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1. Introduction

If you ask to an economist what is the long run relationship between growth and unemployment
the most probably answer that you will get is that there is no relationship, meaning that the
variables that determine the rate of unemployment are different that the ones that determine the
rate of growth. On the contrary, for the short run you can frequently find economic institutions
recommending wage moderation since, according to them, a higher wage is going to increase
unemployment and decrease capital accumulation and thus lower growth and employment in
the future. The purpose of this paper is to set out a general frame of a model in which there is
wage setting and disequilibrium unemployment and into which is inserted the three usual ways
of generating a savings function: a constant savings ratio (ECSR), an infinite horizon (IH) and
overlapping generations (OLG); and then use this framework to analyze the effect of wages on
growth and employment and the long run behavior of these variables for different wage setting
rules and production functions.

As Aricé (2003) notes in his survey about growth and unemployment, there are not many
papers with models that combine both topics. Models that deal with growth and unemployment
can be divided according to how unemployment is generated.

On the one hand, we have the disequilibrium approach, the non-Walrasian labor market
structure, where there is unemployment because the wage set by somebody implies excess
supply of labor in a labor market without frictions. This somebody may be unions, and then
we have the union monopoly model (Mc Donald and Solow (1981)), or firms, and then we
have the efficiency wage model (Solow (1979)). On the other hand, there is the equilibrium
unemployment approach where there are frictions in the labor market due to matching problems
and the unemployment rate is the one that equilibrates flows into and out of the labor market.
We follow the disequilibrium approach because it is the natural framework for highlighting the
effect of wage setting and markups on both unemployment and capital accumulation. Moreover,
this approach facilitates the comparison with the standard growth models with full employment
that one can find in an advanced textbook of economic growth (Sala-i-Martin (2000), Barro
and Sala-i-Martin (2003), Romer (2007)).

In the equilibrium unemployment literature, Pissarides (1990) set out the first model with
growth and frictional unemployment where growth is an exogenous variable. Pissarides pos-
tulates a positive effect of total factor productivity (TFP) growth (technological progress) on
employment via the capitalization effect. Aghion and Howitt (1998 pp. 127) explain the cap-
italization effect as follows “an increase in growth raises the rate at which the returns for
creating a plant (or a firm) will grow and hence increases the capitalized value of those returns,
thereby encouraging more entry by new plants and therefore more job creation”. Following this
idea several authors (Aghion and Howitt (1994 and 1998), Mortensen and Pissarides (1988),
Mortensen (2005)) endogenize the TFP growth in the matching model by introducing Aghion
and Howitt s model of creative destruction that also generates a negative effect on employment
due to the creative destruction effect of growth. Bean and Pissarides (1993) with an overlapping
generations model (OLG) without either the capitalization or the creative destruction effect an-

alyze the case where employment affects labor income and, hence, growth and Eriksson (1997)



does the same with an infinite horizon model.

The existence of growth due to capital accumulation implies that growth depends on em-
ployment and employment depends on growth, this complicates the basic static models used in
the disequilibrium approach because of the effect of wages on capital and future employment.
Van der Ploeg (1987) and Sorolla (1995) analyze the solution of the program of a union that
takes into account this dynamic effect. Models with growth and disequilibrium unemployment
use, then, simplifying assumptions on production functions and wage setting rules that make
the models tractable.

The first contribution of the paper to this literature is to derive in a transparent way the
general set up that illustrates the relationship between growth and unemployment and its
dependence on wages and mark ups for the three standard ways of deriving savings. Secondly
we analyze the relationship between growth and unemployment for the AK production function
and the wage setting rules that appear in some papers, extending the analysis to the neoclassical
production function. We pay special attention to the infinite horizon consumers case, the
Ramsey model (the canonical model of growth) with unemployment, that is not studied in
these papers. The analysis makes clear in which cases there is no relationship between growth
and unemployment in the long run.

The general framework of this paper includes, as special cases, the set ups that have been
used in the following papers: Raurich, Sala and Sorolla (2006) has an IH model with wage
inertia due to past labor income and an AK production function, where different types of fiscal
policy generate multiplicity of equilibria and, then, hysteresis. Raurich and Sorolla (2003a)
employs an IH model with a wage setting rule that implies a constant unemployment rate
and a positive externality on TFP of the ratio of public to private capital, where the effect
of taxes on growth and unemployment is analyzed. Raurich and Sorolla (2003b) makes use
of an OLG model with wage inertia and an AK production function, where we show that
wage inertia implies that growth has a permanent effect on long run unemployment and the
effect of different taxes on growth and unemployment is analyzed . Sorolla (1995) sets out a
finite horizon model with a Leontieff production function, where the effect of a more proworker
government on employment is analyzed. Sorolla (2000) employs an OLG model with wage
inertia and neoclassical production function, where the conditions for convergence to an steady
state and the effect of a more proworker government on long run employment and growth are
analyzed. Daveri and Tabellini (2000) use an OLG model in order to analyze the effect of
taxes on both variables with a particular wage setting rule that eliminates the effect of growth
on employment and the same do Domenech and Garcia (2008), with a TH model, in a more
complex framework with a detailed structure of taxes and social benefits. They use a general
production function that, for the AK case, we show, that employment does not have effect on
growth. In this case, in order to have a positive effect of employment on growth, they introduce
a positive externality of capital per capita, an addition that was criticized by Sala-i-Martin
(2000), section 2.8.

Papers with wage setting rules more complex that the ones presented in this paper are:
Daveri and Maffezzoli (2000) where they also analyze the effect of taxes on long run growth

and unemployment using and infinite horizon model with a CES production function where



the accumulation of knowledge is a by-product of being employed, which implies that growth
depends on employment; Kaas and von Thadden (2003) that, using an OLG model with a CES
production function, study how the elasticity of substitution between labor and capital affects
the dynamics of growth and unemployment; and Gali (1996b) that presents an infinite horizon
model with imperfect competition in the product market and labor choice. Models of growth
with disequilibrium in the labor market have also been used in the real business cycle literature
to analyze the effect of real shocks on unemployment fluctuations (Gali (1995), Benassy (1997)
and Maffezzoli (2001)).

The rest of the paper is organized as follows. Section 2 presents the firm behavior. Section 3
analyzes consumer behavior and the fundamental equations for the IH model when there is wage
setting and unemployment. Section 4 presents, the special case where growth does not depend
on wages and employment. Section 5 describes the constant real wage case. Section 6 the
special wage setting rules that imply a constant employment rate and, hence, that employment
does not depend on growth. Section 7 adds inertia on wages and labor income to the rules of
Section 6 and Section 8 concludes with a summary of the main results. Appendix 1 presents
the fundamental equations for the ECSR and OLG models and appendix 2 the special case
where growth does not depend on wages and employment for the ECSR and OLG models.

2. Firms

2.1. Price Taking Firms

We assume the neoclassical production function:

Y = F(Ky, Ly),

with constant returns to scale with respect to K and L, Fx > 0, F, > 0, Fgg <0, Fr, < 0and
the Inada conditions: Limg _oFx = 00, Limk_oFx = 0, Limy_oF, = 0o, Limp_Fr, = 0.
The production function in terms of output per worker or unit of labor, L% = 1, and capital

per worker or the capital labor ratio, Lﬁt = k;, that is, in intensive form, is:

?Jt = f(kt)a

where [/ > 0 and f'< 0. The firm is price taker and maximizes profits:

F(Kt, Lt) — CdtLt — (Tt + 5)Kt,

where w; is the real wage, r; the interest rate and § the constant depreciation rate, 0 < § < 1.

