw ru ehfrplqj d fulplqdo edvhg rq wkh sd|r�v dwwdfkhg

wr wkrvh dfwlylwlhv/ uhvshfwlyho| z dqg gl1
43 Fulplqdov dovr ghflgh krz pxfk h�ruw hl A 3 wkh| ghyrwh wr

gholqtxhqw ehkdylru1 E| frqyhqwlrq/ hl @ 3 phdqv wkdw djhqw l hqwhuv wkh oderu pdunhw1

Ghqrwh e| h @ +h4> = = = > hq, d srsxodwlrq fulph h�ruw sur�oh dqg e| h�l wkh fulph h�ruw sur�oh ri doo djhqwv

exw l1 Zh dvvxph wkdw wkh errw| |l ri vrph fulplqdo l ghshqgv rq h wkh iroorzlqj zd|1 Iluvw/ C|l +h, @Chl � 3/

wkdw lv/ wkh lqglylgxdo errw| lqfuhdvh zlwk rqh*v lqyroyhphqw lq fulph hl A 31 Vhfrqg/ C|l +h, @Ch�l � 3/44

zklfk uh hfwv ulydou| ru frpshwlwlrq lq lqglylgxdo fulph jurvv sd|r�v1

ehfdxvh zrunhuv udwlrqdoo| dqwlflsdwh wkhvh lqwhudfwlrqv wkdw wkh| rewdlq wkhvh pdjql�fdwlrq uhvxowv1
< Lq Kxdqj/ Odlqj dqg Zdqj +5337, pxowlsoh htxloleuld vwhp iurp wkuhh h�hfwv= wkh lqwhuglfwlrq h�hfw +kljkhu fulph udwh

uhgxfhv wkh olnholkrrg wkdw dq| jlyhq fulplqdo lv lqwhuglfwhg e| wkh dxwkrulwlhv/ zklfk lq wxuq orzhuv wkh h{shfwhg frvwv ri

frpplwwlqj fulph,/ wkh dssursuldwlrq h�hfw +kljkhu fulph udwh orzhuv wkh h{shfwhg uhwxuqv wr irupdo hpsor|phqw, dqg wkh kxpdq

fdslwdo h�hfw +kljkhu fulph udwh uhgxfhv kxpdq fdslwdo dffxpxodwlrq/ zklfk glvfrxudjhv �upv iurp hqwhulqj wkh frppxqlw|/

zklfk udlvhv xqhpsor|phqw dqg wkxv fulph,1
43Ehfdxvh rxu prgho lv txlwh frpsoh{/ wkh oderu pdunhw lv nhsw dv vlpsoh dv srvvleoh1 Krzhyhu/ iulhqgv surylgh lqirupdwlrq qrw

rqo| rq fulph exw dovr rq mre rssruwxqlwlhv1 Wkh lqwhudfwlrq ehwzhhq wkhvh wzr qhwzrunv +fulph dqg oderu pdunhw, lv fhuwdlqo|

dq lpsruwdqw ihdwxuh ri fulph ghflvlrqv vlqfh gholqtxhqwv kdyh lq jhqhudo ihz hpsor|hg iulhqgv zkr fdq surylgh lqirupdwlrq

derxw mrev1 Wkh lvvxh lv lqyhvwljdwhg lq Fdoyö0Duphqjro/ Yhuglhu dqg ]hqrx +5337, lq d frqwh{w ri pxfk vlpsolhu qhwzrunv lq

zklfk lqglylgxdov rqo| ehorqj wr pxwxdoo| h{foxvlyh wzr0shuvrq jurxsv +g|dgv,1
44Iru wkh frpsrqhqw0zlvh rughulqj iru e3�1
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Qhwzrun sd|r�v Ehvlghv iurp ehlqj frpshwlwruv lq wkh fulph pdunhw/ fulplqdov pd| dovr ehqh�w

iurp kdylqj fulplqdo pdwhv1 Wklv ehqh�w pd| wdnh wkh irup ri nqrz0krz vkdulqj derxw gholqtxhqw ehkdylru

ehwzhhq lqglylgxdov wkdw nqrz hdfk rwkhu1 Zh dvvxph wkdw wkh kljkhu wkh fulplqdo frqqhfwlrqv wr d fulp0

lqdo dqg2ru wkh kljkhu wkh lqyroyhphqw lq fulplqdo dfwlylwlhv ri wkhvh frqqhfwlrqv/ wkh orzhu klv lqglylgxdo

suredelolw| wr eh fdxjkw1 Wkh lghd lv dv iroorzv1 Wkhuh lv qr irupdo zd| ri ohduqlqj wr ehfrph d fulplqdo/ qr

surshu �vfkrro� surylglqj dq rujdql}hg wudqvplvvlrq ri wkh remhfwlyh vnloov qhhghg wr xqghuwdnh vxffhvvixo

fulplqdo dfwlylwlhv1 Jlyhq wklv odfn ri irupdo lqvwlwxwlrqdo duudqjhphqw/ zh eholhyh wkdw wkh prvw qdwxudo

dqg h!flhqw zd| wr ohduq wr ehfrph d fulplqdo lv wkurxjk wkh lqwhudfwlrq zlwk rwkhu fulplqdov145 Gholq0

txhqwv ohduq iurp rwkhu fulplqdov ehorqjlqj wr wkh vdph qhwzrun krz wr frpplw fulph lq d pruh h!flhqw

zd| e| vkdulqj wkh nqrz0krz derxw wkh �whfkqrorj|� ri fulph1 Lq rxu prgho/ zh fdswxuh wklv orfdo qdwxuh

ri wkh phfkdqlvp wkurxjk zklfk vnloov duh dftxluhg e| uhodwlqj wkh lqglylgxdo suredelolw| wr eh fdxjkw wr

wkh fulph ohyho lqyroyhphqw ri rqh*v gluhfw pdwhv/ dqg e| dvvxplqj wkdw wklv suredelolw| ghfuhdvhv zlwk wkh

fruuhvsrqglqj orfdo djjuhjdwh ohyho ri fulph1 Lq rwkhu zrugv/ lqglylgxdov ohduq loohjdo frqgxfw iurp rwkhuv

exw sudfwlfh lw dorqh1

Irupdoo|/ jlyhq d qhwzrun j dqg d fulph sur�oh h/ Csl +h, @Chm � 3 zkhqhyhu jlm @ 41 Zh dovr dvvxph

wkdw Csl +h, @Chl � 3/ wkdw lv/ wkh suredelolw| wr eh fdxjkw lqfuhdvhv zlwk rqh*v h{srvxuh wr fulph1

Dv d uhvxow/ ehfdxvh ri rxu wzr dvvxpswlrqv/ C|l +h, @Ch�l � 3 dqg Csl +h, @Chm � 3 zkhqhyhu jlm @ 41

Fulplqdo iulhqgv +vrfldo frqqhfwlrqv, fuhdwh erwk srvlwlyh dqg qhjdwlyh h{whuqdolwlhv ehwzhhq hdfk rwkhu1 Wkh

frpshwlwlyh h�hfw dfwv dv d qhjdwlyh h{whuqdolw| h{huwhg e| hyhu| lqglylgxdo fulplqdo wr hyhu| rwkhu lqglylgxdo

lq wkh gholqtxhqw srro1 E| frqwudvw/ wkh srvlwlyh h{whuqdolw| lq wkh irup ri nqrz0krz lv rqo| h{huwhg dw wkh

orfdo ohyho/ dprqj wkrvh gluhfwo| frqqhfwhg lqglylgxdov1 Wkh vsdq dqg lqwhqvlw| ri wklv odwwhu h{whuqdolw| lv

ghwhuplqhg e| wkh vkdsh ri wkh vrfldo qhwzrun dqg ydulhv dfurvv lqglylgxdov +dqg wkhlu judsk orfdwlrqv, zlwk

wkh jhrphwu| ri wkh qhwzrun ri olqnv1 Lq sduwlfxodu/ h{ dqwh lghqwlfdo lqglylgxdov kroglqj dv|pphwulf qhwzrun

orfdwlrqv idfh gl�huhqw h{whuqdolw| lqwhqvlwlhv1 Ehfdxvh wkhvh h{whuqdolwlhv duh dw wkh khduw ri wkh frvw0ehqh�w

dqdo|vlv xqghuwdnhq dw wkh lqglylgxdo ohyho/ wkh htxloleulxp sdwwhuq ri qhwzrun ghflvlrqv lv olnho| wr uh hfw

h{ srvw khwhurjhqhlw| dprqj lqglylgxdov1 Lq vroylqj wkh whqvlrq ehwzhhq wkh wzr irufhv/ wkh jhrphwu| ri wkh

qhwzrun ri frqqhfwlrqv sod|v d pdmru uroh/ wkdw zh h{soruh1

Jlyhq d �qh i / wkh lqglylgxdo h{shfwhg jdlqv iurp ehfrplqj d fulplqdo duh wkxv gl +h> i> j, @ |l +h, �
sl +h> j, i 1 Iru vdnh ri wudfwdelolw|/ zh vhw=+

|l +h, @ hl+4�
S

m5Q hm,

sl +h> j, @ s3hl+4�
S

m5Q jlmhm,

Ohwwlqj ! @ s3i ghqrwh wkh pdujlqdo h{shfwhg sxqlvkphqw frvw iru dq lvrodwhg djhqw/ lqglylgxdo h{shfwhg

sd|r�v duh wkxv=

�l +h> z> !> j, @

+
hl+4�

S
m5Q hm,� !hl+4�

S
m5Q jlmhm,/ li hl A 3

z/ li hl @ 3
+4,

Wkh fulph ghflvlrq jdph Frqvlghu vrph jlyhq qhwzrun j frqqhfwlqj lqglylgxdov/ d zdjh z A 3/ dqg

