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Abstract

Income inequality, bipolarization, and polarization more generally are critical issues
that have drawn the attention of economists, policymakers, and social scientists. While
related, these phenomena present important conceptual differences. This paper stud-
ies the role of nonlinear income taxation as a mechanism for income inequality re-
duction and depolarization. We introduce a novel and intuitive variance-sensitive ax-
iom defined on perfectly bimodal income distributions, an axiom that serves as the
basis for the definition of a social preorder, which is used as the main normative cri-
terion for the evaluation of income distributions and encompasses various inequality
and (bi)polarization measures. In an endogenous income framework, we fully character-
ize the conditions under which income tax schedules effectively reduce income inequal-
ity and (bi)polarization, as measured by a wide range of metrics. We show that such
tax schedules are necessarily progressive and characterize subsets of tax policies that
simultaneously achieve a universal reduction in inequality and (bi)polarization. These
results underscore the critical role of progressive taxation in mitigating economic dis-
parities and fostering a more balanced economic landscape.
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1 Introduction

The study of income inequality and polarization has garnered significant attention from
economists, policymakers, and social scientists alike. While both phenomena relate to the
distribution of income and are perceived as being normatively regrettable, there are con-
ceptual differences between them. Inequality refers to the overall uneven distribution of
resources among individuals or groups and is typically measured by Lorenz-consistent met-
rics (Lambert, 2002; Chakravarty, 2009, 2015; Cowell, 2011; Myles, 2012). Bipolarization,
on the other hand, is concerned with the emergence of two distinct groups with a dimin-
ishing middle class, reflecting a growing divide between the rich and poor (Chakravarty,
2015). Finally, polarization encompasses a broader phenomenon where society fragments
into multiple distinct clusters or extremes, not limited to just two groups, leading to multi-
polar social and political division (Esteban and Ray, 1994; Duclos et al., 2004). Thus, while
inequality focuses on general disparities, bipolarization points to the erosion of the middle
class, and polarization measures the clustering around various extremes. Each phenomenon
poses unique challenges to societal cohesion and stability.

This paper investigates the relationship between equality and depolarization and the
progressivity of tax schedules. By examining the theoretical foundations of inequality and
polarization measurement, we seek to characterize the conditions under which tax sched-
ules can effectively reduce income inequality and polarization.

We work with broadly defined social preorders subsuming a wide variety of inequality
or polarization measures. A critical contribution of our analysis is Axiom 1, which compares
perfectly bimodal income distributions—distributions that are split into two distinct income
groups. Axiom 1 only requires a social preorder to identify increases in the spread between
two income groups. This axiom is satisfied by any social preorder based on the Lorenz cri-
terion (Proposition 1). Combined with standard notions of invariance, Axiom 1 implies that,
for any social preorder, order-reducing income taxation must exhibit increasing marginal
tax rates on income (Theorem 1).

Next, we introduce the concepts of inequality, bipolarization, and polarization. We define
inequality (resp., bipolarization) as a social preorder satisfying the Transfer Principle (resp.,
the Increased Spread and Increased Bipolarity axioms). Our measure of polarization is
based on the index of Esteban and Ray (1994).

Inequality, bipolarization, and polarization preorders satisfy Axiom 1 (Proposition 2-
Proposition 4).

Building on these results, we provide a normative rationale for progressivity based on
principles of equality and depolarization. We frame our analysis within the classical Mir-
rlees (1971) model, which provides a robust foundation for the study of nonlinear income
taxation with endogenous labor supply. We restrict our focus to continuous, piecewise lin-
ear tax schedules that maintain the ranking of pre-tax incomes, allowing for both subsidies
(negative taxes) and an unrestricted range of marginal tax rates.

We show that, even though inequality, bipolarization, and polarization are fundament-
ally different concepts, a unified foundation for tax progressivity, consistent across various
metrics, can be obtained. First, a reduction in inequality, bipolarization, or polarization
can only be achieved by means of marginal-rate progressive taxation. Secondly, taxes are
progressive if and only if they are inequality-reducing if and only if they are bipolarization-
reducing, while the same is true for polarization when we restrict attention to linear tax
schedules or when we require tax schedules to be polarization-reducing for any population
size.



Our results highlight the critical role of tax progressivity in the design of tax policies that
effectively and simultaneously reduce income inequality, bipolarization, and polarization,
contributing to a broader discourse on equitable economic policy.

The relationship between income inequality and taxation has been extensively examined
in the economic literature. The seminal contributions of Jakobsson (1976), Fellman (1976),
and Kakwani (1977) established the foundational principle that average-rate progressive
income taxes are necessary and sufficient for a post-tax income distribution to Lorenz dom-
inate, in the relative sense, any pre-tax income distribution.! In recent years, this result
has been extended to accommodate the endogenous nature of income. Carbonell-Nicolau
and Llavador (2018, 2021a) demonstrated that marginal-rate progressivity—i.e., increasing
marginal tax rates on income—fully characterizes, under general conditions on preferences,
the inequality-reducing principle based on the relative Lorenz dominance criterion. That
is, there exists a general class of utility functions for which income taxes are inequality-
reducing if and only if they are marginal-rate progressive.

Bipolarization, at least since the 1990s, has been viewed as being intimately related
to the size of the middle class (Wolfson, 1994; Deutsch et al., 2013).2 According to Wolfson
(1994), a more bipolarized income distribution is one that is more spread out from the middle
so that there are fewer individuals with middle-level incomes. Usually, this spreading out
goes hand in hand with a tendency towards bimodality. This is because a smaller middle
class is associated with greater separateness of the bottom and top halves of the income dis-
tribution and with greater distances between groups. Our analysis identifies the conditions
under which tax policies can effectively reduce bipolarization, emphasizing the importance
of progressive taxation in creating a more balanced economic landscape. These results ex-
tend the analysis in Carbonell-Nicolau and Llavador (2021b) by broadening the scope of the
equivalence between inequality and bipolarization-reducing taxation to absolute and relat-
ive bipolarization measures satisfying the basic Increased Spread and Increased Bipolarity
axioms.

Conceptually, polarization does not necessarily capture the size of the middle class and is
distinct from the notion of bipolarization.? The literature on polarization is closely linked to
the literature on conflict (Reynal-Querol, 2002; Montalvo and Reynal-Querol, 2005; Esteban
et al., 2012), and the measures of polarization set forth in the literature (such as those in
Esteban and Ray (1994) and Duclos, Esteban and Ray (2004)) rely on the concepts of identi-
fication and alienation. Members of each cluster feel a stronger sense of identification with
their group the larger the share of the population it represents, while the perceived aliena-
tion from other groups increases with the distance between groups. Polarization increases
with both identification and alienation.

Our results are valid for a wide array of measures from the literature on inequality
and (bi)polarization. We find that, despite their fundamental differences, these measures
share a good deal of common ground when it comes to the distributional effects of nonlinear
income taxation.

1Most of the extensions of the seminal Jakobsson-Fellman-Kakwani result are framed in terms of exogenous
income (see, e.g., Hemming and Keen (1983); Eichhorn et al. (1984); Liu (1985); Formby et al. (1986); Thon
(1987); Latham (1988); Thistle (1988); Moyes (1988, 1994); Le Breton et al. (1996); Ebert and Moyes (2000);
Ju and Moreno-Ternero (2008)). The first papers introducing the disincentive effects of taxation tended to
emphasize negative results (Allingham, 1979; Onrubia et al., 2005; Ebert and Moyes, 2003, 2007).

2In fact, the literature on bipolarization developed hand in hand with the continuous decline in the size of
the middle class in the US and the UK since the 1980s (Wolfson, 1994; Jenkins, 1995).

3For a detailed comparison of polarization measures, see Esteban and Ray (2012), Duclos and Taptué (2015)
and Chakravarty (2009, 2015)



The paper is structured as follows. Section 2 introduces the main framework of analysis:
the concept of a social preorder, Axiom 1, and two notions of invariance; and it provides the
definition of a tax schedule and the notions of progressivity and order-reducing taxation.
Section 3 states some key results, whose implications for income inequality, bipolarization,
and polarization preorders are presented in Section 4, Section 5, and Section 6, respectively.
Finally, Section 7 concisely summarizes the main results and outlines potential avenues for
future research.

2 The Model

2.1 Social preorders

This section introduces the concept of a social preorder for the comparison of income distri-
butions. A social preorder is a general concept representing an incomplete binary relation
defined over the set of income distributions. It ranks certain income distributions according
to the degree of divergence between two income groups. We will show that a wide range of
inequality and polarization measures are particular instances of social preorders.

In this section, we introduce some terminology and several concepts, including the main
axiom that allows us to formally define a social preorder.

An income distribution is a vector z = (z1,...,2,) in R}, with its coordinates arranged
in increasing order, i.e., z1 < --- < z,; here, for each i, z; represents the income of individual
i, and n is a fixed but otherwise arbitrary, even natural number representing the size of the
population.* The set of all income distributions is denoted by Z,.

Let =< Z, x Z, represent a binary relation on -Z,. We are interested in binary relations
that measure income dispersion or spread in a very weak sense. We propose the following
axiom based on the comparison of perfectly bimodal income distributions.

An income distribution z =(z1,...,2,) in Z, is said to be perfectly bimodal if

é::z].:"':Z% <Z%+1 =-=2pn =:z.
We sometimes denote z by (z,z), which is a slight abuse of notation.

Axiom 1 (majorization by bigger-spread perfectly bimodal distributions). Let >= be a binary
relation on Z,,. Suppose that (x,x) and (y,y) are perfectly bimodal income distributions with
the same total income. Then

(1,7 EB=>y-y=x—x

We now introduce the notion of a social preorder.’