As usual, the conditions for the efficient use of factors and zero profits are:
Fr(Ky, Ly) = wy,

and
FK(Kt, Lt> =Tt -+ 6,



expressions that we can rewrite in intensive form as:

f(fft) - k’tf/(iﬂt) = Wi, (2.1)

and

k) =7+ 0. (2.2)

Conditions (2.1) and (2.2) give the combinations between w;, r; and k, such that factors are
efficiently used and profits are zero and, then, capital and labor demand are any quantity that
satisfies k..

We assume that labor supply is equal to population, N, that growths at a constant rate n.
In models with unemployment and population growth, we also need to rewrite the production

function in terms of output per capita % = v, capital per capita % = k; and the employment

rate ﬁ,—tt = [;. Because of the constant returns to scale assumption, we rewrite the production

function as:

Y, K; L
Y pBe L

N, - P W)

that is:
Yr = F(/ft,lt>-
We also rewrite the conditions for the efficient use of factors and zero profits as:

Fl(k’t, lt) = Wt, (2~3)

and
Fk(l{?t, lt) =7+ 0. (24)

and we rewrite the zero profits condition as:
yr = Fke, 1) = (re + 0) ke + wily, (2.5)
and, it is obvious that:

Fr(Ky, Ly) = f'(ky) = Fy(k, 1y). (2.6)

The main characteristic of models with wage setting is that the real wage w; is set by

somebody? and, then, from (2.1) we get the capital labor ratio function:

ky = k(wy), (2.7)

1See Barro and Sala-i-Martin Section 2.2 for the precise derivation of the conditions and a more extensive
discussion on this point.
2Thus, we are in economies where labor contracts include indexation of wages.



where &’ > 0. From (2.7) we get the "labor demand" function:

- Kd
L = L(wy, K& = =, (2.8)
t t
k(w:)

where L, < 0 and LKd > 0.

Also from (2.2) and (2.7) we get the interest rate function (the interest rate-wage frontier):

re=i(w) = f(k(w) 6 (2:9)
that gives, for a given wage, the interest rate that implies zero profits. It is easy to check that
r" < 0, which means that, if the wage increases, the interest rate must decrease in order to have
zero profits. Of course, if the interest rate is higher that the one given by this function, then
profits are negative and then the demands for labor and capital are zero. If it is lower, then
profits are positive and capital and labor demand are infinite. In textbook macroeconomic
models, with the stock of capital given and a keynesian investment function, it turns out that
the relation between the real wage and the real interest rate is positive, this is because an
increase in the wage implies less employment and less production and, if we have equilibrium in
the goods market (the IS equation), in order for demand to fall, the interest rate must increase.

In models with wage setting in general there is no equilibrium in all markets if the wage is
different from the competitive wage. It is only assumed that the interest rate adjusts in order
to have equilibrium in one market. This is only possible if the zero profit condition holds, that
is, if the interest rate is given by the interest rate function. In this case, as we have seen,
the labor demand function is, in fact, only a relationship between capital and labor demand.
This property implies that, in models with wage setting, it is the case than one market is not
in equilibrium. Is is easy to see, that either the capital market is in equilibrium and there is
excess supply in the labor market (unemployment) or the labor market is in equilibrium and
there is excess supply in the capital market. We will concentrate on the case where there is
unemployment and the capital market is in equilibrium, this means that the wage that is set
implies that K = K7 = K; and L; = L¢ < N;. 3 Using (2.8), we get the employment function,
L;, that is:

K

t

I
—

Using (2.10) we get the employment rate function:

lt = E(wt, kt) = (]j: )
t

Writing the production function per capita: y;, = F(k;,[;) and taking into account the

(2.11)

T

employment rate function (2.11) we get:

K
ye = F(ky, m)

3That means that in a concrete model we have to check if this is the case for a given w.



or the output per unit of capital function*:

A R
ki ( k:(wt)) f(k:(wt)

Note, from the last function, that if the wage increases then output per unit of capital decreases,

).

due to the increase in the capital labor ratio, that is, g—f < 0. As we will see later, this function
plays an important role in some growth models.

Looking at the employment function, (2.10), we see that an increase in the wage implies,
directly, less employment, we call this direct effect of the wage on employment channel 1. We
see also that an increase in capital increases also employment. We interpret this fact saying
that growth affects employment (or employment depends on growth) in the sense that a higher
rate of growth of capital implies more capital and, hence, more employment. In a growth model
with wage setting, the complication arises from the fact that, with equilibrium in the capital
market, there are two indirect channels such that the wage may also affect employment. On
the one hand, by the interest rate function (2.9), a change in the wage may change the interest
rate and this may change consumption and the saving rate, and then, savings, investment and
the supply of capital, if consumption depends on the interest rate. We call this indirect effect
of the wage on employment channel 2. On the other hand, a change in the wage affects directly
and indirectly, changing employment, aggregate labor income, if it affects the interest rate then
also capital income changes. Adding both effects, changes in the wage modify aggregate income
and, then, this may change savings, investment and the supply of capital. We call this indirect
effect of the wage on employment channel 3. When one of these two channels is active we
say, in a general sense, that growth depends on employment (or employment affects growth),
meaning that wages affect the accumulation of capital. In general, in a growth model, we have
that employment depends on growth and growth depends on employment but, depending on
the concrete assumptions made about production functions, households and wage setting, in

some cases, these effects and channels are not active.

2.2. Extension 1: Monopolistic Competition in the goods market

So far we have seen how wages affect employment when firms are price takers, that is, when
there is perfect competition in the goods market. It is interesting to present the extension for
price setting firms in order to see that also profits, or markups, affect employment. We introduce
the monopolistic competition set up in a growth model (Gali (1996)) having S sectors with one

firm 7 per sector that produces product Y;, with the production function
Yig = F(Kiy, Liy),

with the usual properties. The stock of capital is a composite of all produced goods and the
firm in sector ¢ maximizes the wealth of its shareholders subject to the demand function (see

Gali (1996) for the complete set up). Assuming that the price elasticity of the demand function

4Bentolila and Saint Paul (2003) use the inverse of output per unit of capital, that is capital per unit of

output % = F(]Z,l) = —L_ in order to compute the labor share.

(%)




is constant® and equal to &, we define m = —~ > 1, as the monopoly degree or the markup,

(1-¢)
and in a symmetric equilibrium we get the following two first order conditions for the capital

labor ratio for firm i (see again Gali (1996)):

F(ky) = kf' (k) = muwy, (2.12)

and

f' (k) = m(r + ). (2.13)

Thus, we can proceed in the same way that we did in the competitive case, adding the

markup. That is from (2.12) we get the capital labor ratio:

]Aft = l;(mwt), (214)
where &' > 0. and from the last equation we get the"labor demand" function for sector i:
d

- K¢
det = L(muw, th) = )
’ ’ k(mwy)

where Ly, < 0 and Ly > 0. Aggregating for all sectors we have the total "labor demand"

function:

- Kd
LY = L(mwy, K& = —t—,
k(mwy)

where K¢ is the aggregate (composite) stock of capital. Also from (2.13) and (2.14) we get the

interest rate function (the interest rate-wage frontier):

where 7 < 0.