d pdujlqdo h{shfwhg sxqlvkphqw frvw iru dq lvrodwhg lqglylgxdo !1 Frqvlghu wkh iroorzlqj wzr0vwdjh ghflvlrq

jdph1

45Vxwkhuodqg +4<7:, dqg Dnhuv +4<<;, h{suhvvo| dujxh wkdw fulplqdo ehkdylru lv ohduqhg iurp rwkhuv lq wkh vdph zd| wkdw doo

kxpdq ehkdylru lv ohduqhg1 Lqghhg/ |rxqj shrsoh pd| eh lq xhqfhg e| wkhlu shhuv lq doo fdwhjrulhv ri ehkdylru 0 pxvlf/ vshhfk/

guhvv/ vsruwv/ dqg gholqtxhqf|1
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Lq wkh �uvw vwdjh/ sod|huv lq Q ghflgh wr hqwhu wkh oderu pdunhw ru wr ehfrph fulplqdov1 Wklv lv d vlpsoh

elqdu| ghflvlrq1

Lq wkh vhfrqg vwdjh/ doo sod|huv zkr kdyh ghflghg wr ehfrph fulplqdov fkrrvh qrq0frrshudwlyho| wkh fulph

h�ruw ohyho hl A 3 wkh| surylgh1

Wkh sd|r�v fruuhvsrqglqj wr wklv jdph duh jlyhq lq +4,1 Wr vlpsoli| qrwdwlrqv/ zh gr qrw h{solflwo|

ghvfuleh wkh vwudwhjlhv ri wklv vhtxhqwldo jdph1 Wkh ghflvlrq wr hqwhu wkh oderu pdunhw +uhvs1 ehfrph d

fulplqdo, dw wkh �uvw vwdjh lv lpsolflwo| fdswxuhg e| vhwwlqj hl @ 3 +uhvs1 hl A 3, dw wkh vhfrqg vwdjh1

Revhuyh wkdw wkh sd|r� �l+hl> h�l, iru sod|hu l dv d ixqfwlrq ri hl lv glvfrqwlqxrxv dw 31 Revhuyh dovr wkdw

sd|r�v ghshqg rq wkh xqghuo|lqj qhwzrun frqqhfwlqj sod|huv1 Wr eh pruh suhflvh/ rqo| wkrvh qhwzrun olqnv

wkdw frqqhfw dfwlyh fulplqdov dprqj wkhpvhoyhv lq xhqfh vxfk sd|r�v1 Khqfh/ wkh dfwxdo qhwzrun wrsrorj|

wkdw lqghhg d�hfwv sd|r�v lv vkdshg e| wkh vwudwhjlhv dgrswhg e| wkh sod|huv1 Wkh lpsdfw ri lqglylgxdo

ghflvlrqv rq wkh fulplqdov* qhwzrun dqg rq sd|r�v wkxv jrhv hlwkhu zd|v1 Wklv lqwhusod| ehwzhhq lqglylgxdo

vwudwhjlhv dqg lqwhudfwlrq vwuxfwxuh lv dw wkh khduw ri rxu dqdo|vlv1

Zh ghqrwh wkh fulph ghflvlrq jdph e| � +z> !> j,1

� 	�������� ��������

Lq wklv vhfwlrq/ zh �uvw fkdudfwhul}h wkh vxejdph shuihfw Qdvk htxloleuld lq sxuh vwudwhjlhv ri wkh fulph

ghflvlrq jdph iru dq| qhwzrun jhrphwu| frqqhfwlqj sod|huv1 Zh dovr surylgh dq dojrulwkp wr frpsxwh vxfk

htxloleuld iru jhqhudo qhwzrunv1

Djhqw l*v jdlqv iurp fulph duh=

gl +h> !> j, @ hl+4�
[
m5Q

hm,� !hl+4�
[
m5Q

jlmhm,>

zlwk furvv0ghulydwlyhv C5gl@ChlChm @ �4 . !jlm 1 Zkhq ! ? 4/ fulph h�ruw ghflvlrqv duh vwudwhjlf vxevwl0

wxwhv/ zkloh zkhq ! � 4/ fulph h�ruw ghflvlrqv duh +orfdo, vwudwhjlf frpsohphqwv/ wkdw lv/ jlm @ 4 lpsolhv

C5gl@ChlChm � 3146 Lq wklv odwwhu fdvh/ wkh htxloleuld ri wkh fulph ghflvlrq jdph duh vlpsoh wr fkdudfwhul}h1

Ohppd 4 Zkhq ! � 4/ dw wkh xqltxh vxejdph shuihfw Qdvk htxloleulxp ri � +z>!> j,/ doo djhqwv hqwhu wkh

oderu irufh1

Iurp qrz rq zh uhvwulfw wr wkh fdvh ! ? 41

Lq zkdw iroorzv/ zh fkdudfwhul}h doo wkh vxejdph shuihfw Qdvk htxloleuld lq sxuh vwudwhjlhv ri � +z> !> j,1

Zh surfhhg edfnzdugv1

��� ��� ������������ ��
�

Zh qrz fkdudfwhul}h wkh Qdvk htxloleuld ri wkh vhfrqg0vwdjh jdph1 Zh �uvw frqvlghu wkh fdvh zkhuh doo

djhqwv frqqhfwhg e| j duh fulplqdov/ dqg ghqrwh e| �
�
+!> j, wklv jdph1

46Vwulfwo| vshdnlqj/ fulph h�ruwv duh vwudwhjlf vxevwlwxwhv ru vwudwhjlf frpsohphqwv lqvridu zh ljqruh wkh rxwvlgh rssruwxqlw|

wr hqwhu wkh oderu irufh ru/ htxlydohqwo|/ zh vhw � ' 3"1

9



Sursrvlwlrq 4 +fkdudfwhul}dwlrq, Wkhuh h{lvwv d xqltxh 3 ? ! � 4 dqg d �qlwh vhw ] 5 LU vxfk wkdw/ iru

doo 3 ? ! ? !/ ! @5 ] dqg doo qhwzrunv j/ wkh vhw ri Qdvk htxloleuld lq sxuh vwudwhjlhv ri �
�
+!> j, lv jlyhq e|

wkh xqltxh vroxwlrq wr wkh iroorzlqj olqhdu v|vwhp ri q htxdwlrqv zlwk q xqnqrzqv h4> ===> hq=

5hl .
[
m 9@l

+4� !jlm,hm @ 4� !> l 5 Q 1 +5,

Zh uhihu wr wkh vlwxdwlrqv lq zklfk ! @5 ] dv jhqhulf vlwxdwlrqv1 Vlqfh ] lv d �qlwh vhw/ wkh zkroh vhw ri

qrqjhqhulf vlwxdwlrqv kdv Ohehvjxh phdvxuh ri }hur1 Iru wkh htxloleulxp dqdo|vlv/ zh uhvwulfw iurp qrz rq

wr jhqhulf vlwxdwlrqv1 Wkh frqglwlrq ! ? ! jxdudqwhhv wkdw doo dfwlyh fulplqdov h{huw d qrq0qhjdwlyh fulph

h�ruw dw wkh xqltxh Qdvk htxloleulxp ri wkh vhfrqg0vwdjh jdph1 Dovr/ iurp qrz rq/ zh uhvwulfw wr wkh fdvh

zkhuh ! ? !1

Iru doo ! dqg j/ zh ghqrwh e| h� +!> j, @ +h�4 +!> j, > = = = > h
�

q +!> j,, 5 LUq wkh xqltxh Qdvk htxloleulxp lq

sxuh vwudwhjlhv ri �� +!> j,1

Frpsdudwlyh vwdwlfv Wkh suhylrxv uhvxow ixoo| fkdudfwhul}hv wkh htxloleulxp fulph ohyhov ri wkh vhfrqg0

vwdjh jdph1 Lq sduwlfxodu/ wkh htxloleulxp fulph h�ruw ohyhov jlyhq e| wkh xqltxh vroxwlrq wr +5, ghshqg rq

wkh xqghuo|lqj qhwzrun j frqqhfwlqj lqglylgxdov1 Wzr fulplqdo srrov frqqhfwhg e| wzr gl�huhqw qhwzrun

vwuxfwxuhv j dqg j3 jhqhudoo| glvsod| gl�huhqw lqglylgxdo dqg djjuhjdwh fulph ohyhov dfurvv wkrvh srrov1 Lq

zkdw iroorzv/ zh vkrz wkdw wkh djjuhjdwh fulph ohyho lqfuhdvhv zlwk wkh qhwzrun j frqqhfwlqj fulplqdov/ iru

wkh lqfuhdvlqj rughulqj rq qhwzrunv1

Zh zulwh j � j3 zkhqhyhu jlm � j3lm / iru doo l> m 5 Q 1 Lq zrugv/ dq| gluhfw olqn lq j lv dovr d gluhfw olqn lq

j31

Sursrvlwlrq 5 +frpsdudwlyh vwdwlfv, Li j � j3/ wkhq
S

l5Q h�l +!> j
3
, A

S
l5Q h�l +!> j,1

Fulplqdo lqwhufrqqhfwlrqv wkxv jhqhudwh dq djjuhjdwh fulph ohyho suhplxp147 Wkh vrfldo vhwwlqj dqg lwv

wljkwqhvv kdyh d pxowlsolhu h�hfw rq djjuhjdwh revhuyhg fulph ohyhov zklfk zh uhihu wr dv wkh qhwzrun h�hfw

rq fulph1

��� ��� ���� ��
�

Wkh rxwfrph ri wkh �uvw0vwdjh jdph lv d sduwlwlrq ri wkh srsxodwlrq lq d vhw V ri frqqhfwhg fulplqdov dqg

d vhw QqV ri zrunhuv1 Wkh h�ruwv h{huwhg e| wkh dfwlyh fulplqdov lq V dw htxloleulxp duh wkrvh jlyhq lq