Definition 1. A social preorder is a reflexive and transitive binary relation on Z, satis-
fying Axiom 1.

The asymmetric and symmetric parts of = are denoted by > and ~, respectively.

Social preorders are not necessarily complete. They measure income divergence or
spread between two income groups: “z = 2’” means that “the perfectly bimodal income dis-
tribution z is more spread out than 2’.” Observe that the ranking induced by = involves no
welfare comparison between income distributions in the standard neoclassical sense.

The preorder induced by the Lorenz dominance relation is a particular example of a
social preorder. Indeed, Axiom 1 is weaker than the Lorenz criterion, which is formally

defined next.

4We omit the analysis for the case when n is odd, which is similar but requires its own separate terminology.
5To aid reader comprehension, Appendix A contains a full list of terminologies for the various preorders
introduced throughout the paper.



Definition 2. Given two income distributions z = (z1,...,z,) and 2’ = (2,...,2),), 2’ =g 2 if
and only if z Lorenz dominates 2z’ in the relative sense, that is, if

2:1 121 E:l 1 i
n = \n [
i=1%i Lzlzl

forall ke{1,...,n}.

The notion of absolute Lorenz dominance can be found in Moyes (1988).

Definition 3. Given two income distributions z = (z1,...,2,) and 2’ = (2},...,2},) with z,,z}, >
0, 2’ =47, z if and only if 2 Lorenz dominates 2z’ in the absolute sense, that is, if

k n k n
Zzi— Zzi = Zzg— Zz;, for all k €{1,...,n}.
i=1 i=1 i=1 i=1

Proposition 1. The preorder =gy, (resp., =a1) on Z, satisfies Axiom 1.

Proof. Suppose that (x,x) and (y y) are perfectly bimodal income distributions with the
same total income (y+y x+x). Suppose further that (y y) =rL (x,%) (resp., (y ¥) =ar (x,%)).
Then x = y and x <y. Therefore, y -y 2x - x, and hence Axiom 1 is satisfied. [ |

We now consider invariance properties of a social preorder. Two well-accepted invari-
ance concepts are concerned with invariance with respect to proportional changes (resp.,
translations) in income levels.

An income distribution 2’ is obtained from z € Z,, by a proportional change in incomes
if

(21,---,2,) = alz1,...,2,), for some scalar a > 0.

An income distribution 2’ € Z, is obtained from z € Z, by a translation in incomes if
2 =(z1+a,...,z,+a), for some scalar a € R.
The following notions of invariance are standard in the literature.

Scale Invariance (SI). Suppose that = is a social preorder. If 2’ is obtained from z € Z,
by a proportional change in incomes, then 2’ ~ 2.

Translation Invariance (TI). Suppose that = is a social preorder. If 2’ € Z, is obtained
from z € Z, by a translation in incomes, then 2’ ~ 2.

2.2 Tax schedules and progressivity

A tax schedule is a continuous and nondecreasing map T : R, — R that assigns to each
income level z € R, a tax liability, T'(z), and satisfies the following conditions:

e T(z)<zforeachze R,; and

* the map z— z—T(2) is nondecreasing (i.e., T' is order-preserving).

A negative tax liability represents a subsidy.
We restrict attention to the class of piecewise linear tax schedules.

Definition 4. A tax schedule T is a (K + 1)-bracket piecewise linear tax schedule if
—ag+toy if0=y,<y<y,
—ag+toyr +i1(y—y1) ify; <y=ys,
T(y):= . .
—ao+toyr+i1 (o -y + - +tk-100k —Yx-1) + k(Y —Yx) iy <y,

where a9 =0, K € Z,, t €[0,1) for each £ €{0,...,K}, t; # tr+1 whenever k €{0,...,K — 1} and
K=1,and 0=y, <---<Yyg.



A generic (K + 1)-bracket piecewise linear tax schedule is completely determined by a
tuple
((XO, t’y) = (ao’(t()’ seey tK))(yO’ 7§K))

For K € Z.,, the set of (K + 1)-bracket piecewise linear tax schedules is denoted by Ik,
and the set of all piecewise linear tax schedules in 9 is defined as

o0
g = U ffk.
K=1
A tax schedule T € J is linear if T(y) = —agy +tgy for all y € R, and some ag = 0 and
to €[0,1). Denote the set of all linear tax schedules in 9 by 97;,.

The following notion of progressivity plays a central role in the results.
Definition 5. A tax schedule T' € 9 is marginal-rate progressive if it is a convex function.

In words, a tax schedule is marginal-rate progressive if it exhibits nondecreasing mar-
ginal tax rates on income. It is easy to see that a tax schedule T € 9 is marginal-rate
progressive only if it is average-rate progressive, but the converse assertion is not generally
true.%

The set of all marginal-rate progressive tax schedules in 9 is denoted by J7,_prog-

It will be useful to define the following subclasses of 9. Given b =0 and R <[0,1), let

T (b,R) :={(ag,t,y) €T :a9=b and ¢ € R for all k}.

In words, 9 (b,R) is the set of all piecewise linear tax schedules that endow all agents with
a subsidy of at least b and whose marginal tax rates t; (k¢ = 0,1,...) are contained in the
subset R. Note that for b =0 and R =[0,1), 9 (b,R) is simply the set of all piecewise linear
taxes, I .

The intersection I (b,R) N I p.prog Will be denoted by Tp,.prog(b,R). Likewise, the inter-
section 9 (b,R) N Ty, will be denoted by F7;,(b,R).

2.3 Endogenous income distributions

To allow for potential disincentive effects of taxation on work effort, we adopt the standard
Mirrlees model (Mirrlees, 1971). The description of the setup follows Carbonell-Nicolau and
Llavador (2021a) closely.

The utility function u : R+ x[0,1] — R, defined over consumption-labor pairs (c,l) € R x
[0,1], is assumed continuous with u(-,]) strictly increasing in ¢ for each / € [0,1) and u(c,-)
strictly decreasing in [ for each ¢ > 0. In addition, we assume that u is strictly quasiconcave
on R,; x[0,1) and twice continuously differentiable on R, x (0,1), and that there exists
I >0 such that u(c,l) > u(0) whenever ¢ > 0.7

For (c,l) e R, x(0,1), let

l
MRS(c,1) = - 41D
uC(C,l)
denote the marginal rate of substitution of labor for consumption, where
du(c,l du(c,!
ucse,l):= u(;z ) and uj(c,l):= %

6A tax schedule is average-rate progressive if it exhibits nondecreasing average tax rates on income (i.e., if
the map z — T'(2)/z is nondecreasing).

"The last assumption is only needed for consistency in the definition of a bipolarization preorder, and it
merely implies that individuals consume a positive amount.



The following assumptions will be maintained for each ¢ > 0:

lliI{I‘ MRS(c,l)=+0c0 and llir(r)1+ MRS(c,l) < +o0. (1)

The first condition states that the compensation required by an individual for an extra unit
of working time tends to infinity as the agent’s leisure time approaches zero. The second
condition is a mild finiteness condition on the marginal rate of substitution of labor for
consumption.

An ability distribution is a vector @ = (a1,...,a,) in R}, such that the coordinates in @
are arranged in increasing order, i.e., a1 <--- < a,; here, for each i, a; represents the ability
level of agent i. Let <, represent the set of all ability distributions with population size n.

An agent of ability a > 0 who chooses [/ € [0,1] units of labor and faces a tax schedule
T € 9 consumes ¢ = al — T'(al) units of the good and derives a utility of u(c,/). Thus, the
agent’s problem is

max u(al —T(al),l). (2)
le[0,1]

A solution functionis amap [* : R, x9 — [0, 1] such that [“(a,T) is a solution to (2) for each
(a,T)eRi+ xT . A solution function [* induces pre-tax and post-tax income functions
y“:Riy xT - Ry and 2% : R, x9 — R, respectively, defined by

y4(a,T):=al*(a,T) and x“(a,T):=al“(a,T)-T(al“(a,T)).

We write y“(a,0) and x*(a,0) to denote, respectively, the pre-tax and post-tax incomes of an
a-type in the absence of taxation, i.e., when the tax schedule is identically zero (7' = 0).
Given a >0, let U?: R; x[0,a] — R be defined by U%(c,y) := u(c, y/a). For (¢c,y,a) € IR:’;+

with y < a, define
aU“(c,y)/aU“(c,y)
oy oc '

ﬂa(C,y) =

The following is the standard agent monotonicity condition introduced by Mirrlees (1971)
(see also Seade (1982) and Myles (1995, p. 136)).

Definition 6. A utility function satisfies agent monotonicity if n°(c,y) > na,(c, y) for each
(c,y)€R? and 0 <a <a' with y<a.®

The set of utility functions satisfying the conditions in (1) and agent monotonicity is
denoted by %. This domain contains the standard utility functions used in the literature
(see Carbonell-Nicolau and Llavador, 2018).

For each (a,b) € R;+ x R, consider the problem

max u(al +b,1). (3)
1€[0,1]

This is the problem faced by an a-agent who receives a subsidy b. Since u is strictly
quasiconcave on R, x[0,1), for each (a,b) € R,; x Ry, there is a unique solution [“(a,b)
to (3). For given b = 0, the derivative of the map a — [“(a,b) exists for all but at most one
a >0 (see Carbonell-Nicolau and Llavador (2018)).

8Mirrlees (1971) uses the weak version of this monotonicity condition (i.e., n%(c,y) = n“’(c,y) for each (c,y) €
R? and 0 < a < a’ with y < a). All our results, except for Theorem 7, remain intact under the weaker condition.



3 Order-reducing taxation

The focus of this paper is on the characterization of tax structures inducing order-reducing
post-tax income distributions, relative to the taxless distribution, with respect to a social
preorder.