The interesting result of this extension is that an increase in market power (in the markup),
has the same potential effects on labor demand as an increase in the wage: it decreases labor
demand directly (channel 1), it decreases the interest rate (channel 2) and it affects aggregate

income by decreasing labor demand and the interest rate and by changing profits (channel 3).

2.3. Extension 2: Exogenous Technological Progress

It is also interesting to examine this extension in order to understand the relationship between
wages and productivity growth. Now we use the production function, with labor-augmenting

technological progress:

}/t = F(KtaAtLt>7

®The complication of the monopolistic competition set up in a growth model arises from the fact that both
consumers and firms demand product 7 due to the demand of capital of each firm. In principle the price
elasticity of both types of demand may be different, this is the point of Gali’s paper, and this opens the door
for multiplicity of equilibria. The assumption that £ is constant is the o = u case in Gali’s paper.



with constant returns to scale and Fx > 0, Fu;, > 0, Fgrx < 0, Fapar < 0 and we assume
that % = x > 0, that means that there is technological progress. The production function in
terms of output per efficiency unit of labor, ALLt = 9.+, and capital per efficient unit of labor or

the capital efficient labor ratio,ALLt = l%e,t , that is, in intensive form, is:

ge,t - f(]%e,t)-

The firm is price taker and maximizes profits:

F(Kt, AtLt) — (,dtLt - (Tt + 5)Kt,

where w; is the real wage, r; the interest rate and § the constant depreciation rate, 0 < § < 1.

As usual, the conditions for profit maximization and zero profits are:

Wy

FL(Kt7 AtLt) = Z?
t

and
Fr (K AiLy) =1 + 0,

expressions that we can rewrite in intensive form as:

- A ~ w
Flkes) = b (er) = = (2.15)
t
and
Fl(ko ) =10+ 6. (2.16)
It is useful to rewrite the production function in terms of output per efficiency person
Afztvt = Ye,t, capital per efficiency person % = k., and the employment rate [, = ﬁ,—i Because

of the constant returns to scale assumption, we can rewrite the production function as:

i
AN,

K Ly
A
AtNtJ tAtNt>7

F(

that is:

Yer = F(ke,ta lt)

In this case the first order conditions for profit maximization and zero profits are:

Wi

F}(keﬂg, lt) - X, (217)
t

and
ch(ke,t; lt) =1+ 0. (218)



We can rewrite the zero profits condition as:

Wy

Y= (re + 0)keys + A,

I, (2.19)

and, it is obvious that:

~

FK<Kt7 AtLt) = f/<ke,t) = er(ke,ty lt) (220)

Now we can proceed in the same way that we did without technical progress. From (2.15)

we get the capital effective labor ratio is

ko= ke(=), (2.21)
where &/ > 0. From (2.21) we get the "labor demand" function:

- Kd
Li = L(w, K) = ———,
Arke(%t)

where L, < 0 and La > 0. Assuming equilibrium in the capital market, we get the employment
rate function:

_ k,
lt = L(Wt, ke,t) = = £ . (222)

ke(5E)

Also from (2.21) and (2.16) we get the interest rate function (the interest rate-wage frontier):

re= 1) = fR() — 0

Now we can discuss the popular idea that in order to have a constant employment rate we
have to link the real wage growth with productivity growth. This result comes from the use of
the Cobb-Douglas production function Y; = A, K®(L;)'~® with a given level of capital, K°. In

this case employment is given by:

Assuming the stock of capital given, we have: f—: = —é(%ﬁ - %) so that, in order to have

employment constant, we need 4t constant, that is the rate of growth of wages must be equal
to the productivity rate (Z—Z = x). The popular idea comes from this result.

First remark: if there is population growth then the employment rate is:

T e
l, = — K
t Nt[?i—i]

and then, taking logs and differentiating the employment function with respect to time, we get

50r Yy = A4(Ly)1 7%, as it is usual in an static model.

10



I _l(ﬂ_&
I: = al\wt At

that is the rate of growth of wages must be less than the productivity growth.

) —n, and in order to have a constant employment rate we need Z—z =1x—an,

Second remark: Note that if capital changes, taking logs and differentiating the employment

function with respect to time, we have that the rate of growth of employment is given by:

LK L1 A, wt)
lt Kt (0% At Wt
that means than in order to keep employment constant ZJTi =x+ a(% —n)=x—an+ a%.
Third remark: if the production function is Y; = K2(A;L;)'~® then, in order to keep
employment constant, we need: Z—z =+ a(% — x —mn). If it turns out that in the long run
capital grows at the rate n + x, which is the case in the full employment models, then it must
be that :‘f = x. But now we are in models with unemployment and in general, as we will see,

the rate of growth of capital depends on the wage.

3. Households and equilibrium

The key equation for a model with growth and unemployment is the capital accumulation
equation but capital accumulation depends on how savings are generated. There are three
standard models of generating savings: the exogenous saving rate, the infinite horizon and
the overlapping generations. It turns out that the unemployment version of the three models
generates the same type of results. For this reason we present in the main text the most popular
model: the ITH and the other two models are presented and discussed in appendix 1.

In the IH model we have a representative family that chooses consumption per capita, ¢,

in order to maximize:

/ 6—(p—n)t Ctl_e 1
1-0
t=0
subject to:
k: = T'tk't + wtlt — Ct — nkt.
and ]{70 = 1270 > 0.

Note that the revenues of this family accrue from total labor income because we assume the
family is so big that it considers all workers, employed and unemployed, Daveri and Maffezzoli
(2000), Eriksson (1997) and Raurich and Sorolla (2006) follow also the big family assumption.
If unemployed workers get an unemployment benefit, b;, then the budget constraint changes to:
kf = riky + (1 — 7)wely + by (1 — I;) — ¢ — nky, where 7 is the tax rate on employed workers. As
long as the government budget constraint for covering the unemployment benefit is balanced,
this change does not to affect the equilibrium conditions. If instead of a big family we have
heterogeneous agents the solution does not change as long as we assume complete competitive
insurance markets for unemployment or that the union pursues a redistributive goal, acting as
a substitute for the insurance markets (Maffezzoli (2001) and Benassy (1997)).

As usual, the first order conditions for optimal consumption are:

11



kf = Ttk't + wtlt — Ct — nkt,

Tim Ak; =0

Note that in this model channel two is active because the interest rate affects the rate of
growth of consumption and channel three is also active because a change in the wage affects
aggregate income, r;k; + w;l;, changing w and, indirectly, [ and r. Assuming equilibrium in the
capital market and using the condition (2.4), and the zero profits condition, (2.5), we get:

&1

o =g (Filhol) = (0 + ), (3.1)

fey = [k 1) — co — (n 4 0) k. (3.2)

Note that the difference between these equations and the equations of the standard solution

with equilibrium in the labor market, that are:

G k) - (0 +9)),

Ct

kt = f(k) —co— (n+0)ks;

is in the production function’. Note also that employment affects growth meaning that a higher
level of [; increases the growth of capital.