Sursrvlwlrq 41 Wr frpsxwh wkhvh h�ruwv/ zh �uvw qhhg wr nhhs wudfn ri wkh dfwxdo qhwzrun wkdw frqqhfwv

wkhvh dfwlyh fulplqdov wrjhwkhu1

Lqgxfhg vxeqhwzrunv Frqvlghu vrph qhwzrun j rq Q 1

Gh�qlwlrq 4 Iru doo vxevhw V � Q ri sod|huv lq Q / ohw j +V, eh vxfk wkdw jlm +V, @ 4 li dqg rqo| li erwk

jlm @ 4 dqg l> m 5 V1 Zh vd| wkdw j +V, lv wkh qhwzrun lqgxfhg e| j rq V1

Wkh qhwzrun j +V, lv rewdlqhg wkh iroorzlqj zd|1 Ruljlqdoo|/ doo djhqwv lq Q duh frqqhfwhg dffruglqj wr

wkh qhwzrun j1 Vxssrvh qrz wkdw zh holplqdwh vrph sod|hu l1 E| holplqdwlqj sod|hu l/ zh dovr holplqdwh doo

47Zlwk uhvshfw wr wkh fdvh zkhuh vrfldo lqwhudfwlrqv dprqj fulplqdov duh devhqw1

:



wkh gluhfw olqnv lq wkh ruljlqdo qhwzrun j vwhpplqj iurp l1 Zh ghqrwh e| j +Qqilj, wkh uhvxowlqj qhwzrun

rq wkh uhpdlqlqj srsxodwlrq Qqilj/ wkdw zh whup wkh qhwzrun lqgxfhg e| j rq Qqilj1 Pruh jhqhudoo|/ wkh

qhwzrun j +V, lqgxfhg e| j rq vrph jlyhq vxevhw V ri djhqwv lv rewdlqhg e| holplqdwlqj lq j hyhu| qrgh

fruuhvsrqglqj wr dq djhqw lq QqV dqg hyhu| gluhfw olqn vwhpplqj iurp wkrvh djhqwv1

Lq jhqhudo/ wkh jhrphwu| ri wkh qhwzrun j+V, lqgxfhg e| j rq V ghshqgv qrw rqo| rq wkh wrwdo qxpehu

mVm ri sod|huv ehlqj uhpryhg iurp wkh ruljlqdo qhwzrun/ exw dovr rq wkh suhflvh lghqwlw| ri wkh sod|huv lq wkh

vhw V148 Wklv lv ehvw looxvwudwhg zlwk d vlpsoh h{dpsoh1

H{dpsoh 4 Vxssrvh/ iru lqvwdqfh/ wkdw j lv d vwdu fhqwhuhg rq l1 Irupdoo|/ j 9@ >/ dqg mn 5 j lpsolhv wkdw

hlwkhu m @ l ru n @ l1 Frqvlghu vrph vxevhw V � Q 1 Wkhq/ li l 5 V/ wkh lqgxfhg qhwzrun j+V, lv dovr d vwdu

fhqwhuhg rq l/ zkloh li l @5 V/ j+V, @ >1

Wkh vxejdph shuihfw Qdvk htxloleuld ri wkh fulph ghflvlrq jdph Wkh vhw ri dfwlyh fulplqdov

V ghwhuplqhg dv dq rxwfrph ri wkh �uvw0vwdjh jdph lv frqqhfwhg wkurxjk wkh qhwzrun j+V, lqgxfhg e| j

rq wkh srro V ri fulplqdov1 Wkh vxejdph shuihfw Qdvk htxloleuld ri � +z> !> j, duh wkhq rewdlqhg iurp wkh

Qdvk htxloleuld ri wkh vhfrqg0vwdjh jdph �� +!> j +V,, sod|hg e| vxevhwv ri sod|huv V � Q dqg frqqhfwhg e|

wkh fruuhvsrqglqj lqgxfhg qhwzrun j +V, lq d zd| vshfl�hg ehorz1 Qrwh wkdw wkh jhrphwu| ri j+V, jhqhudoo|

ghshqgv rq wkh suhflvh odeho ri wkh sod|huv lqfoxghg lq wkh fulplqdo srro1 Dv zh vkdoo vhh/ wklv lpsolhv wkdw

wkh vhw ri vxejdph shuihfw Qdvk htxloleuld ri wkh fulph ghflvlrq jdph lv jhqhudoo| qrw xqltxh1

Wkh zd| zh frpsxwh wkh vxejdph shuihfw Qdvk htxloleulxp lv dv iroorzv1

Jlyhq q djhqwv lq wkh hfrqrp|/ zh vwduw zlwk d jlyhq judsk ri uhodwlrqvklsv j wkdw frxog kdyh dq| vkdsh1

Zh wkhq frpsxwh wkh Qdvk htxloleuld lq fulph0h�ruw ohyhov ri wkh vhfrqg0vwdjh jdph iru doo srvvleoh vxevhwv

ri fulplqdov V/ l1h1/ zh ghwhuplqh wkh fulph h�ruwv h�l +!> j +V,,/ l 5 V iru vxfk sod|huv jlyhq lq Sursrvlwlrq

41 Qrwh wkdw wkh qhwzrun ri nqrz0krz vkdulqj dprqj d jlyhq vxevhw V � Q ri fulplqdov lv jlyhq e| wkh

qhwzrun j+V, lqgxfhg rq V e| wkh lqlwldo judsk149

Zh wkhq orrn dw doo wkh lqgxfhg judskv ri fulplqdov wkdw duh lqghhg vxvwdlqdeoh dv d vxejdph shuihfw Qdvk

htxloleulxp/ zkhuh djhqwv frpsduh fulph ehqh�wv zlwk wkh rxwvlgh rswlrq surylghg e| wkh oderu pdunhw +l1h1

qr xqlodwhudo ghyldwlrq vkdoo eh sur�wdeoh iru qhlwkhu w|sh ri djhqwv/ qru fulplqdo/ qru zrunhu,1 Vxejdph

shuihfw Qdvk htxloleuld duh wkxv fkdudfwhul}hg e| wkh vxevhw V ri dfwlyh fulplqdov/ wkh qhwzrun j+V, frqqhfwlqj

wkhp/ dqg wkh fruuhvsrqglqj fulph h�ruw ohyhov1 Doo uhpdlqlqj sod|huv lq QqV duh zrunhuv1 Wkh qhwzrun

j+V, lqgxfhg e| wkh lqlwldo judsk rq V dqg frqqhfwlqj dfwlyh fulplqdov lv xqdpeljxrxvo| gh�qhg1

Wr eh pruh suhflvh/ iru doo V � Q / ghqrwh e| h� +!> j +V,, wkh xqltxh Qdvk htxloleulxp lq sxuh vwudwhjlhv

ri �� +!> j +V,,1 Gh�qh=;A?A=
p +!> V, @ plq ih�l +!> j +V,, m l 5 Vj / iru doo V � Q

p +!> V, @ pd{

�
h�m +!> j +V ^ imj,, m m @5 V

�
/ iru doo V � Q>V 9@ Q

p +!>Q, @ 3

Zh kdyh wkh iroorzlqj uhvxow=

48Irupdoo|/ wkh vhw t}E7� G 7 a �� ri lqgxfhg qhwzrunv jhqhudwhg e| } hpehgghg zlwk wkh lqfoxvlrq rughulqj rq qhwzrunv

lv d odwwlfh/ qdpho|/ lw lv d sduwldoo| rughuhg vhw iru wklv qhwzrun lqfoxvlrq rughulqj/ dqg lw erwk frqwdlqv wkh xqlrq dqg wkh

lqwhuvhfwlrq ri hdfk sdlu ri lwv hohphqwv1
49Olqnv lq }.} E7� frqqhfw zrunhuv wr zrunhuv ru zrunhuv wr fulplqdov1 Wkhuhiruh/ qr dfwxdo nqrz0krz lv ehlqj vkduhg ehwzhhq

wkh hqg qrghv ri vxfk frqqhfwlrqv/ dqg olqnv lq }.} E7� duh uhgxqgdqw dw hyhu| htxloleulxp zkhuh rqo| djhqwv lq 7 duh fulplqdov1

;



Sursrvlwlrq 6 +fkdudfwhul}dwlrq, Ohw V � Q 1 Li p +!> V, A
s
z Ap+!>V, � 3/ wkhq wkh fulph ghflvlrq

sur�oh h @ +h4> ===> hq, zkhuh hl @ h�l +!> j +V,, iru doo l 5 V/ dqg hl @ 3 rwkhuzlvh lv d vxejdph shuihfw Qdvk

htxloleulxp ri � +z> !> j,1 Pruhryhu/ doo wkh vxejdph shuihfw Qdvk htxloleuld ri � +z> !> j, duh ri wklv vruw1

Lq htxloleulxp/ lqglylgxdo ghflvlrqv duh frqvlvwhqw dfurvv sod|huv dqg qr xqlodwhudo ghyldwlrq lv sur�wdeoh1

Khuh/ wkh lpsolfdwlrqv duh wzrirog1 Iluvw/ qr dfwlyh fulplqdo lq V jdlqv e| h{huwlqj d gl�huhqw h�ruw ohyho1