Definition 7. Given u € % and a social preorder >=, a tax schedule T' € J is (=, u)-reducing
with respect to (=,u), denoted by (>=,u)-r, if

(y“(a1,0),...,ya,,0) = (x“(a1,T),...,x“an,,T))

for every ability distribution (a1,...,a,) € &, and every pre-tax and post-tax income func-
tions y* and x“.

For u € %, the set of all (>=,u)-r tax schedules in . is denoted by J(. y,).r.

Our first result states that, for any invariant social preorder, order-reducing tax sched-
ules must necessarily be marginal-rate progressive.

Theorem 1. For u € %% and a social preorder = satisfying either SI or TI,
g?k,u)-r = g-m-prog-

We use the following lemmas, whose proofs are relegated to Appendix B, to prove the
theorem. The first two lemmas show that if a social preorder satisfies SI (resp. TI), then (=
,u)-r tax schedules are inequality-reducing according to the relative (resp. absolute) Lorenz
criterion. The third lemma provides a way to check whether tax schedules are inequality-
reducing with respect to the absolute Lorenz criterion.

Lemma 1. For u € % and a social preorder = satisfying SI, I (- u).r S T(rpy,u)-r-

Lemma 2. For u € % and a social preorder = satisfying T1, I ,).r S

>

N

FAL>U)T

Lemma 3. For u € %, a tax schedule T € 9 is (>=ar,,u)-r if and only if, for any pre-tax and
post-tax income functions x* and y“,

y*“(a',0) - y“(a,0) = x*(a',T) - x“(a,T), whenever a' >a >0. 4)

Proof of Theorem 1. First, from Theorem 3 in Carbonell-Nicolau and Llavador (2021b),
T (err,w)r S Tm-prog- It follows from Lemma 1 that if >= satisfies SI then I(. u).r S Tim-prog-
Next, let >= satisfy TI. Because of Lemma 2, it is sufficient to show that if T' ¢ 97, ;o then
T ¢ I, u)—r- Let y* and x* be any two pre-tax and post-tax income functions. The map
a — y“(a,0) is continuous on R, while the map a — x“(a,T) is non-decreasing (Lemma 1
in Carbonell-Nicolau and Llavador, 2018) and has at least one discontinuity point (Lemma
4 in Carbonell-Nicolau and Llavador, 2018). Let a € R, be one such discontinuity point.
Then

\H

limx“(a,T) <limx“(a,T) and limy“(a,0)=1limy*“(a,0),
ala ala atla ala

implying that
limx“(a,T) - limx“(a,T) > lim y“(a,0) = lim y“(a,0) = 0.
ala ala ala ala

Hence, we can find a’ > a > 0 violating condition (4) in Lemma 3, and so T' ¢ I, )-r, as we
wanted to prove. [ ]

We have seen that marginal-rate progressivity is a necessary condition for the reduction
of income dispersion, according to a weak and appealing notion of variance. The following
sections deepen the analysis and study of inequality and polarization-based social preorders,
providing necessary and sufficient conditions.



4 Inequality and progressivity

In this section, we define inequality preorders as binary relations on Z, satisfying the trans-
fer principle and characterize inequality-reducing tax schedules for scale- and translation-
invariant inequality preorders.

A distribution 2’ is obtained from z € Z, by a progressive transfer if z' results from
a transfer of income from one individual to anyone poorer up to the point where both indi-
viduals have the same income.

A fundamental tenet in the literature on inequality is that its measurement should ad-
here to the transfer principle.’

Transfer Principle (TP) (Pigou, 1912; Dalton, 1920). Suppose that = is a social preorder.
If 2’ is obtained from z € Z,, by a progressive transfer, then z > 2’.

We define an inequality preorder as a binary relation on income distributions satisfying
the Transfer Principle.

Definition 8. An inequality preorder >-; is a binary relation on Z, satisfying TP, with
“2’ =1 2” understood as “z’ is (weakly) more unequal than z.”

Because TP is stronger than Axiom 1, we have the following result.
Proposition 2. Any inequality preorder satisfies Axiom 1.

Proof. Suppose that (x,x) and (y,y) are perfectly bimodal income distributions with the
same total income. Suppose further that ( Ys ) =1 (x,x). We must show that

y-yzx-x. (5)

This inequality is clearly true if (x,x) = (y y), so suppose that (x,x) # (y y). Then, since (x,x)
and (y,y) have the same total income, it follows that

either [x<y&x>y] or [x>y&x<yl
In the first case, (y,y) can be obtained from (x,x) by a progressive transfer, implying (by TP)
that (x,%) > (y,5), a contradiction.'® Hence,
x>y and x<Y,
which yields (5). [ |

Next, we study the inequality-reducing properties of marginal-rate progressive tax sched-
ules with respect to scale-invariant and translation-invariant inequality preorders. Our
characterization of tax progressivity exploits the fact that inequality preorders are Lorenz
consistent in the following sense.

Definition 9. Given a binary relation = on Z,, an inequality preorder ’=; is =-consistent
if the following two conditions are satisfied:

l.x~y=>x~1y.
2. x>y=>x>19.

We write “=pgr.-consistent” for relative Lorenz consistency and “>=4z-consistent” for abso-
lute Lorenz consistency.

9The anonymity principle, according to which two income distributions are in the same equivalence class
whenever one is a permutation of the other, is also widely adopted. Our treatment implicitly assumes an-
onymity since an income distribution has been defined as a vector with its coordinates arranged in increasing
order.

00bserve that (x,x) >7 (y,¥) implies that (x,%) >>1 (y,¥), which, combined with the relation (y,y) =1 (x,%),
gives (x,x) ~1 (y,¥). This contradicts the fact that (x, %) >1 (2,5).
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4.1 Scale-invariant inequality preorders

A scale-invariant inequality preorder '=g; is an inequality preorder that satisfies SI. Scale
invariance is equivalent to requiring consistency with the preorder induced by the relative
Lorenz criterion.

Lemma 4. An inequality preorder =1 satisfies Sl if and only if it is =gy, -consistent.
Proof. See Appendix C. |

Because inequality preorders are social preorders (Proposition 2), it follows from The-
orem 1 that scale-invariant, inequality-reducing tax schedules are necessarily marginal-
rate progressive. A full characterization of tax progressivity for scale-invariant inequality
preorders requires a condition on the income elasticity with respect to ability.

For (a,b)e R,y xRy, let
0(al“(a,b)+b) a

Oa .al”(a,b)+b
be the elasticity of income with respect to ability at (a,b).
For b =0 and R <[0,1), let %s;(b,R) be the set of all u € % such that

(“((1-r)a,b’) < (“(a,0), forall(a,b,r)eR s x[b,00)xR.!1 (6)

{“(a,b):=

Theorem 2. For ue %, b =0, R <[0,1), and a scale-invariant inequality preorder =gy,
[T stwrr S Tnprog) and [ Tonprog(®, R)E T gy upr & 1 € Usi(b,R))

Proof. Proposition 2 and Theorem 1 give the first containment. The bracketed equival-
ence follows from Theorem 3 in Carbonell-Nicolau and Llavador (2021b) and the fact that
T =sr,w)r = T (epr,uw)r- Lo see that T (g u)r = I (=p; ,u)r, Nnote that Proposition 2 and Lemma 1
give I (g1, u)-r € I (=pp,u)r- The containment J(._q; u).r 2 I (g, u)-r follows from Lemma 4. W

The bracketed equivalence states that the members of the set F7,,.5,0g(b, R) of all marginal-
rate progressive tax schedules in 97, 5o Whose intercept a is greater than or equal to b
and whose marginal tax rates lie in R are all inequality-reducing if and only if u € %s;(b,R),
i.e., if and only if the elasticity of income with respect to ability satisfies condition (6).

The result in Theorem 2 also holds for the preorder induced by the relative Lorenz cri-
terion.

Corollary 1 (to Theorem 2). For ue€ %, b =0, and R <[0,1),
[g-(#RL,u)-r < g-m-prog] and [g-m-prog(b,R) < gv(kRL,u)-r Suc€ %Sl(b,R)] .

Proof. The assertion follows immediately from Theorem 2 and the fact that =gy, satisfies SI
and TP. [ |

In the special case when the lower bound on the intercept ag of a tax schedule is zero
and the marginal tax rates can take values anywhere in the interval [0,1), Theorem 2 im-
mediately gives the following result, which was first proven for the relative Lorenz criterion
in Carbonell-Nicolau and Llavador (2018, Corollary 3).

Corollary 2 (to Theorem 2). For u € % and a scale-invariant inequality preorder =gy,
g-(hg],u)-r = g-m-prog ©u€s(0,[0,1)).

The reader is referred to Carbonell-Nicolau and Llavador (2021a) for applications of
Theorem 2 to the families of the CES and quasilinear utility functions.

URefer to Carbonell-Nicolau and Llavador (2021a) for an interpretation of condition (6) based on a decom-
position of the inequality in (6) into two conditions on the wage elasticity of income, each capturing different
aspects of the transition between before-tax and after-tax income distributions.
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4.2 Translation-invariant inequality preorders

Similar results can be proven for translation-invariant inequality preorders, =77, defined as
inequality preorders satisfying TI. Under translation invariance, the full characterization
of tax progressivity requires a condition on the wage elasticity of the labor supply rather
than the wage elasticity of income.

First, it follows from Theorem 1 that translation-invariant, inequality-reducing tax sched-
ules are necessarily marginal-rate progressive. Second, an inequality preorder is translation-
invariant if and only if it is absolute Lorenz consistent.