Dividing by k the second equation, substituting in f’ (/%t) = Fk(ki,l;) and using the capital
labor ratio function (2.7), we get the fundamental equations of the infinite horizon model with

wage setting:

Yoy = % = 5 (F (@) = (o+9)) (33)
%’IH:%:f(/;:(clut))_;_i_(njLé)' (3.4)

Note that, from equation (3.3), an increase in the wage increases the capital labor ratio (de-
creases the interest rate) and then reduces the rate of growth of the optimal consumption per
capita, that is channel 2 is active in this model. On the other hand, from equation (3.4), an
increase in the wage reduces the rate of growth of capital per capita, given ¢;, via channel 3.
These two channels make the effect of an increase of the wage on the accumulation of capital

ambiguous because of the decrease in consumption via channel 3.

" Again, when the labor market is in equilibrium, k&, = ky.

12



Note that in principle, we can not solve these equations, this means that we can not compute
k; and hence to obtain the employment rate [; from this equation, but we can compute the
evolution of the employment rate. Taking logs of the employment rate function (2.11) and

differentiating with respect to time we get:

LGk (Rlw)) ke dk widy

— =Y, 3.5
dwt k; PYw ( )

= L ke Ek(w;) ok dw kwp Tk
that is a differential equation in terms of the employment rate and the wage. For closing the
model given by the three differential equations (3.3), (3.4) and (3.5) in terms of consumption,

capital, employment and the wage we need to specify the wage setting equation.

With monopolistic competition in the output market the fundamental equations become
(Gali (1996), section 3):

¢ 1 ~
Yeamnir = o = 5 (£ () = (p+9)) (3.6)
kt ~ 1 Ct
= — = f(= - — — ). .
Yk, 1HMP 3 f(k(mwt)) 3 (n+46) (3.7)
With exogenous technological progress, where now c.; = ﬁ(and ke = %) these funda-
mental equations become:
I A
Ywamre = 4 = 3 (FEED - 040)) 39
ke ~ 1 Ce
'Vke,IHTP:_Jt:f(~ —) — 7t—(”+5+$)- (3.9)
ke,t k(A_;) ke,t

Finally, from the employment rate function (2.22) we get

b () ke R % (G dk 3%
t ket ( (At)) _ Regt Ay (ﬂ —QJ) =y, — - A (v, — ). (3.10)

LT e K3 R a(s) h
4. Growth does not depend on employment: the AK production func-
tion

From the fundamental equations obtained, in a typical model with wage setting and unem-
ployment we have that the rate of growth of capital depends on the wage via channels 2 and
3, that is, growth depends on employment; but it is also the case that employment rate func-
tion depends on capital, that is, employment depends on growth. The equations derived make
transparent that the growth and unemployment rates depend on the wage and markups and,
in order to analyze the relationship between growth and unemployment, we need to specify the
wage equation. As we have seen, for the IH model, this implies a system of three differential

equations plus the wage equation that seems difficult to solve. However, there are special cases

13



considered in the literature where one of these routes is not active, in these cases the dynamics
are less complex. The first special case is when growth does not depend on employment. This
happens when there is an AK production function derived, for example, from a Cobb-Douglas
with capital per unit of labor externalities®: V; = AK,*L; *K,'~® (Raurich, Sala and Sorolla

(2006) ?). From (2.1), we get:

(]_ — Q)A];??Ktl_a = W,

and if the externality is the capital labor ratio K; = key we get:

(1 — Oé)A]%t = W,

or:
~ Wy
k. —
T A0 -a)
and the employment rate function is:
A(l — a)k
l, = w_ (4.1)
Wi

and, then, employment depends on growth.
In this case the fundamental equations of the IH model (3.3) and (3.4) become:
&1 .
P (@A = (p+96)) =Vigax:
Ct
kt Ct

—=A-—- 0).

n " (n+0)

Because the rate of growth of consumption is constant, one can prove'’ that in this set up

the rate of growth of capital is also constant and equal to the consumption growth rate which

implies:

. 1
Ye = VIHAK = 9 (@A —(p+9)),

which means that growth does not depend on employment. From (4.1) we get:

Y=Y — Y = V?HAK — Yo (4~2)

That is, the growth rate of the employment rate depend on capital growth and wage growth,
and the wage dynamics affects only the dynamics of employment. For the same reason if the
output market is not competitive a change in the markup does not affect growth and the labor

demand is given by:

80r, alternativelly, the case where the AK function is obtained via productive government expenditures
Y; = AK,*L;~*g,*~ (Raurich and Sorolla (2003b)).

9In Raurich and Sorolla (2003a) we also have this function but A depends on average employment and public
capital.

108ee, for example, Sala-i-Martin (2000) section 5.3.
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j, = A=)k (4.3)

mwy
As shown in appendix 2, the same kind of result holds for the ECSR and OLG models and
then, when the production function is AK, the rate of growth of capital per capita does not
depend on the wage and the level of wages only affects employment. Summarizing, when the
production function is AK then growth does not depend on wage setting and growth will affect

employment depending on the dynamics of wages, that is, on the wage setting rule.

5. A particular wage setting rule: Constant real wages

If the production function is not AK, then the rate of growth of capital depends on wages and in
order to close the model we need to specify the wage setting rule. The simplest rule is to consider
an exogenous constant real wage, w; = w. This case is interesting because a constant real wage
is usually recommended by governments, central banks and other international institutions in
order to have "stability", whatever that means.

With this real wage rigidity the rate of growth of capital per capita is constant for any of
the ECSR, IH or OLG models. For the IH model this is easy to see because now equation (3.3)
becomes:

R AN
Yoan = o = 5 (FH@) = (0+9))

that is constant and then we get this unique fundamental equation:

Yegqd = Vel — % (f/(]%(@)) - (P + 5)) .

Looking at this equation it is easy to see that a negative productivity shock implies a
decrease in the rate of growth and for this rule, for any of the ECSR, IH or OLG models one
can prove that there exists w* such that v, = v, = 0. If @ < @* then 7, = 7, > 0 until full
employment is achieved. If @ > @* the v, = v, < 0 and the employment rate decreases to zero.

The proof for the IH model is easy to see looking at the fundamental equation, where w*
implies f'(k(@*)) = (p+0). Then using equation (3.5) we get 7, = .. The same type of proof
applies to the ECSR or the OLG models, using the fundamental equations. With a constant
real wage, there is a relationship between the rate of growth and the unemployment rate in the
long run: a constant positive rate of growth of capital per capita implies full employment in
the long run.

Moreover, it turns out that w* is the equilibrium wage of the full employment model in the
long run, w, ;.. This is easy to see because the long run value of capital per capita in the full
employment model, k. is given by f'(k.;-) = (p + 9), and, using the employment function,
the competitive wage in the long run implies f'(k(wes,)) = (p+8). This means that if the real
wage set is the long run competitive wage, then there is no growth and the employment rate is

constant and given by:
ko

"= = .
k(wc,lr)
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The fact that the employment rate depends on the initial level of the capital stock opens a
way for hysteresis on employment. The story is the following: assume that the wage is the long

run competitivwage, @ = we,, then there is no growth and the employment rate is constant. If

’
c,lry

decreases, but, if the set wage does not change, then we have negative growth and increasing

there is a negative technological shock, the value of the new long run competitive wage , w

/
c,lr

capita and employment is again zero but the employment rate is

When the shock disappears the rate of growth of capital per

Ko , that is lower that the
k(wc,lr)

initial employment rate, because the stock of capital has decreased during the negative shock.

unemployment rates , W > w

For the monopolistic competition case the fundamental equation for the IH model is:

Yoais = (£ () ~ (04 5))

which means that the higher the markup the lower the wage that implies no growth.