Wklv lv wuxh ehfdxvh wkh yhfwru ri fulph h�ruwv lv dq htxloleulxp ri wkh vhfrqg0vwdjh jdph �� +!> j+V,, sod|hg

e| vxfk fulplqdov1

Vhfrqg/ qr zrunhu jdlqv e| ehfrplqj d fulplqdo/ qhlwkhu d fulplqdo jdlqv e| ehfrplqj d zrunhu/ zklfk lv

htxlydohqw wrp +!> V, A
s
z Ap+!>V,1 Lqghhg/ wkh sd|r� wr d fulplqdo h{huwlqj dq h�ruw h�l +!> j +V,, lv htxdo

wr h�l +!> j +V,,
5
14: Zkhq p +!> V,

5
A z/ qr fulplqdo lq V jdlqv e| hqwhulqj wkh oderu irufh1 V|pphwulfdoo|/

zkhq z A p +!>V,
5
/ qr zrunhu lq QqV jdlqv e| hqwhulqj wkh fulph exvlqhvv1

Sursrvlwlrq 6 grhv qrw hvwdeolvk xqltxhqhvv ri wkh vxejdph shuihfw Qdvk htxloleuld ri � +z> !> j,1 Lq idfw/

gl�huhqw fulph sdwwhuqv fdq jhqhudoo| eh vxvwdlqhg dw htxloleulxp iru wkh vdph sdudphwhu ydoxhv1 Lw vx!fhv

wkdw wkh frqglwlrq

p +!> V, A
s
z A p +!> V, +6,

krogv iru wzr gl�huhqw vxevhwv V dqg V3 ri sod|huv1 Qrwh wkdw p +!> V, dqg p+!> V, ghshqg erwk rq V dqg

rq wkh jhrphwu| ri wkh qhwzrun j+V, lqgxfhg e| j rq V/ dv fdq eh vhhq iurp wkh htxdwlrqv +5, iurp zklfk

h�l +!> j +V,,/ l 5 V duh fdofxodwhg1 Jlyhq wkh odwwlfh vwuxfwxuh ri wkh vhw ri lqgxfhg qhwzrunv/ lw pd| zhoo

eh wkh fdvh wkdw wzr vxevhwv V dqg V3 frqqhfwhg wkurxjk wzr lqgxfhg qhwzrunv j+V, dqg j+V3, ri gl�huhqw

jhrphwu| erwk vdwlvi| +6,1 Wklv pd| eh wuxh zlwk wzr vxevhwv V dqg V3 ri hlwkhu lghqwlfdo ru gl�huhqw vl}h1

Li V dqg V3 kdyh gl�huhqw vl}hv/ wkhq wkh qxpehu ri dfwlyh fulplqdov gl�huv dfurvv wkh wzr fruuhvsrqglqj

htxloleuld ri �+z> !> j,1 Li V dqg V3 kdyh lghqwlfdo vl}h/ wkhuh lv h{dfwo| wkh vdph qxpehu ri fulplqdov lq erwk

htxloleuld1 \hw/ ehfdxvh j+V, dqg j+V3, pd| gl�hu/ erwk wkh lqglylgxdo dqg wkh djjuhjdwh fulph h�ruw ohyho

duh jhqhudoo| gl�huhqw dfurvv wkh wzr htxloleuld1

Wkxv/ rqh ri rxu pdlq uhvxow lv wr ghprqvwudwh wkdw gl�huhqw htxloleuld zlwk gl�huhqw qxpehu ri dfwlyh

fulplqdov dqg gl�hulqj ohyhov ri lqyroyhphqw lq fulph dfwlylwlhv pd| frh{lvw1 Qrwh wkdw wklv pxowlsolflw| ri

htxloleuld lv rewdlqhg zlwk h{ dqwh lghqwlfdo djhqwv/ dqg lv rqo| gulyhq e| wkh jhrphwu| ri wkh sdwwhuq ri olqnv

frqqhfwlqj wkhp1 Qrwh dovr wkdw pxowlsolflw| ri htxloleuld/ dv rewdlqhg lq rxu prgho/ lv frqvlvwhqw zlwk wkh

kljk +xqh{sodlqhg, yduldqfh ri fulph ohyhov dfurvv jhrjudsklf orfdwlrqv +vhh/ h1j1/ Jodhvhu/ Vdfhugrwh dqg

Vfkhlqnpdq/ 4<<9,1

Wkh h{lvwhqfh ri vxejdph shuihfw Qdvk htxloleuld lq sxuh vwudwhjlhv ri � +z>!> j, lv d vlgh0surgxfw ri wkh

suhylrxv fkdudfwhul}dwlrq uhvxow1

Fruroodu| 4 +h{lvwhqfh, Iru doo z> ! dqg j/ wkh fulph ghflvlrq jdph �+z> !> j, kdv d sxuh vwudwhj| vxejdph

shuihfw Qdvk htxloleulxp1

4:Uhfdoo wkdw eWE�c }E7�� lv d Qdvk htxloleulxp ri KWE�c }E7�� ru/ htxlydohqwo|/ wkh xqltxh vroxwlrq wr wkh v|vwhp ri htxdwlrqv

E2�1 Wkhuhiruh/
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Irxu sod|huv lq d flufoh Frqvlghu q @ 7 sod|huv duudqjhg rq d flufoh j zkhuh hdfk sod|hu kdv h{dfwo|

wzr gluhfw frqwdfwv1 Il{ ! 5 +3> 4,1 Wkhq/ dq| ri wkh fulph sdwwhuq ghslfwhg lq Iljxuh 4 fdq eh vxvwdlqhg

dv d vxejdph shuihfw Qdvk htxloleulxp iru d vxlwdeoh zdjh udqjh14; Fulplqdov +uhvs1 zrunhuv, duh ghslfwhg

zlwk ixoo +uhvs1 hpsw|, qrghv/ dqg gdvkhg olqhv uhsuhvhqw wkh olqnv wkdw duh ghohwhg lq hdfk lqgxfhg qhwzrun1
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Iljxuh 41 Fulph ghflvlrq htxloleulxp sdwwhuqv iru q @ 7 sod|huv rq d flufoh1

Iru vrph zdjh udqjh/ erwk wkh vhw ri sod|huv i4> 5j dqg wkh vhw ri sod|huv i4> 6j fdq frqvwlwxwh wkh srro

ri dfwlyh fulplqdov dw htxloleulxp14< Qrwh wkdw/ lq erwk fdvhv/ wkhuh duh h{dfwo| wzr fulplqdov dw htxloleulxp1

\hw/ wkh djjuhjdwh fulph udwh lv kljkhu zkhq fulplqdov duh lq i4> 5j wkdq lq i4> 6j1 Lqghhg/ fulplqdov lq i4> 5j
frqqhfwhg e| j+4> 5, duh gluhfw qhwzrun pdwhv/ zkloh fulplqdov lq i4> 6j frqqhfwhg e| j+4> 6, gr qrw nqrz

hdfk rwkhu1 Dv vxfk/ zlwk j+4> 5,/ fulplqdov srvvhvv d kljkhu nqrz0krz rq wkh fulph exvlqhvv wkdq zlwk

j+4> 6, dqg h{huw d kljkhu lqglylgxdo fulph h�ruw ohyho1 Wklv lv lq dffrugdqfh zlwk wkh hpslulfdo �qglqjv ri

Wkruqehuu| hw do1 +5336, zkr vkrz wkdw qhwzrunv ri fulplqdov ru jdqjv dpsoli| gholqtxhqw ehkdylruv

Zkhq wkh vhw ri fulplqdov dw htxloleulxp lv i4> 5> 6j/ dfwlyh fulplqdov krog dv|pphwulf srvlwlrqv lq wkh

fruuhvsrqglqj nqrz0krz vkdulqj qhwzrun j+4> 5> 6,1 Lqghhg/ sod|hu 5 kdv wzr gluhfw olqnv zlwk sod|huv 4 dqg

6/ zkloh wkh odwwhu duh rqo| frqqhfwhg wr sod|hu 51 Dw htxloleulxp/ fulplqdo 5 h{huwv d kljkhu fulph h�ruw

wkdq fulplqdov 4 dqg 6/ uh hfwlqj wkh frpsdudwlyh nqrzohgjh dgydqwdjh dffuxlqj iurp klv fhqwudo srvlwlrq

lq wkh qhwzrun1

Ilqdoo|/ lqglylgxdo fulph h�ruwv ghfuhdvh zlwk wkh pdvv ri dfwlyh fulplqdov dfurvv wkh gl�huhqw htxloleuld/

zklfk fruuhvsrqgv wr d furzglqj rxw h�hfw wkdw uhvxowv iurp frpshwlwlrq iru wkh errw|1

Uhjxodu qhwzrunv Lq d uhjxodu qhwzrun/ doo djhqwv kdyh wkh vdph qxpehu ri gluhfw frqwdfwv n/ wkdw

lv/ [
m5Q

jlm @ n/ iru doo l 5 Q=

Zh uhihu wr n dv wkh ghjuhh ri j1 Iru lqvwdqfh/ wkh qhwzrun frqqhfwlqj q @ 7 sod|huv lq wkh suhylrxv h{dpsoh

lv d uhjxodu qhwzrun ri ghjuhh 5/ zkhuh hdfk sod|hu kdv h{dfwo| wzr olqnv1

4; Lq idfw/ } E�c �� fdq rqo| hphujh dw htxloleulxp xqghu vrph frqglwlrqv erwk rq � dqg rq �1 Vhh wkh dsshqgl{ iru pruh

ghwdlov1
4< Lw vx!fhv wkdw

�3�
�

:
I
� :

E�n2��E�3��

ene�32�5
1 Wklv zdjh udqjh frqglwlrq lv qrq0hpsw| zkhqhyhu � 	 h�/ iru vrph xqltxho|

gh�qhg h� M Efc ��1 Vhh wkh dsshqgl{ iru pruh ghwdlov1

43



Sursrvlwlrq 7 +uhjxodu qhwzrunv, Dw hyhu| vxejdph shuihfw Qdvk htxloleulxp ri � +z> !> j, zlwk d vhw ri

fulplqdov V/ dqg zkhuh j+V, lv d uhjxodu qhwzrun ri ghjuhh n/ wkh htxloleulxp fulph h�ruw ohyhov duh=

h�l +!> j +V,, @
4� !