Lemma 5. An inequality preorder satisfies T1 if and only if it is =ar,-consistent.
Proof. See Appendix C. [ |

The following theorem provides the characterization of marginal-rate progressivity for
translation-invariant inequality preorders. The condition on the utility function requires
the definition of the wage elasticity of the labor supply. For (a,b) € R,; x R4, let

0l%(a,b) a
Oa [“(a,b)

&(a,b):=

be the wage elasticity of the labor supply at (a,b). For b =0 and R <[0,1), let (b,R) be
the set of all u € % such that

¥ (1-ra,b')[1+E((1-1r)a,b')]
Syu(a,O)[1+fu(a,0)], for all (a,b’,r)e R, x[b,00) xR, (7)

Now, we can state the theorem.

Theorem 3. For ue€ %, b =0, R <[0,1), and a translation-invariant inequality preorder

FTI
[gv(kﬂ,u)-r < g—m-pmg] and [g—m-pmg(b’R) ST (eppur S UE %Tl(b’R)] .

The bracketed equivalence states that the members of the set F,,.5r0g(b, R) of all marginal-
rate progressive tax schedules in 97,5, Whose intercept a is greater than or equal to b
and whose marginal tax rates lie in R are all inequality-reducing if and only if u € %77(b,R),
i.e., if and only if the wage elasticity of labor satisfies condition (7).

We use the following two lemmas, whose proofs are relegated to Appendix D, to estab-
lish Theorem 3. The two lemmas combined imply that it suffices to obtain conditions on
preferences ensuring that the linear progressive tax schedules are inequality-reducing.

Lemma 6. For u € %, b= 0, and R <[0,1), Ty prog®,R) € T, urr © Tiin(®,R) € Ty uyr-

Lemma 7. Forue%, b =0, and R <[0,1), 95;»(b,R) S I (s, u)-r © u € Ur1(b,R).

Proof of Theorem 3. Proposition 2 and Theorem 1 give the first containment. The bracketed
equivalence follows from Lemma 6, Lemma 7, and the fact that J(.,; u).r = I(=,; ,w)-r- To see
that I ;7 w)-r = (=47, w)-r» Note that Proposition 2 and Lemma 2 give I (., u)-r S T(=a7,u)-r
The containment (.., u).r 2 I(,;,u)-r follows from Lemma 5. [

The result in Theorem 3 also holds for the preorder induced by the absolute Lorenz
criterion.
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Corollary 3 (to Theorem 3). For ue %, b =0, and R <[0,1),
[LO]Z>AL,u)-r S f]-m-prog] and [f]-m-prog(b,R) - LO/-Z;AL,u)-r Suc %Tl(b ,R)] .

Proof. The assertion follows immediately Theorem 3 and the fact that =47, satisfies TT and
TP. [ |

In the special case when the lower bound on the intercept ag of a tax schedule is zero
and the marginal tax rates can take values anywhere in the interval [0,1), Theorem 3 im-
mediately gives the following equivalence.

Corollary 4 (to Theorem 3). For u € % and a translation-invariant inequality preorder =1y,

T (err,w)r = Tm-prog © U € %11(0,[0,1)).

TI

5 Bipolarization and progressivity

In this section, we define bipolarization preorders as binary relations on Z, satisfying the
increased spread and increased bipolarity axioms (Chakravarty, 2015; Foster and Wolfson,
2010). We then define relative and absolute bipolarity, in a way analogous to the formu-
lation of the relative and absolute Lorenz dominance relation. Finally, we characterize
bipolarization-reducing tax schedules for scale-invariant and translation-invariant bipolar-
ization preorders.

Prior to defining a bipolarization preorder, we need some preliminary notation.

For any z € Z,, let

zm::(z%+z%+1)/2, 2_=(21,...,2m-1), and 2z;=Cm+1,...,2n).

Let “z < 2’” mean that “z; < 2} for all i with at least one strict inequality;”'? and let “2'T2”
represent the condition that 2’ is obtained from z by a progressive transfer.
We now define the two standard axioms for bipolarization measures.

Increased Spread (IS) (Chakravarty (2015); Foster and Wolfson (2010)). Let >> be a binary
relation on Z,,. If x and y have the same median (x,, = y,,) and

[x_ =y_and y, <x;]or

[*x <y_and y, =x,]or

[x_ <y_and y, <x.], then x > y.

Increased Bipolarity (IB) (Chakravarty (2015); Foster and Wolfson (2010)). Let = be a
binary relation on Z,. If x and y have the same median (x,, = y,,) and

[y-=x_and y,.Tx,]or

[y-Tx_ and y;. =x,] or

[y_-Tx_and y,Tx,], then x > y.

Definition 10. A bipolarization preorder =g is a binary relation on Z, satisfying IS and
IB, with “2’ »=p 2” understood as “2’ is (weakly) more bipolarized than z.”

The Increased Spread axiom (IS) is stronger than Axiom 1, and so bipolarization pre-
orders are a special case of social preorders.

Proposition 3. Let = be a binary relation on Z, satisfying IS. Then = satisfies Axiom 1.

12We write “x > y” to represent the case when x; > y; for all i; “x > y” if x; = y; for all i and «x i > y; for at
least one j; and “x = y” if x; = y; for all , i.e., eitherx >y or x = y.
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Proof. Suppose that (x,x) and (y,y) are perfectly bimodal income distributions with the
same total income. Suppose further that ( Ys ) = (x,x). We must show that

y-yzx—x. (8

This inequality is clearly true if (x,x) = ( Z,}), so suppose that (x,x) # ( Z,}). Then, since (x,x)
and (y,y) have the same total income, it follows that

either [x<y&x>y] or [x>y&x<yl
In the first case, IS gives (x,x) > (Z,y), a contradiction.'® Hence,
x>y and x<Y,
which yields (8). [ |
Next, we study the bipolarization-reducing properties of marginal-rate progressive tax
schedules for scale-invariant and translation-invariant measures of bipolarization.

5.1 The relative bipolarization preorder

Given two income distributions z and 2’ in Z,,, 2’ is relatively more bipolarized than z if the
relative bipolarization curve for 2z’ does not lie below the relative bipolarization curve for
2. The relative bipolarization curve is a normalized measure of a distribution’s aggregate
deviation from the median income.

Formally, the relative bipolarization curve RB is constructed as follows (Carbonell-Nicolau
and Llavador, 2021b; Chakravarty, 2015). Given a € [0,1] and any income distribution
z € Z,, define

Y jzicm(@m —2i) ifa:%for some j € {1,..,m -1},
RB(z,a):= %stisj(zi —2Zm) ifa= % for some j € {m,...,n}, 9
1 ifa=0,
and ) 1
+ . .
RB(z,a):= ARB (z, i) +(1-)RB (z J—) ,ifa=A(L)+a-n(2), o
n n

where 1 €(0,1) and j€{0,1,...,n—1}.
Definition 11. The relative bipolarization preorder =gp is a binary relation on Z, such

that, given two income distributions z and 2z’ in Z,, 2’ ;=rg 2z—with the interpretation that

[

2’ is relatively more bipolarized than z”—if and only if
RB(z',a)=RB(z,a), for all a€[0,1].
Observe that =gp is indeed a bipolarization preorder.

Lemma 8. The relative bipolarization preorder =grp satisifies IS and IB.

Proof. 1t follows from Theorem 2.3 in Chakravarty (2015). [ |

13(&,5) > (Z,y) implies that (x,x) = (Z,i), which, combined with the relation (z,y) = (x,%), gives (x,x) ~ (Z,y).
This contradicts the fact that (x,x) > (y,).
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5.2 Scale-invariant bipolarization preorders

A scale-invariant bipolarization preorder ’=gp is a bipolarization preorder that satisfies SI.
A bipolarization preorder is scale-invariant if and only if it is consistent with the relative
bipolarization preorder.

Definition 12. A bipolarization preorder =g is =gp-consistent if the following two condi-
tions are satisfied:

1. x~ppy=>x~pYy.

2. X>RByY=>X>RBY.
Lemma 9. A bipolarization preorder =g satisfies Sl if and only if it is >=gp-consistent.
Proof. Proved in Chakravarty (2009), Theorem 4.3, page 119. [ |

Scale-invariant bipolarization and inequality-reducing tax schedules can be character-
ized using the same subclass of preferences.

Theorem 4. For ue, b=0, R <[0,1), and a scale-invariant bipolarization preorder >gp,
[LO/—(kSB,u)-r S Tmprog] and  [Tm-prog(b,R) < T (spyu)r S UE Us1(b,R)].

Proof. Proposition 3 and Theorem 1 give the first containment. The bracketed equivalence
follows from Theorem 3 in Carbonell-Nicolau and Llavador (2021b) and the fact that

T (rsp.wrr = T Cepp,urr = T (ppu)r- (11)

The last equality follows from Theorem 4 in Carbonell-Nicolau and Llavador (2021b). To
see that J(.¢p u)-r = I(pp,u)-r» NOte that Proposition 3 and Theorem 1 give J(,. ¢y u)r S
I (=pp,w-r- The containment T, gy u)-r 2 I(pp,u)-r follows from Lemma 9. |

The following corollary to Theorem 4 follows directly from expression (11) in its proof.

Corollary 5 (to Theorem 4). For ue %, b =0, and R <[0,1),

(T = Toonirr € Trvprog) @ [Tonprog. RS T e = T

SueE %Sl(b,R)] .

RB>U)T RL,W-T

In the special case when the lower bound on the intercept ag of a tax schedule is zero and
the marginal tax rates can take values anywhere in the interval [0, 1), Theorem 4 immedi-
ately gives the following identity between marginal progressivity and relative bipolarization
reduction.