It is very interesting to consider the case with exogenous technological progress. Assuming
f‘—i = 0, we get also the same type of result, that is, there exists &* such that v, = v, = 0.
If & < @* then 7, = v, > 0 until full employment is achieved. If & > @* then v, =, <0
and the rate of employment decreases to zero, where @w* is the equilibrium wage per efficiency
unit of the full employment model in the long run, w.;. We get the proof for the IH model
using equations (3.8) and (3.10). We say that this case is interesting because with real wages
growing at the TFP productivity rate we can have situations, @ < w,;, , with positive growth
and a reduction of the unemployment rate contrary to the popular belief, discussed in section
2.3, that says that in this case the rate of employment will remain constant. On the other
hand, when @ = w,;,, then the rate of growth of capital per capita is positive and equal to the

exogenous productivity rate and the rate of employment is constant and given by:

ke,o
];:e (wc,lr) '

When the production function is AK, it is clear, from (4.2), that for this specific wage

ly =

setting rule, that the rate of growth of the employment rate id equal to the rate of growth, that
is employment depends on growth and for a positive rate of growth, the rate of employment

increases until full employment is achieved.

6. Some particular wage setting rules: A constant employment rate

As we have said, the fact that, in general, employment depends directly, via channel 1, and
indirectly, via channels 2 and 3, on the wage implies that the IH model is a model with three

differential equations plus the wage setting equation'!.

But it turns out that for some wage
setting rules we can directly derive the employment rate from these rules. We interpret this
result as saying that employment does no depends on growth, because in order to determine
the employment rate we do not use the employment rate function, that depends on capital.

In this case the analysis of the model becomes also more simple because, with a constant

1 Compared with the IH the ECSR and the OLG models are more simple because they become a system of
two differential equations one for unemployment and one for the wage (see appendix 1).
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unemployment rate, we close the model using only the fundamental equations. To obtain
these cases we need to have, first, that the wage set is a constant markup, m, > 1, over an
alternative reservation wage, g,, that is w; = myp,. This is a typical result for static wage
setting models but when there is growth to obtain this result is more complicated because
the wage set affects the accumulation of capital via channels 2 and 3. In order to avoid this
problem in models with unions it is assumed that, for some reason, "the union fails to internalize
the dynamic consequences of today’s wage setting on capital accumulation (Maffezzoli (2001),
p.869)"and, then, on future employment. This may happen if the union does not care about
future employment or it is sufficiently small so that, changing wages, it does not affect the
accumulation of capital via channels 2 and 3. Van der Ploeg (1987) and Sorolla (1995) present
models where these dynamic consequences are taken into account.

In models with unions, because the mark up depends on the elasticity of labor demand in
order to have a constant mark up we need a constant elasticity of the labor demand, that is a
Cobb-Douglas production function when the product market is competitive With monopolistic
competition and linear production function, Y; = L;, the elasticity of the labor demand depends
only on the markup, m!2. In the efficiency wage models where in order to have a a constant
mark up we need an special effort function'® but not a Cobb-Douglas production function.*

The second step consists in specifying a convenient reservation wage, with the following
cases:

Case 1 (Raurich and Sorolla (2003b), Sorolla (2000)). If the alternative wage is the unem-
ployment benefit, b;,'® o, = by, that is:

Wy = My,by,

and the unemployment benefit is financed by taxes on employed workers, where 7 is the tax

rate, i.e.
thLt
by = ——,
Ny — Ly
combining these we have:
thLt
Wy = My———-—,
YN - L
and, in terms of the employment rate:
l
1 wl,
1—1

so that the employment rate is:

12See Sorensen and Whitta-Jacobsen (2005), section 3.

13The effort function needs to be e(w) = (=) if w > r where 0 < 8 < 1.

MRaurich and Sorolla (2003a) and Kaas and von Thadden (2003) are models with a non constant labor
demand elasticity.

15This assumption makes sense when wages are set at a national level, that is, for the overall economy.
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1
ly = Aty =1"<1,
if 7 > 0. Hence, the employment rate is constant over time and does not depend on growth.
In this case the dynamics of models with unemployment are of the same type as those of
the full employment models. Consider for example, the TH model, when growth depends on
employment, that is, when the production function is not an AK function. From equations

(3.1) and (3.2) we get:

i_z _ % (Fic(ke, I*) — (p + 6)), (6.1)
ey = f(ke, 1) — ¢ — (n 4 0) ke (6.2)

and in the full employment model the equations are:

Ct

Ct

(Fi (b, 1) = (p +9)) ,

| =

foo = f(ke, 1) — ¢o — (n+ ).

Because [* < 1, it is clear that the rate of growth of capital per capita is lower for a given
level of ¢ and k in a model with unemployment. Then economies with a constant rate of
unemployment grow less than economies with full employment. It is also clear, from (6.1)
and (6.2), that consumption and capital per capita converge to a steady state with zero rate
of growth of capital per capita and consumption per capita. In this case, with a neoclassical
production function and this particular wage setting rule, there is no relationship between
growth and unemployment in the long run: the constant rate of unemployment is given by [*
and the rate of growth of income per capita is zero, or z, if there is technological progress.
The version of the Ramsey model with non competitive labor and product markets and this
particular wage setting rule implies, then, that there is no relationship between growth and
unemployment in the long run. As shown in the appendix the same result holds for the two
other ways of generating savings. It is also easy to see, drawing the phase diagram, that a
decrease in [* decreases the long run level of consumption, capital and income per capita, that
is, there is a positive relationship between income, capital and consumption per capita and
employment in the long run. In other words, all other parameters equal, economies with full
employment have a higher level of income per capita in the long run that economies with
unemployment.

Using equation (3.5), the rate of growth of wages is given by:

1

dk wy
dwt ];;

Yo = V-

so that it also converges to zero. When there is productivity growth, using equation (3.10), the

rate of growth of wages is given by:
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1
Yo = ﬁr)/k—{_m'
Ar

i)

ES

28
ESE

that converges to x.

When employment does not depend on growth any shock that affects growth is translated
immediately to wages leaving the unemployment rate unaffected, that is, there is no (short or
long run) effect of productivity on the rate of unemployment. Blanchard and Katz (1997) say
that any model with unemployment should satisfy the condition that there is no long run effect
of the level of productivity on unemployment (p.56).

If the production function is an AK production function, with this wage rule it turns out
that growth does not depend on employment and employment does not depend on growth
and we have constant growth and employment rates. For the IH model we have obtained
Iy =1* = m and v, = v, = Vigax = 3 (@A — (p+9)). In this case, then, there is no
relationship between growth and unemployment because the parameters that affect [* and +*
are different. This does not mean that in general with an AK production and a wage setting
rule that implies a constant employment rate, there is no relationship between growth and
unemployment because it can be the case that an exogenous parameter affects both rates. We
present below an example where this happens.