mVm. 4� n!
/ iru doo l 5 V=

Dffruglqj wr wkh suhylrxv h{suhvvlrq/ dq lqfuhdvh lq wkh shu lqglylgxdo qxpehu ri olqnv n udlvhv fulplqdo

h�ruw1 Wkh djjuhjdwh ohyho ri fulph
S

l5V h
�

l dovr ghshqgv srvlwlyho| rq wkh ghjuhh ri wkh fulplqdov* qhwzrun/

lq dffrugdqfh zlwk wkh qhwzrun h�hfw hvwdeolvkhg lq Sursrvlwlrq 51

Dovr/ erwk lqglylgxdo dqg djjuhjdwh fulph ghfuhdvh zlwk wkh qxpehu mVm ri dfwlyh fulplqdov/ zklfk fru0

uhvsrqgv wr wkh furzglqj0rxw h�hfw rq wkh errw| lqgxfhg e| frpshwlwlrq dprqj fulplqdov1 Ilqdoo|/ wkh

qhjdwlyh ghshqghqfh ri fulph rxwfrphv rq wkh ohyho ri sxqlvkphqw ! fruuhvsrqgv wr d vwdqgdug ghwhuuhqfh

h�hfw1

! 	��������� ��������

Lq rxu prgho/ wkh sd|r�v dffuxlqj wr fulplqdov ghshqg erwk rq wkhlu lqyroyhphqw lq fulph dqg rq wkh

xqghuo|lqj qhwzrun frqqhfwlqj wkhp1 Lq wkh suhylrxv vhfwlrq/ wkh qhwzrun zdv h{rjhqrxv dqg fulplqdov

vhohfw wkh fulph h�ruw ohyho wkh| zlvk wr h{huw1 Lq wklv vhfwlrq/ qhwzrunv ehfrph d pdqlsxodeoh ghylfh dqg

fulplqdov ghflgh dovr zlwk zkrp wr hvwdeolvk olqnv1

Sdluzlvh0vwdeoh qhwzrunv Frqvlghu vrph sd|r� ixqfwlrq x +j, @ +x4 +j, > = = = > xq +j,, wkdw dvvljqv d

sd|r� wr hyhu| djhqw lq Q dv d ixqfwlrq ri wkh xqghuo|lqj qhwzrun j frqqhfwlqj wkhp1 Wkh frqfhsw ri

sdluzlvh0vwdelolw| lqwurgxfhg e| Mdfnvrq dqg Zrolqvn| +4<<9, surylghv d qhwzrun htxloleulxp qrwlrq wkdw

gholyhuv vkdus uhvxowv iru rxu dqdo|vlv1

Zh ghqrwh e| j . lm +uhvs1 j � lm, wkh qhwzrun rewdlqhg e| dgglqj +uhvs1 ghohwlqj, lm wr +uhvs1 iurp, j1

Gh�qlwlrq 5 D qhwzrun j lv sdluzlvh0vwdeoh iru wkh sd|r� ixqfwlrq x li dqg rqo| li iru doo lm 5 j/ xl+j, �
xl+j � lm,/ dqg iru doo lm @5 j/ xn +j, A xn +j . lm, iru vrph n 5 il> mj1

Lq zrugv/ d qhwzrun lv sdluzlvh0vwdeoh li qr sod|hu jdlqv e| fxwwlqj dq h{lvwlqj olqn/ dqg qr wzr sod|huv

jdlq e| iruplqj d qhz olqn1 Sdluzlvh0vwdelolw| wkxv rqo| fkhfnv iru rqh0olqn ghyldwlrqv153 Lw uhtxluhv wkdw

dq| pxwxdoo| ehqh�fldo olqn eh iruphg dw htxloleulxp exw grhv qrw doorz iru pxowl0olqn vhyhudqfh1

Sdluzlvh0vwdeoh qhwzrunv fdq eh lqwhusuhwhg dv wkh olplwlqj judskv ri d g|qdplf surfhgxuh ri qhwzrun

irupdwlrq1 Vxssrvh/ lqghhg/ wkdw sod|huv p|rslfdoo| dgg ru vhyhu olqnv wr lpsuryh wkhlu fxuuhqw vwdwxv/ dqg

wkdw rqo| rqh olqn lv dgghg ru uhpryhg dw d wlph1 Zkhq wklv surfhvv frqyhujhv/ wkh qhwzrunv xowlpdwho|

uhdfkhg duh sdluzlvh0vwdeoh154

Sdluzlvh0vwdelolw| lq wkh fulph ghflvlrq jdph Frqvlghu vrph fulph ghflvlrq jdph � +z> !> j,1

Ohw V eh wkh vhw ri dfwlyh fulplqdov dw vrph vxejdph shuihfw Qdvk htxloleulxp ri � +z>!> j,1 Fulplqdov

lq V duh frqqhfwhg e| wkh lqgxfhg qhwzrun j+V,1 Wkhlu sd|r�v duh jlyhq e| wkh xqltxh Qdvk htxloleulxp

rxwfrph ri wkh jdph �� +!> j+V,,1 Wkhvh sd|r�v ghshqg rq wkh jhrphwu| ri wkh qhwzrun frqqhfwlqj wkhp1

53Wklv zhdn htxloleulxp frqfhsw lv riwhq lqwhusuhwhg dv d qhfhvvdu| frqglwlrqv iru vwurqjhu vwdelolw| frqfhswv1
54Qrwh wkdw qhwzrun wudqvlwlrqv rqo| frqfhuq rqh olqn dw dw wlph1 Wkh g|qdplfv pd| wkxv orfn lq +wkh vhw ri olplwlqj judskv

qhhg qrw eh xqltxh, ru f|foh1 Vhh Mdfnvrq dqg Zdwwv +5335, iru pruh ghwdlov1
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Vrph fulplqdov pd| wkxv kdyh lqfhqwlyhv wr pdqlsxodwh wkh qhwzrun dw wkhlu dgydqwdjh1 Wkhuhiruh/ wkh

qhwzrun j+V, qhhg qrw qhfhvvdulo| eh sdluzlvh0vwdeoh iru wkh Qdvk htxloleulxp sd|r�v ri wkh fulph h�ruw

jdph1

Wkh iroorzlqj uhvxow hvwdeolvkhv wkdw wkh fulplqdo qhwzrun lv dozd|v sdluzlvh0vwdeoh lq dq| htxloleulxp

zkhuh wkh vhw ri fulplqdov lv ixoo| lqwhufrqqhfwhg/ wkdw lv/ zkhq wkh judsk frqqhfwlqj fulplqdov lv wkh frpsohwh

qhwzrun1

Sursrvlwlrq 8 Frqvlghu vrph vxejdph shuihfw Qdvk htxloleulxp ri � +z>!> j, zkhuh wkh vhw ri fulplqdov lv

V dqg zkhuh j+V, @ jV1 Wkhq/ jV lv sdluzlvh0vwdeoh iru wkh vxejdph shuihfw Qdvk htxloleulxp sd|r�v ri wkh

fulph h�ruw jdph sod|hg e| fulplqdov lq V1

Zkhq wkh srro ri fulplqdov lv ixoo| lqwhufrqqhfwhg +frpsohwh qhwzrun,/ wkh| doo h{huw wkh vdph fulph

h�ruw1 Iru dq| ri vxfk fulplqdov/ ghohwlqj rqh h{lvwlqj olqn dprxqwv wr uhfhlylqj uhodwlyho| ohvv nqrz0krz rq

wkh fulph exvlqhvv wkdq wkh uhvw ri fulplqdov/ dqg wkxv zhdnhqlqj rqhv* srvlwlrq lq wkh frpshwlwlrq iru wkh

errw|/ klwkhuwr uhfhlylqj d orzhu sd|r�1 Wkh ixoo| lqwhufrqqhfwhg qhwzrun lv wkxv sdluzlvh0vwdeoh155

Dq h{dpsoh zlwk 7 sod|huv Frqvlghu d srsxodwlrq ri q @ 7 sod|huv1 Wkh srvvleoh htxloleuld ri wkh

fulph ghflvlrq jdph/ vdwlvi|lqj wkh dgghg uhtxluhphqw wkdw wkh qhwzrun frqqhfwlqj fulplqdov eh sdluzlvh0

vwdeoh/ duh ghslfwhg lq Iljxuh 5 dv d ixqfwlrq ri z dqg !1 Ixoo +uhvs1 hpsw|, qrghv uhsuhvhqw fulplqdov +uhvs1

zrunhuv,156

55Revhuyh wkdw wklv sursrvlwlrq grhv qrw uhtxluh wkdw wkh lqlwldo judsk eh frpsohwh1 Lw vd|v wkdw/ li wkh lqgxfhg vxe0qhwzrun

lv frpsohwh/ dw wkh vxejdph shuihfw Qdvk htxloleulxp/ wklv vxe0qhwzrun lv dovr sdluzlvh vwdeoh1
56Dowhuqdwlyho|/ frqvlghu wkh iroorzlqj wkuhh0vwdjh jdph ri qhwzrun irupdwlrq dqg fulph ghflvlrq1 Lq wkh �uvw vwdjh/ djhqwv

ghflgh qrq0frrshudwlyho| zlwk zkrp wkh| zlvk wr irup olqnv wr vkduh wkhlu nqrz0krz zlwk1 Zh dvvxph wkdw olqnv duh iruphg

rqo| zkhq wkh pxwxdo frqvhqw ri wkh wzr frqfhuqhg sod|huv lv rewdlqhg1 Dw wkh hqg ri wklv �uvw vwdjh/ d qhwzrun ri olqnv lv

rewdlqhg1 Wkh vhfrqg dqg wkh wklug vwdjh wkhq fruuhvsrqg wr wkh fulph ghflvlrq jdph sod|hg rq wkh qhwzrun rxwfrph ri vwdjh

rqh1 Wkh srwhqwldo pxowlsolflw| ri wkh vxejdph shuihfw Qdvk htxloleulxp rxwfrphv iru wkh vhfrqg dqg wklug vwdjh fulph ghflvlrq

jdph fkdoohqjhv d ixoo0 hgjhg htxloleulxp dqdo|vlv ri wklv wkuhh0vwdjh jdph ri qhwzrun irupdwlrq dqg fulph ghflvlrq1 Lq wkh

sduwlfxodu fdvh zkhuh ? ' e/ wkrxjk/ wkh vhw ri vxejdph shuihfw htxloleuld wkdw vdwlvi| wkh dgghg uhtxluhphqw wkdw dq| pxwxdoo|

ehqh�fldo olqn eh iruphg dw htxloleulxp frlqflgh zlwk wkh vhw ri sdluzlvh0vwdeoh qhwzrunv lq Iljxuh 51
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Iljxuh 51 Sdluzlvh0vwdeoh qhwzrunv iru wkh fulph ghflvlrq jdph dv d ixqfwlrq ri z dqg ! iru q @ 71