Corollary 6 (to Theorem 4). For u € % and a translation-invariant bipolarization preorder

7SB>
LG/YESB,u)-r = fj—m-prog <CuE€ %SI(O, [0, 1)). (12)
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5.3 The absolute bipolarization preorder

Similarly to the relative bipolarization preorder, we can define the absolute bipolarization
preorder from the absolute bipolarization curve obtained by scaling up the relative bipolariz-
ation curve by the median income level: AB(z,a) = z,, x RB(z,a) (Chakravarty, 2015, p. 48).
Formally, since the population size n is even, the absolute bipolarization curve is defined
by
%stkm(zm —2z;) ifa=1< for some jefl,..,m-1},
AB(z,0):={ 1Y%, i i(zi—zn) if a=1< for some j€{m,..,n}, (13)

Zm ifa =0,

and

j+1) (14)

AB(z,a)::AAB(z,l)+(1—/l)AB(z,—
n n

if @ =A(£]+(1-2)(£2), where A€ (0,1) and j €{0,1,...,n~ 1}

Definition 13. The absolute bipolarization preorder -4p is a social preorder such that,

“ol

given two income distributions z and 2’ in Z,,, 2’ »=sp 2—with the interpretation that “2’ is
absolutely more bipolarized than z”—if and only if

AB(Z',a) = AB(z,a), for all a €[0,1].
The preorder =4p is indeed a bipolarization preorder.
Lemma 10. The absolute bipolarization preorder =ap satisfies IS and IB.

Proof. 1t follows from Theorem 1 in Chakravarty et al. (2007). [ |

5.4 Translation-invariant bipolarization preorders

A translation-invariant bipolarization preorder =7p is a bipolarization preorder that satis-
fies TI. A bipolarization preorder is translation-invariant if and only if it is consistent with
the absolute bipolarization preorder.

Definition 14. A bipolarization preorder =g is =ap-consistent if the following two condi-
tions are satisfied:

1. x~spy=>x~BYy.

2. X>Apy=>x>RY.

Lemma 11. A bipolarization preorder =g satisfies T1 if and only if it is =4p-consistent.
Proof. See Appendix E. [ |

Moreover, for a given u € %, a tax schedule is bipolarization-reducing in the absolute
sense if and only if it is inequality-reducing with respect to the absolute Lorenz criterion.

Lemma 12. For u € %, I ,p,u)-r = T(=pp,u)r
Proof. See Appendix E. [ |

The previous lemmas are instrumental in the proof of the following main result.
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Theorem 5. For ue?, b =0, R <[0,1), and a translation-invariant bipolarization preorder

FTB>
[3_(%T3,u)-r < g—m-pmg] and [g—m-pmg(b’R) S T (orp,u)r S UE %Tl(b’R)] .

Proof. Proposition 3 and Theorem 1 give the first containment. The bracketed equivalence
follows from Corollary 3 and the fact that

Terpwrr = TCeapwrr = Tz ap,u)r- (15)

The last equality follows from Lemma 12. To see that I, v).r = I(-,5,0)-r Dote that Pro-
position 3 and Lemma 2 give

T erp,w-r € T Cear,w-r = Topp,u)r-
The containment J (., u)-r 2 I (=45, u)-- follows from Lemma 11. [

The next corollaries follow from Theorem 5.

Corollary 7 (to Theorem 5). For ue€ %, b =0, and R <[0,1),
[$>A3,u)-r = 67>AL,u)-r S gm-prog] and [gj-m-prog(b,R) - =6/7>AB,u)-r = u%;AL,u)-r SUE %Tl(byR)] .
Proof. The assertion follows immediately from expression (15) in the proof of Theorem 5. B

Corollary 8 (to Theorem 5). For u € % and a translation-invariant bipolarization preorder

FTB>
LO/-ZkTB,u)-r = LO]-m-prog Sue %TI(O,[O, 1)). (16)

Proof. 1t follows immediately from Theorem 5. [ |

6 Polarization and progressivity

The literature on polarization has centered on the polarization index in Esteban and Ray
(1994). The relative version of the index takes the following form:

n n
Pr()=K) ) m,(z))%nz; —Inzjl,
i=1j=1

where 7,(z) denotes the number of individuals whose income is z.1*

140ur formulation is equivalent to the expression in Esteban and Ray (1994), which is

k k
Prx,m)=K) > ﬂ;;lmnjllnxi —Inx;l;
i=1j=1

here, x = (x1,...,x;) represents the vector of distinct income levels in the distribution at hand, and & =
(m1,...,m) is a vector of densities, where each 7; (j € {1,...,k}) represents the number of individuals with
income level x;; the parameter K is positive and a € (0,a*], where a* = 1.6.

To see that the equivalence holds, consider an income distribution z = (z1,...,2,) € Z,. Its corresponding
density is denoted by (x1,...,%xz,;71,...,7,), i.e.,

Z=(X1,...,X1,X2, ..., X2, ..., Xk, ..o, Xk, ),
—_———— ——— —_——

1 2 Thy

where &, represents the number of distinct income levels in the vector z.
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The absolute counterpart of Pr, P4, is given by

n n
P,s(2) ZKZ Z m2(zi)%1z; — zjl.
i=1j=1

The associated relative and absolute polarization orders, respectively denoted by =gp
and >=4p, are defined on Z, by

x =rp Yy © Pr(x) = Pgr(y)

and
X=papy S Pa(x)=Pa(y).

Consequently, unlike the inequality and bipolarization preorders, the polarization order is
complete. A first results shows that =gp satisfies SI and Axiom 1.

Proposition 4. The polarization order =gp is scale-invariant and satisfies Axiom 1.

Proof. First, we show that =gp is scale-invariant. Let 2,2’ € Z, such that 2’ = fz for some
p>0. Then,

n n n n
Pr(z)=K) > my(z))*Inz; —lnz}l =K ) Y m.(z))%1nz; —Inz;| = Pr(2).
i=1j=1 i=1j=1

To see that Axiom 1 is satisfied, suppose that (x,x) and (y, y) are perfectly bimodal income
distributions with the same total income. We have

_ _ _ _ n\2+a _ n\2+a _
(z,y)mp(g,x)©PR(z,y)zPR(g,x)©K(§) 2(lny—1nz)2K(§) 2(Inx — Inx)

_ _ y x
<Iny-lny=2Inx-Inx & Y2
- Ty X
Because both distributions have the same total income (i.e., y + y =X+ x), we have
FzEzxzy,
whence y — y = x —x. Hence, Axiom 1 holds. [ |
Letting I1; = 711 +--- + 7; (note that I1; = 1), we can write
n n
Pr(2)=K Z Z m.(2;)% Inz; —Inz;|
i=1j=1
M n 10 n M, n
=K Zﬂ‘f Z Inx; —Inz;| + Z my Z lInxg —Inzj|+---+ Z nl‘:z Z IInxy, —Inz;j|
i1 j=1 i=lh+1  j=1 i=Il,, q+1  j=1

n n n
_ a+l _ . a+1l _ . a+l _ .
=K (n{ lelnxl Inz;| +my Zillnxz Inz;| + + 1y Zillnxkz lnzjl)
J= J= J=

ke ke kz
=K ni”l Z 7jllnxy —Inx;| +n§“rl Z 7jllnxg —Inx;| +--~+ng;’1 Z 7l lnxg, —Inax;l
J=1 J=1 J=1

ky ke
=Ky Y nf‘+1nj|1nxi —Inxj| = Pg(x,m),
i=1j=1

where we have used the fact that 37_, [Inx; —Inz;| = Zf.:l 7;|Inx; —Inx;| for each i.
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The following theorems characterize relative polarization-reducing tax schedules. First,
we show that only marginal progressive tax schedules can be polarization-reducing and that
all polarization-reducing tax schedules are inequality-reducing with respect to the relative
Lorenz criterion.

Theorem 6. For u € %,
3—(¢Rp,u)-r < g-(%RL,u)-r = gm-prog- (17)

Proof. Because =pp is scale-invariant and satisfies Axiom 1 (Proposition 4), Theorem 1 and
Lemma 1 imply (17). ]

In general, (. pp, u)-r 2 I (=g, u)-r> as the next example illustrates. Thus, =gp-order re-
duction is stronger than =g -order reduction.

Example 1. Consider the Cobb-Douglas utility function u(c,/) = ¢(1-1) and the progressive
two-bracket tax schedule

-0.5 if0<y<0.1,

T(y)=
Y {—O.55+0.5y ify>0.1.

We know that, for the Cobb-Douglas family of utility functions, J(=p, u).r = Tmprog (Remark
3 in Carbonell-Nicolau and Llavador, 2021a). Hence T € J(»,, u).-. Choose a =(0.4,0.5,6),
and compute the income distributions y(a,0)=(0.2,0.25,3) and x(a,T) = (0.5,0.5,3.25). The
corresponding relative polarization index values (for a = 1.6) are Pr(y(a,0)) = 10.8K <
15.1K = Pr(x(a,T)). Consequently, T' ¢ I pp, u)-r-

On the other hand, when restricting the analysis to linear tax schedules, relative Lorenz
inequality-reducing tax schedules are also relative polarization-reducing.

Theorem 7. For u € %, I (- pp,u)r 2 Tlin NI (g, u)-r-

Proof. Suppose that T € 97, N T (p; w)r- Let @ =(ay,...,a,) € of,. Because T is (=gr,u)-,
Lemma 2 in Carbonell-Nicolau and Llavador (2021b) implies that

a1, ) xan,T)
y“a1,00 ~ yan,0)

Therefore, given i,j with j =i, we have

x“(a;i,T) - x*(a;,T)
y“(a;,0)  y“a;,0)’

implying that
Iny“(aj,0)-Iny“(a;,0) =Inx“(a;,T) - Inx“(a;, T).