Case 2: The other alternative assumption is that the alternative wage is the average labor
income'S, that is, r; = I;(1 —7)w; + (1 —1;)b;'". Assuming again that the unemployment benefit

is financed by taxes on employed workers:

b Twily  Twily
TN -L 11

combining these we get:

W = Myywyly,

so that the employment rate is:

1
lt:—:l*<1
My

Alternatively, one can assume that the unemployment benefit is proportional to the wage

that is b, = pw;'®. In this case we have:
wr =My, (1 — 7w + (1 — 1) pwy)
and the employment rate is:

l_ 1_¢mw _l*
ti(l—T)mw—gpmwi '

16This assumption makes sense if wages are set in a descentralized way.
"Tn a similar way Romer (2006) p.454 assumes: 7y = (1 — buy)w;
18For example Pissarides (1990) or Raurich, Sala and Sorolla (2006).
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so that I* < 1if 1 < (1 — 7)m,,.

Daveri and Tabellini (2000), Raurich and Sorolla (2003a) consider a particular case of Case
2. They assume a Cobb-Douglas production function and that the wage setting equation is:
wy = VY, a "natural assumption for a growth model", i.e., the rate of growth of real wage is
equal to the rate of growth of income per capita!® . We can derive this wage setting equation
assuming, for example, w; = myb; and b; = £y;. With a Cobb-Douglas production function and

this wage setting rule, the employment rate function becomes:

I, = (A(1 - Oé))é lft _ (A(1 - a))é k, _ (1 —17)§

AR o ARRL

that is: .
= —%

v

so that the unemployment rate is constant. In fact, this result comes directly from the constant

labor share property of the Cobb-Douglas production function. As follows:

wi Ly 1
=1l—«a
}/; )
or:
l
Y1
Yt
Assuming w; = vy, we get directly:
1—
h=—2 =
v

Note that the constant labor share property of the Cobb-Douglas production function implies
Y = (1 — a)wyly so that w; = v(1 — a)w;ly, which is the assumption of case 2.

It is easy to check that the same result holds in the Cobb-Douglas case with externalities
or public capital. Moreover, as we have seen in the section 5, if the production function is
AK, growth does not depend on employment. For a OLG model (the one used by Daveri and
Tabellini) the rate of growth of capital is (see appendix 2):

so that a decrease in « implies more growth and employment. Daveri and Tabellini consider
this special case in an OLG model with the general production function y, = ¢(k,)I}~®. In
this last case: OLG model, AK production function and this particular wage setting rule,
there is some relationship between growth and unemployment because a decrease in o implies
more growth and employment, but an increase in s implies more growth and leaves the rate
of unemployment unaffected and a decrease in v increases the rate of employment and growth
remains the same. In order to have a positive effect of employment on growth, Daveri and

Tabellini introduce a positive externality of capital per capita, an addition that was criticized

9 Taking logs and differentiating w; = vy; we obtain: v, = % =

Vy-

< |-
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by Sala-i-Martin (2000), section 2.8.

7. Wage setting rules with inertia

If we add inertia (persistence) to the wage setting rules of Section 6, so that wage setting
depends also on past values of wages and employment rates then the IH model yields a system
of four differential equations with dynamics for both employment rates and wages. In section
6 the unemployment rate was constant and in section 5 the wage was constant so that one of
the four differential equations was eliminated.

There are several ways of introducing inertia, the usual are the following:

Case 1: Wage inertia (Raurich and Sorolla (2003b), Sorolla (2000)). In this case the set
wage is, as usual, a mark-up over the reservation wage, w; = myp,, but the reservation wage is
a weighted average of the current unemployment benefit and past wages. In the OLG model
where workers work for one period past wages are the wages of parents.

Blanchard and Katz (1997) justify wage inertia on the reservation wage saying that "models
based on fairness suggest that the reservation wage may depend on factors such as the level and
the rate of growth of wages in the past, if workers have come to consider such wage increases
as fair. Perhaps a better word than "reservation" wage in that context is an "aspiration" wage
(p.54)". Wage inertia is derived in an efficient wage model where workers’ disutility depends
on the comparison between current and past wages (see Collard and de la Croix. (2000), de la
Croix et al. (2000) and Danthine and Kursmann (2004)). Empirical evidence shows that there
is wage persistence in the wage setting process (see Blanchard and Katz (1997) and (1999) and
Hogan (2004)).

We introduce wage persistence in the discrete time version considering: o, = Aw;—1+(1—\)by,

where 0 £ A < 1. Combining with the wage setting equation we get:

wr = My, (Awe—1 + (1 — X)by).

In order to obtain the continous time version we substract w;_; and, making w; 1 = w;, we

obtain:

d}t = ()\mw — 1)Ldt + (1 — )\)mwbt
If the unemployment benefit is financed by taxes, i.e.

b Twily  Twil
"N —-L, 1-1

we get for the continuos time version:

Twely

wr = (Amy — Dwy + (1 —)\)mwl T
-

(7.1)

Assuming that the model converges® to an steady state where v, = 7, = 0, from equation

20With this wage setting rule Sorolla (2000) studies the conditions for convergence in an OLG model with
constant saving rate, neoclassical production function and exogenous technological progress. Raurich and Sorolla
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(7.1) we get:

1— Am,

¥ = )
1—Amy, + (1= XN)1my,

Assuming 0 < A then 0 < I* < 1. Moreover, if v, = v, = 0 then, by (3.5), v, = 0, which is
only possible with a neoclassical production function. This means that if the model converges
to an steady state it turns out that growth stops. This should not be a surprise because this is
Case 1 of section 6, where in the long run growth stops, plus wage inertia. The novelty here is
that the long run employment rate depends on the degree of wage inertia, A\, having %t <0,
that is, a higher degree of wage inertia reduces the long run employment rate. The introduction
of wage inertia means that a productivity shock affects the employment rate in the short run
but not in the long run. With wage inertia, then, there is also no relationship between growth
and unemployment in the long run without technological progress. If the production function
is AK, Raurich and Sorolla (2003b) show that, with wage inertia, growth affects employment
in the long run.

With exogenous technological progress, equation (7.1) becomes:

C;Jt . Wt Tj_ilt
- (Amy, 1)At + (1 )\)mwl o
or:
Wt . _ ﬂ _ Al _ Wt
<At> (Amy, 1)At + (1 )\)mwl _— A (7.2)

and hence in an steady state where Ve =7 = 0, using (7.2) we obtain:

1—2m,+z

"= .
1—=2dmg,+z+ (1 —AN)1my,

Here the novelty is that the rate of employment in the long run depends on the degree of wage
inertia, A and the productivity rate x, having % < 0 and % > 0, that is, a higher degree of
wage inertia reduces the long run employment rate. Because in an steady state Ve =7 = 0,
with a neoclassical production function, then v, = 0. So that the rate of growth of wages is
equal to the rate of growth of capital per capita and they are equal to the productivity growth
rate. This means that with wage inertia and technological progress there is some relationship
between growth and unemployment in the long run in the sense that an increase in z implies
more growth and more employment in the long run?!. It follows that in the version of the
Ramsey model with non competitive labor and product markets and wage inertia there is some
relationship between growth an unemployment in the long run. The same result holds for the

two other ways of generating savings. This is easy to see looking at the fundamental equations

(2003b) study the convergence conditions when the production function is an AK production function due to
productive government expenditures (and without exogenous technological progress).
2! The wage equation obtained in the continuos case, assuming w;_; = w; in the discrete time case, produces

the weird result that when A = 0 then [* = 7 +;_tfm , whereas for this case in the previous section we have
obtained I* = —L—. This is because the "forced" version of wage inertia in continuos time. For the discrete

14+71my,
time version everything works, but we mantain here the continuos version in order to have the model in the

same type of time.
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derived in appendix.