Dv fdq eh vhhq lq Iljxuh 5/ lq wklv vshfl�f h{dpsoh zlwk irxu djhqwv/ pxowlsoh htxloleuld gr qrw h{lvw

dq|pruh zkhq zh doorz iru hqgrjhqrxv qhwzrun irupdwlrq1 Ri frxuvh/ zh duh qrw deoh wr jhqhudol}h wklv

uhvxow iru q djhqwv/ dsduw iru wkh fdvh ri frpsohwh lqgxfhg vxe0qhwzrunv1 Lqghhg/ dv hvwdeolvkhg lq Sursrvlwlrq

8/ doo dfwlyh fulplqdov ehlqj ixoo| lqwhufrqqhfwhg lv d sdluzlvh0vwdeoh qhwzrun iru hyhu| srvvleoh vl}h ri wkh

fulplqdo srro/ dqg wkh fulplqdo vl}h srro ghshqgv qhjdwlyho| erwk rq wkh oderu pdunhw rxwvlgh rswlrq z dqg

rq wkh ghwhuuhqfh h�ruw !1 Revhuyh krzhyhu wkdw/ lq wkh uhdo zruog/ gholqtxhqw qhwzrunv duh qrw dozd|v

hqgrjhqrxv lq wkh vhqvh gh�qhg khuh exw duh udwkhu wkh rxwfrph ri eurdghu vrfldol}dwlrq surfhvvhv1 Iru

h{dpsoh/ uhihuulqj wr whhqdjhu fulplqdo qhwzrunv/ Kd|qlh +5334, dujxhv wkdw �fkloguhq dqg dgrohvfhqwv gr

qrw kdyh dv pxfk frqwuro2iuhhgrp lq vhohfwlqj wkhlu iulhqgv1 Wklv lv ehfdxvh wkh qxpehu dqg w|sh ri qhwzrunv

rshq wr wkhp duh olplwhg e| pdq| idfwruv lqfoxglqj djh/ jhqghu/ fxowxudo dqg vrflrhfrqrplf idfwruv1�

� "���������

Wkh dlp ri wklv sdshu lv wr surylgh d wkhruhwlfdo iudphzrun wkdw h{sodlqv wkh revhuyhg gl�huhqfhv lq fulph

udwhv dfurvv orfdwlrqv glvsod|lqj rwkhuzlvh lghqwlfdo hfrqrplf ixqgdphqwdov1 Iru wkdw/ zh kdyh ghyhorshg

d prgho lq zklfk gholqtxhqwv frpshwh zlwk hdfk rwkhu lq fulplqdo dfwlylwlhv exw pd| ehqh�w iurp ehlqj

iulhqgv zlwk rwkhu fulplqdov e| ohduqlqj dqg dftxlulqj surshu nqrz0krz rq wkh fulph exvlqhvv1 E| wdnlqj

wkh vrfldo qhwzrun frqqhfwlqj djhqwv dv jlyhq/ zh kdyh vwxglhg wkh vxejdph shuihfw Qdvk htxloleuld ri wklv

jdph lq zklfk lqglylgxdov ghflgh �uvw wr zrun ru wr ehfrph d fulplqdo dqg wkhq wkh fulph h�ruw surylghg li
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fulplqdov1 Zh kdyh vkrzhg wkdw wklv jdph dozd|v kdv d sxuh vwudwhj| vxejdph shuihfw Qdvk htxloleulxp wkdw

zh fkdudfwhul}h1 H{ dqwh lghqwlfdo lqglylgxdov frqqhfwhg wkurxjk d qhwzrun fdq hqg xs zlwk yhu| gl�huhqw

htxloleulxp rxwfrphv= hlwkhu hpsor|hg/ ru lvrodwhg fulplqdo ru fulplqdov lq qhwzrunv1

Zh kdyh dovr vkrzhg wkdw pxowlsoh htxloleuld zlwk gl�huhqw qxpehu ri dfwlyh fulplqdov dqg ohyhov ri

lqyroyhphqw lq fulph dfwlylwlhv pd| frh{lvw1 Wklv pxowlsolflw| ri htxloleuld lv gulyhq e| wkh jhrphwu| ri wkh

sdwwhuq ri olqnv frqqhfwlqj fulplqdov1 Wkhuhiruh/ dffruglqj wr rxu dqdo|vlv/ gl�huhqw orfdwlrqv zlwk wkh vdph

hfrqrplf ixqgdphqwdov qhhg qrw h{shulhqfh wkh vdph fulph ohyho zkhq wkh vrfldo duudqjhphqwv gl�hu dfurvv

wkhvh duhdv1 Zh dovr hvwdeolvk d jhqhudo qhwzrun pxowlsolhu h�hfw rq djjuhjdwh fulph ohyhov1 Rxu dssurdfk

lv jhqhudo dqg doorzv iru dv pdq| lqwhudfwlrq vwuxfwxuhv dv gl�huhqw judsk jhrphwulhv157

57Qrwh dovr wkh fhqwudo uroh sod|hg lq rxu dqdo|vlv e| wkh vxejudskv lqgxfhg rq vxevhwv ri djhqwv e| wkh ruljlqdo judsk/ dqg

wkh +srwhqwldo, pxowlsolflw| ri qhwzrun dufklwhfwxuh wkdw vxfk vxejudskv pd| glvsod|1

47



Dsshqgl{

41 H{rjhqrxv qhwzrunv

Surri ri Ohppd 4= Iluvw/ uhfdoo wkdw �l +3> h�l, @ z/ iru doo h�l1 Vxssrvh wkdw �l +hh, A z iru vrph hh1
Qhfhvvdulo|/ hhl A 31 Wkhq/ �l +hh, @ gl +hh> !> j, @ +4� !,hhl+4�Sm5Q hhm,� !hhlSm5Q +4� jlm,hhm A z1 Jlyhq

wkdw erwk +4� !,hhl � 3 dqg �!hhlSm5Q +4� jlm,hhm � 3/ qhfhvvdulo| 4 �Sm5Q hhm ? 3/ zklfk lpsolhv wkdw

|l +hh, ? 31

Surri ri Sursrvlwlrq 4= Zh vsolw wkh surri lq wkh wzr iroorzlqj ohppdwd1

Ohppd 5 Wkhuh h{lvwv d �qlwh vhw ] 5 LU vxfk wkdw/ iru doo ! 5 +3> 4, q] dqg doo qhwzrunv j/ wkh vhw ri

Qdvk htxloleuld lq sxuh vwudwhjlhv ri �
�
+!> j, h{lvwv dqg lv xqltxh1

Surri1 Wdnlqj �uvw rughu frqglwlrqv ohdgv wr wkh iroorzlqj ehvw0uhvsrqvh ixqfwlrqv=

EUl +h�l, @
4

5

574�[
m 9@l

hm � !
[
m 9@l

+4� jlm, hm

68 > l 5 Q 1

Wkh htxloleulxp sur�ohv h� ri �� +!> j, duh wkh vroxwlrqv wr EUl

�
h�
�l

�
@ h�l / l 5 Q 1 Zh rewdlq d olqhdu v|vwhp

ri q htxdwlrqv zlwk q xqnqrzqv=

5hl .
[
m 9@l

+4� !jlm, hm @ 4� !> l 5 Q +7,

wkdw zh fdq zulwh lq pdwul{ irup P +!> j, � h @ +4� !,4q/ zkhuh pll @ 5/ plm @ 4� !jlm iru doo l 9@ m dqg

4
W
q @ +4> = = = > 4,/ zkhuh 4Wq lv wkh wudqvsrvh ri 4q1 Ghqrwh e| ghw +P +!> j,, wkh ghwhuplqdqw ri P +!> j,1 Zh

vkrz wkdw wkhuh h{lvwv vrph �qlwh vhw ] 5 LU vxfk wkdw ghw +P +!> j,, 9@ 3/ iru doo ! @5 ] dqg iru doo j rq Q 1

Frqvlghu vrph qhwzrun j1 Lw lv uhdglo| fkhfnhg wkdw ghw +P +!> j,, lv d sro|qrpldo lq ! ri ghjuhh vpdoohu

wkdq q158 Wkhuhiruh/ ghw +P +!> j,, kdv dw prvw q gl�huhqw urrwv
qh!4 +j, > = = = > h!p +j,

r
/ p � q/ vxfk wkdw

ghw

�
P
�h!l +j, > j�� @ 3 iru doo 4 � l � p1 Jlyhq wkdw wkhuh duh h{dfwo| 5

q+q�4,

5 gl�huhqw qhwzrunv j rq Q /

wkh vhw ri ydoxhv ] ri ! vxfk wkdw ghw +P +!> j,, @ 3 iru vrph j rq Q lv �qlwh/ zlwk m]m � q5
q+q�4,