In addition, because u € %, a; > a; implies
y“(ai,0)<y“(a;,0) and x“(a;,T)<x"(aj,T),
where the last inequality uses the fact that T is linear. Consequently, letting

y=("(a1,0),...,y“(an,0) and x=(x%(a,T),...,x“(a,,T)),
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we have

Pr(y)=K) > my(y“(a;,0)*Iny“(a;,0)—Iny“(a;,0)|

i=1j=1
n n
2K ) ) mu(x(a;, T Inx"(a;,T) - Inx*(a;,T)| = Pr(x),
i=1j=1
implying that
(y“(a1,0),...,y“an,0) =rp x“(a1,T),...,x"(a,,T)).
Hence, T € I pp, u)-r- |

Therefore, a linear tax schedule is polarization-reducing if and only if it is inequality-
reducing with respect to the relative Lorenz criterion.

Corollary 9. For u € %, I (-pp,u)-r N Tilin = I (=pp,w)-r N Tlin-
Proof. 1t is a direct implication of Theorem 6 and Theorem 7. [ |
However, the reverse inclusion is not true in general:
LO/—(kRP,u)-r g Tlin N LO/—(#RL,M)-r-
Consider, for example, the case when n =2, which yields
Pgr(z1,22) = K |In(z1) — In(z2)|.
For any @ = (a1,a9) with a1 <as,

Pr(y(a,0)) = Pr(x(a,T)) ©Iny(as,0)—Iny(a1,0) = Inx(as,T) —Inx(ai,T),

x(a,T)

which is equivalent to being non-increasing in a. In combination with Lemma 2 in
Carbonell-Nicolau and Llavador (2021b), this implies that, for n = 2,

g—(kRp,u)-r = gv(kRL,u)-r-

On the other hand, as per Propositions 1 and 2 in Carbonell-Nicolau and Llavador (2021a),
there exist non-linear, (=g, u)-r (hence (’=rp, u)-r) tax schedules for certain CES and quasi-
linear utility functions.!®

The following result provides a full characterization of various subclasses of relative
polarization-reducing, linear tax schedules.

Theorem 8. For ue%, b =0, and R <1[0,1),
N Ju)r = i’ﬁm N 37>RL,u)-r = %in N L6/7>RB,u)-r = g-m-prog (18)

and
T pprurr 2 Tiin(0,R) & u € Usy(b,R). (19)

15While T pp,u)r g,Z Jiin, as we have illustrated, if one requires that tax schedules be (:=gp,u)-r for any—
rather than for a fixed—population size n, then the inclusion holds. In this case, a tax schedule is relative
polarization-reducing if and only if it is linear and relative-Lorenz inequality-reducing.
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Proof. The equality in (18) follows from Theorem 4 in Carbonell-Nicolau and Llavador
(2021b). The first (resp., second) inclusion in (18) is a consequence of Theorem 7 (resp.,
Theorem 6).

To see that the equivalence in (19) holds, suppose that I, u).r 2 J7in(b,R). Then The-
orem 6 gives J(p; u)-r 2 J1in(b, R), which implies u € %g;(b,R) by Theorem 3 in Carbonell-
Nicolau and Llavador (2021a).

Conversely, suppose that u € %g(b,R). Then Theorem 3 in Carbonell-Nicolau and Llavador
(2021a) gives I p; u)r 2 JT1in(b, R), which implies I, v).r 2 T1in(b, R) by the first contain-
ment in (18). [ ]

Analogous results can be obtained for the absolute version of the polarization order in-
duced by the Esteban-Ray index. The analysis pertaining to the absolute polarization order
is presented as a series of results and examples in Appendix F.

7 Concluding remarks

This paper delves into the theoretical foundations of tax progressivity, with a specific focus
on inequality and (bi)polarization. Our findings can be organized into three groups.

First, we show that marginal-rate progressivity is a necessary condition for “spread-
reducing” tax schedules, consistent with a fundamental and intuitive notion of variance
(Axiom 1), which encompasses a wide array of variance-sensitive normative criteria for the
evaluation of income distributions, including the standard measures of income inequality
and (bi)polarization. Specifically, for any social preorder satisfying Axiom 1 and either scale
or translation invariance, order-reducing taxation must necessarily be marginal-rate pro-
gressive (Theorem 1). Since the standard measures of inequality and (bi)polarization are
all particular instances of social preorders satisfying said invariance properties, inequality
and (bi)polarization-reducing tax structures must exhibit increasing marginal tax rates on
income (theorems 2-6, and 9).

A second group of results highlights the relationship between inequality and
(bi)polarization. First, we establish the equivalence between inequality and bipolarization-
reducing tax schedules: under scale or translation invariance, a tax schedule reduces in-
equality if and only if it reduces bipolarization (theorems 2 to 5). Secondly, we show that any
polarization-reducing tax schedule necessarily reduces inequality according to the Lorenz
criterion (theorems 6 and 9). Furthermore, for linear taxes, there is no tension between
polarization and inequality-reducing taxation: any linear tax schedule reduces polarization
if and only if it reduces inequality with respect to the Lorenz criterion (corollaries 9 and 10).

Finally, we identify the families of utility functions for which marginal-rate progressiv-
ity is not only necessary but also sufficient for inequality reduction and depolarization. If
we assume scale invariance, the family of utility functions is characterized by elasticities
of income satisfying condition (6).1® On the other hand, under the translation invariance
assumption, a tax schedule is inequality and bipolarization-reducing if and only if the under-
lying preferences satisfy condition (7).!7 As illustrated in Carbonell-Nicolau and Llavador
(2018, 2021a), these elasticity conditions are often satisfied by standard families of utility
functions.

This paper investigates the relationship between equality and depolarization and the
progressivity of tax schedules. By examining the theoretical foundations of inequality and
polarization measurement, we characterize the conditions under which tax schedules can

16For the Esteban-Ray polarization order, this class of preferences characterizes the polarization-reducing
properties of linear, progressive tax schedules (Theorem 8).

TFor the Esteban-Ray absolute polarization measure, this class of preferences characterizes the
polarization-reducing properties of linear, progressive tax schedules (Theorem 11).
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effectively reduce income inequality and polarization, providing a normative foundation for
progressive income taxes.

Having established the relationship between progressivity, equality, and depolarization,
a natural line of inquiry concerns the relationship between progressivity and variance-
sensitive normative criteria for the evaluation of income distributions. One may inquire
whether a monotonic relation exists between tax progressivity and order-reducing measures
based on social preorders, i.e., whether a higher degree of progressivity consistently leads
to higher inequality and (bi)polarization. Le Breton et al. (1996) offers promising results
for the specific case of exogenous income and the relative Lorenz preorder. This extension
constitutes a natural avenue for future research.

We conclude with a remark. While we focus on social preorders defined on tax-mediated
income distributions, some authors have suggested alternative domains for the various
normative criteria, such as the set of welfare (as opposed to income) distributions, as meas-
ured by vectors of utility indices. As pointed out in Carbonell-Nicolau and Llavador (2018),
this idea poses difficulties in that measures of dispersion and/or (bi)polarization have a
marked cardinality component and are generally not invariant to order-preserving utility
transformations.
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APPENDIX

A List of preorders

> : social preorder = reflexive and transitive binary relation + Axiom 1.

>7 :inequality preorder = reflexive and transitive binary relation + TP.

>s7 : scale-invariant inequality preorder = inequality preorder + SI.

>77 : translation-invariant inequality preorder = inequality preorder + TI.

>g1, : relative-Lorenz preorder = binary relation induced by relative Lorenz criterion.
>4z, : absolute-Lorenz preorder = binary relation induced by absolute Lorenz criterion.

>1, : Lorenz preorder = binary relation induced by either relative or absolute Lorenz
criterion.

>p : bipolarization preorder = reflexive and transitive binary relation + IS + IB.
>grpB : relative-bipolarization preorder = binary relation induced by the curve RB.
>ap : absolute-bipolarization preorder = binary relation induced by the curve AB.
>sp : scale-invariant bipolarization preorder = bipolarization preorder + SI.

>7p : translation-invariant bipolarization preorder = bipolarization preorder + TI.

>grp : relative-polarization order = binary relation induced by the polarization index in
Esteban and Ray (1994).

>ap : absolute-polarization order = binary relation induced by the absolute counterpart of
the polarization index in Esteban and Ray (1994).