Case 2: Labor income inertia (Raurich, Sala and Sorolla (2006)). As in the previous case
the set wage is a mark-up over the reservation wage, w; = myp,, but the reservation wage is
a weighted average of past average labor income, that is, there is labor income inertia. In the
discrete time version we have: 9, = A(l;—1(1—7)we—1+ (1 —1;—1)bi—1) + A1 = A) (l—2(1 = T)ws o+
(1—1;_2)bs_2) + A1 =N)?*(l;_3(1 = T)wy_3+ (1 —1;_3)b;_3) + ... where 0 < X\ < 1?2, We transform

last equation into a difference equation of the form:
Tt = A [lt_l(l — T)(J.Jt_l + (1 — lt—l)bt—l] + (1 — )\)Tt—l-
And, hence, the continuos time version is:
7"’15 = )\([lt(]- — T)Wt + (]_ — lt—l)bt} — Tt).
23

If the unemployment benefit is financed by taxes*, i.e.:

TCL)tLt T(,Utlt
bt — —

N -—-L, 1-1

we get for the continuos time version:

7",5 = )\(ltwt — T't).

From w; = my,r; we get w; =74 and also r; = £, expressions that, when substituted to in the
last equation, give:
. Wt
wr = AMlywy — —). 7.3
t ( tWit mw) ( )

Hence, in an steady state:

. 1
"= — <1.
mw

We have the same result in the long run that the we obtained in Case 2 of the constant
employment rate section. Thus there is no relationship between growth and unemployment in
the long run when the production function is neoclassical.

With exogenous technological progress (7.3) becomes:

Wy Wi %
e (e
Ay ( ! Ay my, >,

or:

D\ _ g @t Ay w
(At)_)\(ltAt mw) fo

and hence, in the steady state:

22The case A = 0 makes no sense. If A\ =1 then 7y = l;_1(1 — 7)w;_1 + (1 — l4_1)bs_1. A similar result holds
if we link the wage with past income per capita, that is, w; = Ay;—1 + A1 — AN)ys_2 + A(1 — A)?y;_3 + ... and
have a Cobb-Douglas production function.

20r by = ow; as in Raurich Sala and Sorolla (2006).
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Here the novelty is that the rate of employment in the long run depends on the degree of past
labor income inertia, A and the productivity growth rate x, that is, in the version of the Ramsey
model with non competitive labor and product markets and labor income inertia there is some
relationship between growth and unemployment in the long run. As shown in the appendix the

same result holds for the two other ways of generating savings.

8. Conclusions

In this paper we have derived the set up that shows clearly that, in growth models with
disequilibrium unemployment, in general the growth rate of capital depends on the employment
rate (growth depends on employment) and the employment rate depends on the stock of capital
(employment depends on growth) and how both variables depend on the real wage and, with
monopolistic competition in the output market, on markups. The first relationship gives rise to
the fundamental equations of a growth model with unemployment that we derive explicitly for
the standard growth models: exogenous constant saving rate, infinite horizon and overlapping
generations, and we compare them with the ones obtained in the models with full employment.

Once we have made explicit the fundamental equations, in order to close the models, we
need to specify a wage equation. Then, it turns out that the relationship between growth and
unemployment will depend on the specific wage setting rule and on the form of the production
function.

We show that if the production function is AK growth does not depend on employment
and, hence, not on wages.

When the production function is neoclassical, we analyze the behavior of the models with
the standard wage setting rules. When a constant real wage is set, if this wage is lower that
the long competitive real wage then there is always a constant positive rate of growth of capital
and full employment in the long run, that is, there is a relationship between them in the long
run. If this wage is the long competitive real wage then there is no growth of capital per capita
and employment remains constant and depends on the initial level of the stock capital, result
that opens the door for hysteresis on unemployment.

If the rule implies a constant employment rate (employment does not depend on growth)
then economies with a constant rate of unemployment grow less than economies with full
employment and the long run rate of growth of income per capita is equal to the productivity
rate, that is, there is no relationship between growth and unemployment in the long run for the
three standard ways of generating saving, in particular for the Ramsey model (the canonical
model of growth) with unemployment.

If inertia, which depends on past wages or past labor incomes, is present in the wage setting
process, we show that, a smaller degree of inertia or a faster productivity growth implies a
smaller run long rate of unemployment. Thus, since the long run rate of income per capita is

equal to the productivity rate, there is some relationship between growth and unemployment
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in the long run for the three standard ways of generating saving, in particular, again, for the

Ramsey model with unemployment.
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10. Appendix 1

10.1. The ECSR model
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We consider the case of a constant saving rate, s, exogenous and independent of the interest
rate which means that channel 2 is inactive. Consider the following equation for the supply of

capital K7?! in continuos time®®:

Kf = T’th —+ WtLt — Ct

where C} is total consumption. In per capita terms we have:

kts = Ttkt + wtlt — Ct — nkt.

In the last equation channel three becomes transparent, a change in the wage affects aggregate
income, 1. k; + wyl;, changing w and, indirectly, [ and r, that is, the wage affects growth.

Equilibrium in capital market, kf = k¢ = k;, and the zero profits condition, (2.5), imply:

].ﬂt = F(kt,lt) — Ct — (n —+ (5)]{,5

Assuming that savings are a constant proportion of output, that is, there is a constant rate of

saving s, we have ¢; = (1 — s)F(ky, ), which implies:

key = sF (ke 1) — (n+ 0)ky. (10.1)

Note that the difference between this equation and the fundamental equation of the ex-
ogenous constant saving rate model with a competitive labor market with full employment:
ky = sf(ky) — (n + 6)k, is in the production function®® The production function in (10.1) de-
pends on the employment rate, because there is no full employment. Also note that, in this

model, employment affects growth because a higher level of [, increases the growth of capital

per capita.
Dividing by k; we get the equation in terms of the capital per capita growth rate, v, = ’,:—227:
sE(ky, 1 [ =1 =1
vy, = sF(kb) (n+06)=5sF(1, =) —(n+0) =sf(-2) — (n+06) = sf(=) — (n+9).
kt kt kt t
Now substituting in the last equation the capital labor ratio we get:
|
=~ =5f(= — (n+)9). 10.2
Yk, ECSR 3 f(k<wt)) ( ) ( )

We call to this equation the fundamental equation of a model with an exogenous constant
savings rate and wage setting. Note that, in equilibrium, channel three is transformed into the
effect of the wage on output per unit of capital, via the capital labor ratio. If the wage increases,

then output per unit of capital decreases, due to the increase in the capital labor ratio, and,

24 Alternativelly, we can use the notation K = By, where the B; are financial assets or bonds.

25Because there is unemployment it may be the case that the unemployed people get some unemployment
benefit, when they do, we assume that this unemployment benefit is financed by taxes on capital and wage
income. If the government budget constraint is balanced then we get this equation.

26Tn the full employment equation we also have k; = /Aft because N; = L.