5 1

Ohppd 6 Wkhuh h{lvwv d xqltxh 3 ? ! � 4 vxfk wkdw/ iru doo ! ? !/ wkh xqltxh Qdvk htxloleulxp ri �
�
+!> j,

lv vxfk wkdw h�l � 3/ iru doo l 5 Q 1

Surri1 Frqvlghu vrph qhwzrun j1 Zkhq ! @ 3/ wkh xqltxh vroxwlrq wr +5, lv vxfk wkdw h�l A 31 E|

frqwlqxlw|/ wkhuh h{lvwv 3 ? %+j, � 4 vxfk wkdw wkh vroxwlrqv wr wklv v|vwhp ri htxdwlrqv duh qrq0qhjdwlyh iru

doo ! 5 +3> %+j,,1 Ohw jQ vxfk wkdw jQlm @ 4/ iru doo l 9@ m1 Ohw ! @ plq

�
%+j, m j � jQ

�
1 E| frqvwuxfwlrq/

3 ? ! � 4 dqg wkh vroxwlrqv wr +5, duh doo qrq0qhjdwlyh iru doo j rq Q zkhqhyhu ! 5 +3> !,1

Surri ri Sursrvlwlrq 5= Zh vd| wkdw j dqg j3 duh dgmdfhqw qhwzrunv li j3qj @ ilmj iru vrph xqltxh
lm 5 Q 1 Wkhq/ e| gh�qlwlrq/ lm @5 j/ dqg j3 @ j ^ ilmj1 Ohw j dqg j3 eh wzr dgmdfhqw qhwzrunv1 Dvvxph/

zlwkrxw orvv ri jhqhudolw|/ wkdw j3qj @ i45j1 Zh vkrz wkdw
S

l5Q h�l +!> j
3
, A

S
l5Q h�l +!> j,1

58 Lqghhg/ _i| E� E�c }�� lv d sro|qrpldo ri kljkhvw ghjuhh lq � zkhq }�� ' � iru doo � �' �/ lq zklfk fdvh _i| E� E�c }�� '

E� n ��? n ? E�3 �� E� n ��?3�/ zklfk lv d sro|qrpldo lq � ri ghjuhh h{dfwo| ?1
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Wr vlpsoli| qrwdwlrqv/ ohw h�l +!> j
3
, @ h�3l dqg h�l +!> j, @ h�l / iru doo l 5 Q 1 Lq pdwul{ irup zh kdyh=

P +!> j3, � h�3 @ +4� !,4q @P +!> j, � h�3 � !

59999997

h�35

h�34

3

111

3

6::::::8 =

Suhpxowlso|lqj wr wkh ohiw e| wkh wudqvsrvh hW� ri h�/ wklv htxdolw| ehfrphv=

+4� !,
[
l5Q

h�l @ hW� �P +!> j, � h�3 � !+h�4h
�3

5 . h�34 h
�

5,=

Exw/ jlyhq wkdw P +!> j, � h� @ +4� !,4q/ wkh suhylrxv h{suhvvlrq ehfrphv=

+4� !,
[
l5Q

h�l @ +4� !,
[
l5Q

h�3l � !+h�4h
�3

5 . h�34 h
�

5,>

lpso|lqj wkdw
S

l5Q h�l
3 A

S
l5Q h�l 1

Qrz/ ohw wzr qhwzrunv j dqg j3 vxfk wkdw j � j31 Ohw ij3> = = = > jsj/ s � 4 eh d vhtxhqfh ri dgmdfhqw

qhwzrunv vxfk wkdw/ iru doo s� 4 � n � 3/ jn � jn.4/ j3 @ j/ dqg js @ j1 Dq| vxfk d vhtxhqfh h{lvwv iru dq|

wzr qhvwhg qhwzrunv1 Lwhudwlqj wkh lqhtxdolw| udqnlqj ri djjuhjdwh fulph dfurvv sdluv ri dgmdfhqw qhwzrunv

lpsolhv wkh ghvluhg uhvxow1

Surri ri Fruroodu| 4= Li wkhuh h{lvwv vrph V � Q vxfk wkdw p +!> V, Ap+!> V, � 3/ wkhq Sursrvlwlrq

4 dssolhv1 Rwkhuzlvh/ doo djhqwv zrunlqj lv d vxejdph shuihfw Qdvk htxloleulxp1

H{dpsoh zlwk q @ 7 djhqwv orfdwhg rq d flufoh= Ohw Q @ i4> 5> 6> 7j1 Iru doo vxevhw V � Q ri djhqwv/

ohw h� +j +V,, ghqrwh wkh vxejdph shuihfw Qdvk htxloleulxp sur�oh zkhuh rqo| djhqwv lq V duh fulplqdov/ zkloh

djhqwv lq QqV duh zrunhuv1 Wkh qhwzrun frqqhfwlqj fulplqdov lv wkhq j +V,/ wkdw lv/ wkh qhwzrun lqgxfhg e|

j rq V1 Vshfldol}lqj dqg vroylqj wkh htxloleulxp htxdwlrqv +5, ri �� +!> j3, iru doo lqgxfhg qhwzrun j3 � j/

zh rewdlq wkh iroorzlqj htxloleulxp h�ruw ohyhov=

Qhwzrun j3 j j +4> 5> 6, j +4> 6, j +4> 5, j +4, j +>,
h�4 +!> j

3
,

4�!
8�5!

4�!5

7.7!�5!5
4�!
6

4�!
6�!

4�!
5

3

h�5 +!> j
3
,

4�!
8�5!

+4.5!,+4�!,

7.7!�5!5
3

4�!
6�!

3 3

h�6 +!> j
3
,

4�!
8�5!

4�!5

7.7!�5!5
4�!
6

3 3 3

h�7 +!> j
3
,

4�!
8�5!

3 3 3 3 3

Vlpsoh dojheud vkrzv wkdw h�4 +j +4,, A h�4 +j +4> 5,, A h�4 +j +4> 6,, A h�4 +j +4> 5> 6,, A h�4 +j,1 Dovr/

h�5 +j +4> 5> 6,, A h�4 +j +4> 6,, lv htxlydohqw wr 5!5 . 5! � 4 A 31 Wklv sro|qrpldo ri rughu wzr lq ! kdv

h{dfwo| rqh urrw h! @

�s
6� 4

�
@5 frqwdlqhg lq +3> 4,/ dqg wkh lqhtxdolw| krogv li dqg rqo| li ! A h!1

Zh wkxv kdyh wkh iroorzlqj lqhtxdolwlhv=+
h�4 +j +4,, A h�4 +j +4> 5,, A h�4 +j +4> 6,, A h�5 +j +4> 5> 6,, A h�4 +j +4> 5> 6,, A h�4 +j, / li 3 ? ! ? h!
h�4 +j +4,, A h�4 +j +4> 5,, A h�5 +j +4> 5> 6,, A h�4 +j +4> 6,, A h�4 +j +4> 5> 6,, A h�4 +j, / li

h! ? ! ? 4
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iru vrph xqltxho| gh�qhg h! 5 +3> 4,1 Iurp wkhvh lqhtxdolwlhv/ zh ghgxfh wkh iroorzlqj=

Htxloleulxp qhwzrun j j+4> 5> 6, j+4> 6, j+4> 5, j+4, j+>,
Xsshu erxqg iru

s
z 4�!

8�5!
4�!5

7.7!�5!5
4�!
6

4�!
6�!

4�!
5

.4
Orzhu erxqg iru

s
z 3

4�!
8�5!

+4.5!,+4�!,

7.7!�5!5
4�!5

7.7!�5!5
4�!
6�!

4�!
5

Surri ri Sursrvlwlrq 7= E| ohwwlqj h�l +!> j+V,, @ h�m +!> j+V,,/ iru doo l> m 5 V dqg vshfldol}lqj lqwr +5,/

zh jhw wkh ghvluhg uhvxow1

51 Hqgrjhqrxv qhwzrunv

Surri ri Sursrvlwlrq 8= Ohw V eh wkh vhw ri dfwlyh fulplqdov1 Vxssrvh wkdw j+V, @ jV 1 Wkhq/ wkh

lqglylgxdo fulph h�ruw ohyho dw htxloleulxp lv=

��l +j
V
, @

4� !

5 . +mVm � 4,+4� !,
/ iru doo l 5 V=

Vxssrvh qrz wkdw sod|hu l fxwv vrph ri wkh h{lvwlqj olqnv lm lq jV 1 Wkh uhvxowlqj qhwzrun lv jV � lm1

Vroylqj htxdwlrqv +5, |lhogv wkh iroorzlqj htxloleulxp sd|r�v iru fulplqdo l lq wkh srro V frqqhfwhg e| jV�lm=

��l +j
V � lm, @

+4� !,+4 . !,

9 . 6+mVm � 6,+4� !,� 5+mVm � 5,+4� !,5
1

Wkhq/ ��l +j
V
, � ��l +j

V � lm, lv htxlydohqw wr

i+!, @ +6 mVm � 8,+4� !,5 � +6 mVm � 44,+4� !,� 9 � 3=

Jlyhq wkdw i 33+!, A 3/ i+3, @ 3 dqg i+4, ? 3/ wklv lv wuxh1

Hqgrjhqrxv qhwzrunv zlwk q @ 7 djhqwv= Iru hdfk qhwzrun frq�jxudwlrq rq Q @ i4> 5> 6> 7j/ zh
vshfldol}h dqg vroyh iru wkh htxloleulxp htxdwlrqv +7,1 Zh dqdo|}h vhsdudwho| wkuhh fdvhv zlwk/ uhvshfwlyho|/

wzr/ wkuhh dqg irxu fulplqdov1 Iru hdfk fdvh/ zh hvwdeolvk wkh vhtxhqfh ri lpsurylqj qhwzrunv j $ j3/ zkhuh

j3 lpsuryhv xsrq j li hlwkhu +d, wzr djhqwv l dqg m lq j vxfk wkdw lm @5 j pxwxdoo| jdlq e| olqnlqj hdfk rwkhu/

dqg j3 @ j ^ ilmj/ ru +e, rqh sod|hu lq j xqlodwhudoo| jdlqv e| vhfhglqj vrph h{lvwlqj olqnv lm4> = = = lmp 5 j/

dqg j3 @ jq ilm4> = = = > lmpj1
Wzr fulplqdov= Iru doo ! 5 +3> 4,/ zh kdyh=

�



�



$ �



�



Wkuhh fulplqdov= Iru doo ! 5 +3> 4,/ zh kdyh=







�



$ 





�



$ 





�



$ 





�



aa

4:



Irxu fulplqdov= Iru doo ! 5 +3> 4,/ zh kdyh=
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aa%%
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aa
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Jlyhq wkh suhylrxv vhtxhqfhv ri lpsurylqj sdwkv/ zh fdq uhvwulfw wr wkh iroorzlqj qhwzrun frq�jxudwlrqv

iru wkh htxloleulxp dqdo|vlv ri wkh wzr0vwdjh jdph/ iru zklfk zh frpsxwh wkh htxloleulxp fulph h�ruw ohyhov

+h�4> = = = > h
�

7,=


4


5


7


6

aa%% 





�



aa �



�



�



�
�

�
�

�
�

h�4
4�!
8�6!