B Proofs of Lemma 1, Lemma 2 and Lemma 3

Lemma 1. For u € % and a social preorder = satisfying SI, I u).r € T(pp,u)-r-

Proof. Suppose that T'€ I is (>=,u)-r. Let @ =(ay,...,a,) € o#,. Choose any pair a; and a;
with a; <a;. Let @’ =(a,...,a}) satisfy

all :-.-:a,% :al <aj:a,%+1:"':a;1.
Note that
Y= y“(@},0) =" :y”(a’%,o)<yu(a'%+l,o): o= ytan,0)=1y
and
x:=x"(a],T)=-=xah,T)sx"(@h ,T)=--=x"a,,T)=:%.
2 2

Consequently, the two distributions (ay, ay) and (x,x) satisfy

ay+ay=x+x,
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where a := ; = . Since = is scale invariant, we have (ay,ay) ~ (y,y). Because T is (>=,u)-r,

we have (y y) = (x,x). Consequently,

(ay,ay) ~(y,y) = (x,%),

implying that (ay,ay) (x,x) (Sen, 2017, Lemma 1*a, p. 56). By Axiom 1, we have

implying that

Consequently,

xa;, T) _x _x _x"(a;,T)

=

¥y @i,0)  y ¥ y“a;0)

Since a; and a; were arbitrary coordinates in @ with a; < aj, it follows from Lemma 2 in
Carbonell-Nicolau and Llavador (2021b) that T is (>=gr,, u)-r.
We have established that I ).r S JT(-p;, u)-r- [ |

Lemma 2. For u € % and a social preorder = satisfying TL, I u).r € T (mpy,u)-r

Proof. Suppose that T'e€ J is (>=,u)-r. Let a =(ay,...,a,) € o, (n even). Choose any pair a;
and a; with a; <a;. Let @' =(a’,...,a},) satisfy

/

/1= =a%=ai<aj:a’%+1:...:a’n‘
Note that
y:=y"“(@a},0) = —y”(an,0)<y”(a,,+1, )=-=y“d,,0)=:¥
and
=x*(a},T)="-- —x”(an,T) xu(an+1,T)=-'-=x“(a’n,T)::E,

Suppose that y+yzx+x (the case when y+y<x+xcan be handled similarly). Define € =0
by
z+§:£+g+f+£. (20)

Since = is translation invariant, we have (x + €,x + ¢) ~ (x,x). Because T is (’=,u)-r, we have
(,¥) = (x,%). Consequently,
(9,9 7 (x,%0) ~ (x +g,X +e),

implying that (y,y) = (x + £,x + €) (Sen, 2017, Lemma 1*a, p. 56). By (20) and Axiom 1, we
have
y-yz@+e)-(x+e)=x—x.
Consequently,
y“(a;,0)-y“(a;,0)=x“(a;,T)-x"(a;,T).

Since a; and a; were arbitrary coordinates in @ with a; <aj, it follows from Lemma 3 that
T is (>=ar,,u)-r.
We have established the containment I )., S T, ,u)-r- [
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Lemma 3. For u € %, a tax schedule T € I is (>=ar,,u)-r if and only if, for any pre-tax and

post-tax income functions x* and y“,

y“(a',0) - y“(a,0) = x*(a’',T) - x*“(a,T), whenever a' >a >0.

(4)

Proof. [<] Fix u € % and T € 9 and suppose that (4) holds for any x* and y*. We must

show that T is (>=47,,u)-1, i.e.,

(y“(a1,0),...,y“an,0) =ar, x“(a1,T),...,x“(an,T))

for every ability distribution (a1,...,a,) € &, and every pre-tax and post-tax income func-

tions y* and x“.
Fix (ai,...,a,) € o, y*, and x*. By (4), we have

y“(aiz1,0)—x“(a;z1,T) = y“(a;,0)—x“(a;,T), i€{l,...,n—1}.
Let
y = (y].?""yn) :: (yu(a]_)O)’"',yu(an,O)))
x=(x1,...,xp):=(xa1,T),...,x"“(a,,T)),
and 5
vy, -y
py)= =210 ) = ZEE
n n
Note that (21) can be rewritten as
&i+1_£i+125}i_5&i’ i€{17-"7n_1},
where
Ji:=yi—wly) and &;:=x;—plx), i€{l,...,n}
Since
n
Y (&i-3:)=0
i=1
and (by (22)) &; — §; is nonincreasing in i, there exists I such that

2, —-9=20, 1€{l,...,1I},
X—-9;<0, ie{l+1,...,n}.

Consequently,
k
Y Ri-3)=0, ke{l,... I}
i=1
Z(fci—&i)so, ke{l+1,...,n}.
i=k
Note that

k n n
Y @Ei-9)=) ®i—-9)- Y Ri-3)=0, ke{l+1,...,n},
i=1 i=1 i=k+1

where the inequality follows from (23) and (25). Combining (24) and (26) yields

k
Y (#-9)=0, kell,...,n},
i-1

(21)

(22)

(23)

(24)

(25)

(26)
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implying that y =47, x, as we sought.
[=] Suppose that there exist a’ >a >0, x*, and y* such that

y“(a',0) - y“(a,0) < x*(a’,T) - x“(a,T). 27
It suffices to show that T is not (>=47,,u)-1, i.e.,
(y“(a1,0),...,yan,,0) # (x“(a1,T),...,xan,,T)) (28)

for some (a1,...,a,) € o, y*, and x%.
Let a=(aq,...,a,) satisfy

a1:---:an_1:a<a':an.
Then,
Viay,0) Zie1? @0 _ y'(@,0)-y"(a’,0)
n n
. x“(a,T)—x"(a',T) — ayT) - X1 xa;, T)
n n

(where the inequality follows from (27)), implying that
" y“(a;,0) nox(a;,T)
Zz_ly i >xu(a1,T)—Zl_1 i ’
n n

yu(ala 0) -
which gives (28), as desired. n
C Proofs of Lemma 4 and Lemma 5

Lemma 4. An inequality preorder =1 satisfies Sl if and only if it is >=gy,-consistent.

Proof. 1If = is =g -consistent, then it satisfies SI and TP because =gz, satisfies these axioms.
Conversely, suppose that >= satisfies SI and TP. Fix x and y. Note that

/ !
x' ~prx and y ~grLYy,

x"—( 1 )x and "—( 1 )
EROYEY Y= 2 Yi Y

where

If x ~gr, 3, then

x' ~RL X ~RLY~RLY,
implying &' ~gz, ¥'. Hence, since ' and y' have the same income, we have &' = 3/, implying
x' ~ y' (by reflexivity of »=). Therefore, by SI, we have

x~x ~y ~y,

implying x ~ y.18
If x >gr, 3, then

&' ~RLX>RLY~RLY
implying &’ >gz, ¥'. Consequently, because x’ and y’ have the same income, Lemma B.1 in

Marshall et al. (2011, chapter 2) implies that x’ can be obtained from y’ by a finite sequence
of progressive transfers, and so (by TP) x’ > y'. Therefore, by SI, we have

x~x >y ~y.

Since = is reflexive and transitive, this yields x > y. [ |

18The relation ~ is transitive because 3= is reflexive and transitive.
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Lemma 5. An inequality preorder satisfies T1 if and only if it is >=4r,-consistent.

Proof. (ii) Secondly, we prove the result for TI.
If >= is >=47-consistent, then it satisfies TI and TP because =47, satisfies these axioms.
Conversely, suppose that >= satisfies TI and TP. Fix x and y. Suppose that

in = Zyi
i i
(the case when } ; x; > Y ; y; can be handled similarly). Define € by
ne+ in = Zyi .
i i

Note that
X' ~aL %,

where
x =(x1+e,...,%, +E).

If x ~a7, 3, then

x' ~AL X ~AL Y,
implying &’ ~47, y. Hence, since &' and y have the same income, we have x’ = y, implying
x’ ~ y (by reflexivity of 3=). Therefore, by TI, we have

/
xX~x ~Y,

implying x ~ y.1°
If x >47 v, then
& ~AL X >aL Y,

implying x’ >47, . Consequently, because x’ and y have the same income, Lemma B.1 in
Marshall et al. (2011, chapter 1) implies that x’ can be obtained from y by a finite sequence
of progressive transfers, and so (by TP) x’ > y. Therefore, by TI, we have

x~x >y.
Since = is reflexive and transitive, this yields x > y. [ ]

D Proofs of Lemma 6 and Lemma 7
Lemma 6. For u €%, b= 0, and R <10,1), T prog(0,R) € Tir sy .urr © Tiin(0,R) S Ty u)r-

Proof. The ‘only if” part is trivial, since 97;,(b,R) S Tp,-prog(b,R).
To see that 97;,(b,R) € J(,; ,u).r implies Ty prog(b,R) € T (- y; w)-r> iX T € Tpnprog(b, R).
By Lemma 3, it suffices to show that

y“(a',0)-x%(@’,T) = y*“(a,0)— x*“(a,T), whenevera’' >a >0,

for any pre-tax and post-tax income functions x* and y“.
Because T € J,.prog(b, R), there exist a finite partition of R, 4,

A1:=(0,a1],Az:=[a1,a2l,...,Ag+1:=lak,00),

19The relation ~ is transitive because 3= is reflexive and transitive.
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and K + 1 linear tax schedules in 9};,(b,R), T1,...,Tk+1, such that
x“(a,T)=x"(a,Ty), acA,, ke{l,....K+1}.

Since, by assumption, the tax schedules T'1,...,Tk+1 are (=41, u)-r, Lemma 3 gives, for every
ke{l,....K+1}

y*“(a',0)—x%(a’,Ty) = y*(a,0)—x“(a,T:), whenevera >a in Ay,

for any pre-tax and post-tax income functions x* and y“.
Fora’>a >0, we have a’ € A; and a € A, for some &' >k and

y*a',0)—x%@a’,T) = y“(a’,0) — x*(a’, T1)
= yu(a’k,—l) 0) - xu(ak'—17 Tk’)

=y“(ap-1,0)—x*“(ap-1,Th-1)
= y“(ap—2,0) —x“(ap_2, Tr-1)

> y“(ar,0)—x“(ar,Tr)
> y“(a,0)—x%(a,Ty)
=y“(a,0)—x%(a,T),

as we sought. [ |

Lemma 7. For ue%, b =0, and R <[0,1), 9;;,(b,R) S I o u€eUr(b,R).