2"From now on we will define the rate of growth of a variable by the letter .
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then, the rate of growth of capital decreases. We can say that if the production function has
the usual properties, without ambiguities, via channel three, an increase in the wage implies a
decrease in aggregate income per unit of capital and a decrease in the rate of growth of capital
per capita and, then, less capital per capita and a lower employment rate in the future.

Note that in principle, we can not solve the fundamental equation, this means that we can
not compute k; and hence to obtain the employment rate [, from this equation, but we can
compute the evolution of the employment rate using (3.5).

Finally substituting (10.2) into (3.5) we get:

~ 1 dl:? Wtwt
=sf(= —(n+9)— ——=—, 10.3
YI,ECSR f</<:(wt)) ( ) dey o wy ( )

which is a differential equation in terms of the employment rate and the wage. Once we have
the fundamental equation, the closing of the model depends on how the wage is set.
For the monopolistic competition case it also turns out (see Gali (1996) section three) that

the equation for the evolution of the composite stock of capital is also:

i{?t = F(k’t,lt) — Ct — (TL + 5)kt

Assuming a constant savings rate and substituting in the capital labor ratio we get the funda-
mental equation:
ko1
Vrpcsrue = 7 = Sf(= ) — (n+9), (10.4)
Ky k(mwy)

where an increase in the mark up also decreases the rate of growth of capital per capita so that

there is less capital per capita and a lower employment rate in the future.
It is also useful to derive the fundamental equation with technical progress in continuos
time. Rewriting the supply of capital in terms of the supply of capital per efficiency person

and assuming equilibrium we get :

ke,t = SF(]CGJ, lt) — (n + 5 + .T)lf&t,

or, in terms of the growth rate of capital per efficiency person, v, :

SF(ke’t, lt)
Tke = k—t

Ly ~ 1
—(n+d+z) = sf(=
) trkaa) =5

—(n+d0+x) = sF(1, kl—tt)—(n+5+x) = sf(

€,

)—(n+0+a).

Substituting into the last equation the capital efficiency labor ratio function we get:

e f( 1
Vke,ECSSRTP = =38J\=
“ ket k(ﬂ)

' A

t

)= (n+ 0+ 1) (10.5)

Note that depending on the value of j—i we can have a positive rate of growth of capital per

efficiency person, this case is discussed for the TH model in section 6.
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10.2. OLG

We consider an OLG model where the agents live two periods and have the utility function:

U, — oLl 1 Cit

2t+1

T 1—-60 14+01-0’

where 6 > 0. When 6 = 1 utility is logarithmic. If # # 1 it turns out that channel two is active

because the saving rate depends on the interest rate. The savings rate function 5(ry, 1) is given
by (Romer (2006), section 2.9) :

1-6
- 1+7r A
s = 8(ri1) = ( t41)

(1+ Q)% +(1+ Tt+1)1%ﬂ B

(14+0)

| o] =

— 1+ 1
(1+Tt+1)Te

If 0 <1 then & > 0 and if # > 1 then §' < 0. Using the interest rate function (2.9) we get:

st = S(wir1) = 8(F(wig1)) = é

~(1"'29) - + 1
(I+f"(k(wey1))—6) 7

with 8 <0iff <1and & >0if 8 > 1.

The accumulation of capital is given by the equation (see also Romer (2006) ):

Ky = §(Wt+1)tht7
that is, in per capita terms:

1
S l
. +n3(wt+1)wt t

kt+1 =

where it is also evident that channel three is active because a change in the wage modifies labor
income. Using the employment rate function (2.11), we get:

ka1

§(wt+1)wt

ke 14n k(w)

Then the rate of growth of capital per capita, in discrete terms, the fundamental equation,
is given by:

(] 1 S(wir)wy
YkoLc = —7. - — 1

= = -1 10.6
]ft 1+n k(wt) ( )

Using the employment rate function (2.11), the employment rate is given by the difference
equation:

k 1 s l
lis = = t+1 S((:‘-)t—&-l)wt t, (10.7)
k(wier)  TH+71 E(wi)
and the rate of growth of the employment rate is:
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lt+1 . @ Z}(wt) 1 §(wt+1)wt

’y = —_-— = po —_— = ~ - ]_, 10.8
L,OLG lt kt k(wt+1) 14+n k(wt+1) ( )
a difference equation in terms of employment and the wage.
In the monopolistic competition case the equations become:
1 L S(mwii)w;
= 1= ~ —1, 10.9
Yk,oLGMC ks 1+n k(mwt) ( )
and
lis1 ke k(mw;) 1 S(mwp)w
Toreme = 5= — 1= = — — 1= e (10.10)
Lt ke k(mweq) L+n k(mwi)
With exogenous technological progress (now k.; = Aﬁh) they are:
Kot 1 S(F )%t
=———1= | 10.11
’Yke,OLGETP ke,t (1 + n)(l + 1:) k(j—i) ( )
and
~ _ ltll 1 ke,t-{-l k(z_i) 1 — 1 §(Zi:1):_i —1 (10 12)
POLGETE =, Fea k(542 (L+n)d+2) k(52)

With a logarithmic utility function it turns out that the savings rate does not depend on
the interest rate®®, that is channel two is inactive and, in this case, we only have to substitute

s for the savings function in the previous fundamental equations (10.6), (10.9) and (10.11).

11. Appendix 2 The AK model

In this case the fundamental equation of a model with an exogenous constant saving rate (10.2)

becomes:
1 11—« B 1 11—« R

Ye.Ecssr = SA [l%_] K/ —(n+6) =sA [l%_] ki=*—(n+6) = sA—(n+0) = Yicsrak
t t

and, then, channel 3 is inactive®

, and growth does not depend on employment. This means
that the rate of growth of capital and income per capita does not depend on the wage setting.

From (4.1) we get:

Y=Yk — VTw = W’ECSRAK — Yo

28 We get s = ﬁ.
29Channel 2 is also inactive because of the assumption of a constant savings rate independent of the interest

rate.
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That is, the growth rate of the employment rate depends on capital growth and wage growth,
and the wage dynamics affect only the dynamics of employment. For the same reason if the
output market is not competitive a change in the markup does not affect growth and the labor
demand is given by:
j, = A=k (11.1)
mwy
Finally, we consider the OLG model with a constant saving rate s. In this case, it is easy
to check that:

tht = (1 - Oé)AKt

and, because,

Ky = swilLy,

we have:

K
Ky

The fundamental equation is given by:

=s(1—a)A.

kt+1 1 S(l — a)A

ke BT 1 =YoraaK

which shows that growth does no depend on employment®°. In this case the rate of growth of

the employment rate is given by:

It _[s(l—a)A wt}_L

N L+n  we

Daveri and Tabellini (2000) present an OLG model where they consider as special case the
production function Y; = AK,*L; “K,'~® where the externality, instead of being K; = l;’t, is

capital per person K, = k,.With this production function it turns out that:
CL)tLt = (1 — Q)AKtlt
so that:

Kin
Ky

Thus growth depends on employment. This particular externality is criticized in Sala-i-
Martin (2000), section 2.8.

=s(1 — a)Al.

30This is the set up of Raurich and Sorolla (2003b), where for a specific real wage dynamics, the effect of
taxes on growth and long run employment is studied.
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