4�!
7�5!

3 3 3

h�5
4�!
8�6!

4�!
7�5!

4�!
6�!

4�!
5

3

h�6
4�!
8�6!

4�!
7�5!

4�!
6�!

3 3

h�7
4�!
8�6!

3 3 3 3

Sdluzlvh0frpsdulvrqv ri sd|r�v ohdgv wr wkh iroorzlqj lqhtxdolwlhv=

4� !

5
A

4� !

6� !
A

4� !

7� 5!
A

4� !

8� 7!
A

4� !

8� 6!
/ iru doo ! 5 +3> 4,

iurp zklfk zh ghgxfh wkh sdluzlvh0vxejdph shuihfw Qdvk htxloleulxp qhwzrunv zkhq p A
s
z �p/ iru wkh

iroorzlqj xsshu dqg orzhu erxqgv rq
s
z=













aa%% 
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aa �
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�
�

�
�

�
�

p 4�!
8�6!

4�!
7�5!

4�!
6�!

4�!
5

.4
p 3

4�!
8�6!

4�!
7�5!

4�!
6�!

4�!
5

4;
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^4` Dnhuv/ U1O1/ Vrfldo Ohduqlqj dqg Vrfldo Vwuxfwxuh= D Jhqhudo Wkhru| ri Fulph dqg Ghyldqfh +Ervwrq=

Qruwkhdvwhuq Xqlyhuvlw| Suhvv/ 4<<;,1

^5` Ed|hu/ S1/ Slqwr�/ U1 dqg G1 Sr}hq/ �Exloglqj Fulplqdo Fdslwdo Ehklqg Eduv= Vrfldo Ohduqlqj lq Mxyhqloh

Fruuhfwlrqv/� Xqsxeolvkhg pdqxvfulsw/ \doh Xqlyhuvlw|/ 53361

^6` Ehfnhu/ J1/ �Fulph dqg Sxqlvkphqw= Dq Hfrqrplf Dssurdfk/� Mrxuqdo ri Srolwlfdo Hfrqrp| :9 +4<9;,/

49<054:1

^7` Exughww/ N1/ Odjrv/ U1 dqg U1 Zuljkw/ �Fulph/ Lqhtxdolw| dqg Xqhpsor|phqw/ Dphulfdq Hfrqrplf

Uhylhz <6 +5336,/ 4:9704:::1

^8` Exughww/ N1/ Odjrv/ U1 dqg U1 Zuljkw/ �Dq Rq0wkh0Mre Vhdufk Prgho ri Xqhpsor|phqw/ Lqhtxdolw| dqg

Fulph/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ +5337,/ iruwkfrplqj1

^9` Fdoyö0Duphqjro/ D1/ �Mre Frqwdfw Qhwzrunv/� Mrxuqdo ri Hfrqrplf Wkhru| +5337,/ iruwkfrplqj1

^:` Fdoyö0Duphqjro/ D1 dqg P1R1 Mdfnvrq/ �Wkh H�hfw ri Vrfldo Qhwzrunv rq Hpsor|phqw dqg Lqhtxdolw|/�

Dphulfdq Hfrqrplf Uhylhz +5337d,/ iruwkfrplqj1

^;` Fdoyö0Duphqjro/ D1 dqg P1R1 Mdfnvrq/ �Qhwzrunv lq Oderu Pdunhwv= Zdjh G|qdplfv dqg Lqhtxdolw|/�

plphr/ Fdoliruqld Lqvwlwxwh ri Whfkqrorj|/ 5337e1

^<` Fdoyö0Duphqjro/ D1/ Yhuglhu/ W1 dqg \1 ]hqrx/ �Vwurqj dqg Zhdn Wlhv lq Hpsor|phqw dqg Fulph/�

Xqsxeolvkhg pdqxvfulsw/ Xqlyhuvlw| ri Vrxwkdpswrq/ 53371

^43` Fdvh/ D1F1 dqg O1I1 Ndw}/ �Wkh Frpsdq| |rx Nhhs= Wkh H�hfwv ri Idplo| dqg Qhljkerukrrg rq

Glvdgydqwdjhg \rxwkv/� QEHU Zrunlqj Sdshu Qr1 6:38/ 4<<41

^44` Fkhq/ P1N1 dqg M1P1 Vkdslur/ �Grhv Sulvrq Kdughq LqpdwhvB D Glvfrqwlqxlw|0Edvhg Dssurdfk/�

Xqsxeolvkhg pdqxvfulsw/ Kdydug Xqlyhuvlw|/ 53361

^45` Jodhvhu/ H1O1 Vdfhugrwh/ E1/ dqg M1 Vfkhlqnpdq/ �Fulph dqg Vrfldo Lqwhudfwlrqv/� Txduwhuo| Mrxuqdo ri

Hfrqrplfv 444 +4<<9,/ 83;087;1

^46` Kd|qlh/ G1O1 �Gholqtxhqw Shhuv Uhylvlwhg= Grhv Qhwzrun Vwuxfwxuh PdwwhuB/� Dphulfdq Mrxuqdo ri

Vrflrorj| 439 +5334,/ 43460438:1

^47` Kxdqj/ F0F1/ Odlqj/ G1 dqg S1 Zdqj/ �Fulph dqg Sryhuw|= D Vhdufk0Wkhrulf Dssurdfk/� Lqwhuqdwlrqdo

Hfrqrplf Uhylhz/ +5337,/ iruwkfrplqj1

^48` 
Lpurkrur�jox/ D1/ Phuor/ D1 dqg S1 Uxshuw/ �Rq wkh Srolwlfdo Hfrqrp| ri Lqfrph Uhglvwulexwlrq dqg

Fulph/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz 74 +5333,/ 40581

^49` Mdfnvrq/ P1R1 dqg D1 Zdwwv/ �Wkh Hyroxwlrq ri Vrfldo dqg Hfrqrplf Qhwzrunv/� Mrxuqdo ri Hfrqrplf

Wkhru| 439 +5335,/ 59805<81

^4:` Mdfnvrq/ P1R1 dqg D1 Zrolqvn|/ �D Vwudwhjlf Prgho ri Vrfldo dqg Hfrqrplf Qhwzrunv/� Mrxuqdo ri

Hfrqrplf Wkhru| :4 +4<<9,/ 77�:71

4<



^4;` Orfkqhu/ O1/ �Hgxfdwlrq/ Zrun/ dqg Fulph= Wkhru| dqg Hylghqfh/� Xqsxeolvkhg pdqxvfulsw/ Xqlyhuvlw|

ri Urfkhvwhu/ 53351

^4<` Oxgzlj/ M1/ Gxqfdq/ J1M1 dqg S1 Kluvfk�hog/ �Xuedq Sryhuw| dqg Mxyhqloh Fulph= Hylghqfh iurp d

Udqgrpl}hg Krxvlqj0Prelolw| H{shulphqw/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 449 +5334,/ 98809:<1

^53` Vdk/ U1/ �Vrfldo Rvprvlv dqg Sdwwhuqv ri Fulph/� Mrxuqdo ri Srolwlfdo Hfrqrp| << +4<<4,/ 45:5045<81

^54` Vduqhfnl/ M1/ Gholqtxhqw Qhwzrunv= \rxwk Fr0R�hqglqj lq Vwrfnkrop +Fdpeulgjh= Fdpeulgjh Xqlyhu0

vlw| Suhvv/ 5334,1

^55` Vkdz/ F1 dqg K1 PfNd|/ Mxyhqloh Gholqtxhqf| dqg Xuedq Duhdv +Fklfdjr= Xqlyhuvlw| ri Fklfdjr Suhvv/

4<75,1

^56` Vxwkhuodqg/ H1K1/ Sulqflsohv ri Fulplqrorj|/ irxuwk hglwlrq/ +Fklfdjr= M1E1 Olsslqfrww/ 4<7:,1

^57` Wkruqehuu|/ W1S1/ Nurkq/ P1G1/ Ol}rwwh/ D1M1/ Vplwk/ F1D1 dqg N1 Wrelq/ Jdqjv dqg Gholqtxhqf| lq

Ghyhorsphqwdo Shuvshfwlyh +Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv/ 5336,1

^58` Yhuglhu/ W1 dqg \1 ]hqrx/ �Udfldo Eholhiv/ Orfdwlrq dqg wkh Fdxvhv ri Fulph/� Lqwhuqdwlrqdo Hfrqrplf

Uhylhz +5337,/ iruwkfrplqj1

^59` Zduu/ P1/ Frpsdqlrqv lq Fulph= Wkh Vrfldo Dvshfwv ri Fulplqdo Frqgxfw +Fdpeulgjh= Fdpeulgjh

Xqlyhuvlw| Suhvv/ 5335,1
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