AL U)T

Proof. By Lemma 3, the linear tax schedules T'(y) = —b+ry in 9;;,(b,R) are (=41, u)-r if and
only if the map

a— y“(a,0)-x*(a,T)=al(a,0)- [a(1-r)I*(1-r)a,b) +b]
defined on R, . is nondecreasing for every (b,r) € [b,00) x R. Equivalently,

ol*(1-r)a’,b")
oa

,00%(a’,0)
0a

“a,0)+a >(1-r)|[I“((1-r)a,b)+a'1-7)

for every (a’,b',r)e R, x[b,00) xR, or
al“(a,0)(1+&%(a,0) = (1 - ral*(1-r)a,b) (1+& (1 -ra,b’))
for every (a,b’,r) € R, x[b,00) x R. Letting
y“(a,0)=al%(a,0) and y*((1-r)a,b’)=1-r)al*((1-r)a,b’)
yields (7), and hence u € %71(b,R). [ ]

E Proofs of Lemma 11 and Lemma 12

Lemma 11. A bipolarization preorder =g satisfies T1 if and only if it is =ap-consistent.

Proof. If =p is >=4p-consistent, then it satisfies TI, IS, and IB because =4p satisfies these
axioms.
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Conversely, suppose that >=p satisfies T1, IS, and IB. Fix x and y, with respective median
incomes m(x) and m(y). Suppose that m(x) < m(y) (the case when m(x) > m(y) can be
handled similarly). Let € be defined by

m(x)+ e =m(y).

Then m(x') = m(y), where
x =(x1+e,...,%, +E).
If x ~4p y, then
x' ~ABX ~AB Y,
implying &’ ~4p ¥. Hence, since x’ and y have the same median, we have x' = y, implying
x' ~ y (by reflexivity of =5).2° Therefore, by TI, we have

/
xX~x ~Yy,

implying x ~ y.
If x >4p y, then
x' ~ABX>aBY,
implying &' >4p y. Consequently, because x’ and y have the same median, Theorem 2.1 in

Chakravarty (2015) implies that x’ can be obtained from y by a finite sequence of IS and/or
IB transformations, and so &’ >g y.2! Therefore, by TI, we have

x~px' >py.
Since >=p is reflexive and transitive, this yields x >p y. [ |
Lemma 12. For u € U, I ,p w)yr = I (ear,u)r
Proof. [T (s ap.w)r S T(euy,u-r-] Take T € T(,p u)r and @ = (ay,...,a,) € o,. Choose any pair

a;and aj witha; <aj. Let @’ =(a},...,a}) € o, satisfya! _,:=a; <a,, <a;=:a) . Because
T € I(- 4p,u)-r» it follows from (13) that

AB((y“(a},0),...,5*(@a},,0),m - 1) = y*(a},,0) - y“(a),_1,0))
>x*(a),,T)—x"(a!,_1,T)=AB(x*(a},T),...,x*(a,,T)),m—1)

m—1

and

AB((y*(a},0),...,y*(@,,T)),m+1) = y“(a! ,;,0) - y“(a},,0)
>x%(a’ T)-x“(a,,,T)=AB(x*(a},T),...,x“(a,,T)),m +1).

m+1°
/

Arranging terms and using a,,_,

— . ! —
=a; and a,,  ; =a; yields

y“(a;,0)-x"(a;,T) = y*(a,,,0)—x*(a,,,T) = y“(a;i,0) - x*(a;, T).

20Because &' ~ap ¥, AB(x', @) = AB(y, @) for all a € [0,1]. In particular, for a = (m — 1)/n,
1n(x,, —x,,_1) =AB(x',(m — 1)/n) = AB(y,(m — 1)/n) = Un(ym — ym-1)

and, because x,,, = Vp,, x;n_l = yYm-1. Now, for @ = m —2, we obtain x;n_Z = ym-2, and we can unravel all the way
to x’1 = y1. Proceed similarly for a = (m + 1)/n,...,a =1 to obtain x; =y;fori=m+1,...,n.

21 An IS transformation is a (weakly) spread-increasing movement of income levels away from the median
income, a movement consistent with the antecedent in IS. An IB transformation results from bipolarity-
increasing progressive transfers on either side of the median income, a transformation consistent with the
antecedent in IB.
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Since a; and a; were arbitrary coordinates in a, it follows from Lemma 3 that T'€ I, w).r,
as we sought.

[37>AL,u)-r Q?/'E#AB,u).r.] Take T € I(.,;,uw)-r and @ = (ay,...,a,) € o,. Define b; := y“(a;,0) -
x*(a;i,T). Because T € I(.,, u).r, it follows from Lemma 3 that b; <b; for all i <.
Observe that we can write, for each i,

x“am,T)-x“(a;,T)=y“(am,0)— by —y“(@a;,0)+b; = y“(am,0)—y“(a;,0)+b; —b,,. (29)

Consider first i < m. Then b; — b,, <0. Consequently, from (29) and the monotonicity of x*
and y* in a (Lemma 1 in Carbonell-Nicolau and Llavador, 2021b), one obtains

x“(am,T)—x"(a;, T) < y“(am,0)—y“(a;,0). (30)
Similarly, for i >m, b; — b,, =0 and
xa;, T)—x“(am,T) < y“(a;,0)— y“(an,0). (31)
From (30) and (31), it follows that, for a = % and je{1,...,n},
AB((y“(a1,0),...,y“(a,,0)),a) = AB((x“(a1,T),....,x*(a,,T)),a),
and, consequently, for all a € [0, 1],
AB((y“(a1,0),...,y“(an,0)),a) =AB((x“(a1,T),...,x"“(an,T)),a),

implying that
(y*“(a1,0),...,y“(@n,0)) =ap (x“(a1,T),...,x"(an,T)).

Since a was arbitrary in <f,, we conclude that T' € I, v).r- [ |

F Results for the absolute version of the polarization order induced
by the Esteban-Ray index

Proposition 5. The polarization order '=ap is translation-invariant and satisfies Axiom 1.

Proof. First, we show that i=sp is translation-invariant. Let 2,2’ € Z, such that 2/ =z + 8.
Then,

n n n n
Pa()=KY Y ma(z))2i=2| =K} ) m.(2)"I2i —2;| = Pa(2).
i=1j=1 i=1j=1

To see that Axiom 1 is satisfied, suppose that (x,x) and (y, y) are perfectly bimodal income
distributions with the same total income. We have

_ _ _ _ n\2+a ny2+a _ _
(1,3)7ap B © Pa@, D 2Pae D o K (5] 20-p2K(5) 2E-pey-yzF-x

Hence, Axiom 1 holds. |

Theorem 9. For u € %,
L%%Ap,u)-r < L6/7>AL,u)-r S Loj-m-prog- (32)

Proof. Because =pp is translation-invariant and satisfies Axiom 1 (Proposition 5), The-
orem 1 and Lemma 2 imply (32). [ ]

The following example shows that, in general, I(. ,p u).r 2 T (mpp,u)r
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Example 2. Take the Cobb-Douglas utility function, the two-bracket tax schedule, and the
vector of abilities from Example 1 in the relative polarization case. As before, y(a,0) =
(0.2,0.25,3) and x(a,T) =(0.5,0.5,3.25). The corresponding absolute polarization index val-
ues (for a = 1.6) are Ps(y(a,0)) =11.2K <22.2K = Pp(x(a,T)), and so T' ¢ I ,p,u)-r-

Theorem 10. For u € %, I ,p,u)r 2 Tlin VT (a7, u)r-

Proof. Suppose that T' € 9;, NI (,; w)-r Let @ =(ay,...,a,) € of,. Because T is (’=ar,u)T,
Lemma 3 implies that for i, with j =i, we have

y“(a;,0)-y“(a;,0)=x“(a;,T)-x"(a;,T).
In addition, because u € %, a; > a; implies
y“(a;,0)<y“(a;,0) and x“(a;,T)<x"(a;,T),
where the last inequality uses the fact that T is linear. Consequently, letting
y=(y*(a1,0),...,y(@,,0) and x=x“(a1,T),...,x“(an,,T)),

we have

Py=K) ) my(y“(@i,00)%y"(@;,0) - y“(a;,0)]

i=1j=1
n n
K> Y mua™(ai, TH%x"(a;,T)-x"(aj, T) = Ps(x),
i=1j=1
implying that
(y“(a1,0),...,y“(@n,0)) =ap x“(a1,T),...,x"“(an, T)).
Hence, T € I 4p, u)-r- n

Corollary 10. For u € %, I ,p,u)-r N Tlin = T(=ar,w)r N Jlin-
Proof. 1t is a direct implication of Theorem 9 and Theorem 10. [ |
In general, I, ,, u)-r Q Tlin VT (= pp,w)-r-

Example 3. Take the Cobb-Douglas utility from Example 1, u(c,/) = ¢(1—-1). Consider
the linear tax (¢,b) = (0.5,0.5), and the vector of abilities @ = (0.4,0.5,150). Now, y(a’,0) =
(0.2,0.25,75) and x(a,T) = (0.5,0.5,37.75). The corresponding absolute polarization index
values (for a = 1.6) are Pa(y(a’,0)) = 299.2K < 300.3K = P4(x(a’,T)), and so the linear tax
T is not a member of I, u).r-

Theorem 11. For uc€, b =0, and R <[0,1),
LO]E%AP,U)-I‘ =2 g?in N LG/?%AL,u)-r = Ldjzin N LG/?&AB,u)-r < Ldj_m-prog (33)

and
T apwrr 2 Tiin(b,R) & u € Upy(b,R). (34)

Proof. The equality in (33) follows from Lemma 12. The first (resp., second) inclusion in (33)
is a consequence of Theorem 10 (resp., Theorem 9).

To see that the equivalence in (34) holds, suppose that I, v)-r 2 Jiin(b,R). Then The-
orem 9 gives I(»,; u).r 2 Jiin(b,R), which implies u € %7;(b,R) by Lemma 7.

Conversely, suppose that u € %7y(b,R). Then Lemma 7 gives J(.,, u).r 2 J1in(b,R),
which implies I, ,, u).r 2 Tiin(b,R) by the first containment in (33). [ |
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